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The purpose of this book is to explain the rudiments 
of Algebra and Trigonometry to artisans and others, who 
may wish to be acquainted with them so far as to make 
the computations which arise in practice, and to read books 
in which science is treated mathematically. It is my hope 
that a student who masters this book and works its examples 
will find himself able to solve a large number of the ques- 
tions which applied science raises, and to perform all the 
ordinary calculations which logarithms assist, and that he 
will find himself in possession of a trustworthy and available 
power, although, so far as I conduct him, he will have 
entered but a small portion of the wide field of modem 
analysis. - • - 

The Examples in this book are taken, with a few excep- 
tions, from examination papers publicly accessible. 

The reader who has no previous knowledge of the subjects 
of this work, is recommended to omit for a time the fol- 
lowing articles : — 

Algebra, — 123-125. 255-26a 262-287. 

Trigonometry, — Chap. IV. 117-119. 123-127. 130-132. 134 to the 
end of the chapter. 156 to the end. 



W. N. GRIFFIN. 



OspRiNGE Vicarage: 
January 4, 187 1. 
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ALGEBRA. 



CHAPTER I. 

THE MEANING OF ALGEBRAICAL SYMBOLS. 

1. The method taken in this book is to conduct the 
reader into Algebra by regarding it as an extension of Arith- 
metic The principles and processes of Arithmetic are 
therefore supposed to be already well known. 

Algebraic Symbols and their generality. 

2. In Arithmetic, it will be remembered that s)rmbols are 
used, digits as they are called, which have a certain gene- 
rality, and mean different things as the unit is varied. The 
sjonbol 8, for instance, means eight units, but it may be 
eight shillings, eight pounds, eight yards, as may be in- 
tended. Operations are performed with these symbols, and 
true results are obtained, whatever be the unit in view. 
Eight and five added together make thirteen, whether they 
be pounds, or gallons, or inches which are thus being added 
together. 

Now in Algebra representations of quantity are taken 
which have a further generality. Quantity is designated by 
a symbol, most commonly a letter of the alphabet, ^, ^, 

B 
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2 Algebra, 

Cy nij Xy for instance, and now not only the unit, but the 
number of units signified, waits to be assigned. The letters, 
for instance, may represent any number referred to any unit 
Operations will be performed with these letter represen- 
tatives of quantity, and thereby problems will be solved for 
which the processes of arithmetic are insufficient. 

3. Obs. — The word number in this book is to be taken to 
mean either an integer, or a quantity wholly or partly 
decimal. 

4. Out of this statement of the purposes and method of 
algebra, many questions may at once arise in the readers 
mind, how things so arbitrary as letters, so unconnected in 
tliemselves with magnitude, can have any definiteness, and 
can lead to any certain numerical results, how such symbols 
can be kept from confusion, how we are to know what each 
means. Such questions as these are noticed to assure the 
reader that his probable difficulties are foreseen and acknow- 
ledged, but they are questions which cannot be answered as 
yet. They will cease to give any difficulty as soon as 
algebra is seen in its application to practical questions. In 
the earlier pages of any treatise on algebra, the reader com- 
mencing the subject ought not to be surprised or discouraged 
if he sees but indistinctly the use of the processes in which 
he is being instructed. He will not be required, it is hoped, 
to accept any result without sufficient proof, but he may 
not see for a while the objects and purposes of the state- 
ments demonstrated. 

6. Other symbols besides the italic letters of the alphabet 
are brought into use in algebra, to designate quantity. Affixes 
are sometimes attached to a letter, as a^^ a^ d^s,... making 
thereby so many different symbols. The Greek alphabet, 
«, /3, y,...is also brought into service. A symbol of quantity 
in algebra is any mark which can be recognised and re- 
produced. 

6. Def. — Algebraical symbols written down as a repre- 
sentation of magnitude, form what is termed ' an expression/ 
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The Meaning of A Igebraical Symbols, 3 

The Positive and Negative Signs. . 

7. Quantity, which can be expressed by any number, 
whole, fractional, or decimal, is designated in algebra by 
some letter of the alphabet or other easily written symbol. 
There are, furthermore, two signs which can be prefixed to 
the letter, one the positive, +, read *plus,' another the 
negative, — , read * minus,' and the power of these signs is 
that as one or other of them is prefixed to a representation 
of quantity, the subject whose magnitude is so represented 
has a contrary property or affection in some defined respect 

If +^ denotes a sum of money received, —a can denote 
the same sum of money paid away, the quantity represented 
having these contrary properties or affections in respect of 
being given or received. 

If -H^ denotes a number of yards, as the distance which a 
person walks in one direction along an unlimited straight 
line, —a can denote the same number of yards as the 
distance which he walks in the contrary direction. 

If +df denotes a number of years that are past, — « may 
denote the same number of years yet to come. 

If +^J5 means a number of feet which is the height of a 
point above the ground, —a can mean the same number of 
feet as the depth of a point below the ground. 

So, to extend this conception to apply to different alge- 
braic s)nnbols of quantity, if +« denotes a sum of money 
received, — ^ can denote a sum in magnitude ^, paid away. 

If +tf denotes an advance through a certain number of 
yards, — ^ denotes a retreat through the number of yards 
expressed by b. 

The positive and negative signs have thus an antagonistic 
and reversing power on the meaning of the symbols before 
which they stand. Of the two opposite characters which 
magnitude may have in some defined respect, it is imma- 
terial which of the two signs is taken to represent one of 
those characters, the other sign representing the opposite 

6 2 



4 Algebra. 

character. Thus, +d5 or — a, may designate a height «, and 
then — tf or +« will accordingly designate the same depth ; 
+a or —a being taken to mean a sum of money a received, 
then — ^ or +^ will respectively mean another sum of money 
b paid away. 

8. Obs, — ^When a symbol stands without either algebraic 
sign prefixed to it, it is understood to bear the positive sign. 
Thus +«4-^+^ is written a-^-b+c, 

9. Def, — Quantities with the positive sign prefixed are 
called positive quantities. Quantities with the negative sign 
prefixed are called negative quantities. 

10. Def, — By quantities of the same kind are meant such 
as can be referred to the same unit, quantities, for instance, 
of length, of weight, sums of money. 

11. When the sign of a quantity is changed firom positive 
to negative, or from negative to positive, the sign is said to 
be reversed. 

12. The following signs are used as a kind of shorthand, 
to save writing : — 

,*. means * therefore.' 
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V „ * since.' 

> „ ' greater than.' 

Thus, 5>4 means the statement that 5 is greater than 4. 

< means * less than.' 

Thus, 9<ii means that 9 is less than 11. 

Addition and Subtraction of Algebraical Quantities. 

13. In this view of the meaning of the two algebraical 
signs, the positive and the negative, it will be seen that quan- 
tities of the same kind (10) bearing the same sign, be it 
positive or negative, can be added one to another. The 
result of that addition is expressed by writing the algebraic 
symbols which express these quantities one after another in 
a horizontal line. Then ]i •\-a and -{-b mean separate 
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The Meaning of A Igebraical Symbols. 5 

amounts of money received, -\-a-\-b or a-^-b (8) means 
the amount received altogether, the sum, as the word is 
understood in arithmetic. \i —c and —d mean, in con- 
sistence with the former representations, separate amounts 
of money paid away, —^—^ means the amount paid away 
altogether. For example, if ^ be 32/., b 26/., c 34/., 
d 20/., when the positive sign is taken to designate money 
received, a-\-b means 58/. received, and —c—d means 
54/. paid away. 

If a, by Cy d continue to denote the same numbers, and 
these are now understood to mean numbers of miles, if -f-df 
be the distance a man travels one day directly towards the 
east, 4-^ the distance he travels the next day in the same 
direction, a'\-b will represent the 58 miles of his joume)dng 
towards the east, and consistently —c—d can represent 
54 miles of the journeying of some other man towards the 
west. 

Again, quantities of the same kind bearing opposite signs 
can in virtue of the reversing power of these signs be sub- 
tracted one from another. The result of this subtraction is 
expressed by writing the s)nnabols one after another with 
their proper algebraic signs in a horizontal line. Thus •\-a 
denoting money which a person owes, and — ^ consistently 
denoting money due to him, -^-a—b or a— b will mean what 
is called the balance of his account, or the difference between 
the debts due to him and the debts which he owes. If a is 
a greater quantity than b, -fdf so absorbs — ^ as to leave a 
positive excess, and a—b means an excess of debt owing 
over money expected. On the contrary, if b exceeds a, —b 
so absorbs +^5 as to leave a negative excess, meaning that a 
balance remains of money expected. 

14. Obs, — ^The order in which the symbols of quantity 
are written is immateriaL Thus a-^-b—c, b-^a—e, b—c+a, 
a—c-\-by -'C+a-^-by ^c-^-b-^-a, all mean the same thing, 
namely, that after quantities a and b have been added 
together, the difference is taken between their sum and 
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another quantity r, and this difference is positive or nega- 
tive, as dJ+^ is greater or less in magnitude than c. 

In writing such an expression as this it is usual to place a 
positive quantity first, and the writing of its sign is dispensed 
with (8). Also when other reasons do not interfere, it is 
customary to write the algebraical S5niibols in the order in 
which they stand in the alphabet Neither of these arrange- 
ments however is in any wise obligatory. 

15. Hence «— dfor— ^-f-« has no magnitude, the one term 
meaning a magnitude operating with a reversing or destruc- 
tive effect on another equal magnitude. 

16. The sign =, read * equals,' denoting equality of the 
quantities between which it stands, and the sign o, read 
* zero ' or * naught,' denoting nulHty or absence of all magni- 
tude, are used in Algebra as in Arithmetic. Thus^z— df=o. 
All quantities which admit of their magnitude being numeri- 
cally expressed, being neither zero nor infinitely great, are 
called finite quantities. 

17. Since magnitude is contemplated as in only two op- 
posite states, two negative signs amount to the positive sign. 
For — « expresses a quantity in a contrary condition to the 
same quantity -f dJ. The reversing then of — ^ throws it 
into the same condition with -ft?. 

Thus, 

a = -f-tf 

a = — ^ 

a = •\-a 

and so on. 

Questions for Exercise, 

18. \ia means 20 and b means 10 in the following ques- 
tions, 

1. What will be expressed when it is stated that a traveller 
has journeyed a-^b miles to the east ? And what if he is 
said to have journeyed —a-\-b miles towards the east! 

2. If a man's expenses in one day are ajT^^ what can — ^;^ 
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consistently represent % What will be meant by stating that 
^— fl is his day's expenses % 

3. If the boys added to a school after the hoHdays are a 
in number, what would be meant by — dJ new boysl Would 
the school be made larger or smaller by receiving ^a-\-b 
new boys ] 

4. If df denote degrees in a thermometer above freezing 
point, what will — b degrees mean % 

5. If a boy wins a games over a plajrfellow, how may the 
latter be said to win —a games ? What would be meant by 
stating that one of them won b—a games % 

6. If a denotes the number of days a man works, would 
— ^ denote a number of days when he was idle % Or what 
would be meant by stating that he worked — ^ days % 

Multiplication of Algebraic Quantities. 

19. The expression a -{-a means the addition of two quan- 
tities of the same magnitude and of the same sign. The 
result, therefore, is double of either of them, and is written 
2^5. Similarly a-^-a-^a would be 3^, and if b means the 
number of times that a is repeated, 

«+<z-|-d5+... would be ba. 

On this suggestion the result of multiplying together two 
quantities a and ^, whether they mean whole numbers or 
fractions, is written ba or ab. Sometimes the sign of multi- 
plication ( X ) or a dot ( . ) is interposed between the letters, 
thus, a, b or axb. The order of the letters, be it ab or ba^ 
is immaterial, as we know in Arithmetic that when two 
quantities are multiplied together, it is immaterial which 
is regarded as the multiplier. 

If ab is now viewed as a single quantity, the result of 
multiplying it by another quantity c will be written abc 
or cab, with or without the sign x or . above mentioned. 
This result being that of multiplying a, by c together, 
and the order which the multiplication is performed being 
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immaterial, the product is indiflferently written abc^ acby baCy 
bca, cab, cba, 

20. Def. — In an expression such as ahc, denoting the 
multiplication of two or more quantities together, any one of 
these is called the coefficient of the product of the others. 
Then a would be called the coefficient Qibmab, and of be 
in abCy c the coefficient of ab in abc. Unity is the coefficient 
of a standing alone, though it is pot usual to write la^ but 
the letter a only. 

21. Def. — Quantities multiplied together are called factors 
of the result. Thus a, b, c, are three factors of the quantity 
abcy which is produced by multiplying them together. 



Law of Signs in Multiplication. 

22. When two positive quantities, as a and 3, are multi- 
plied together, the product means the result of taking the 
multiple, or part of one designated by the other, and there- 
fore is positive, since nothing in this process has altered the 
character or affection of either of the two quantities. 

If a negative quantity, — «, is multiplied by a positive 
quantity, b, the multiple or part so taken of —a is nega- 
tive still, and thus the product is negative. 

The negative sign having a power of reversing the 
character or affection of the magnitude to which it is pre- 
fixed, multiplying by a negative multiplier means the taking 
the multiple or part thus designated, and reversing besides 
the sign of the quantity multiplied. Hence : 

1. if a positive quantity, «, is multiplied by a negative 
quantity, —3, the multiple or part expressed by b is taken, 
and the sign of a is reversed as well, whereby the result is 
— ^a, or — fl^. 

2. If a negative quantity, — «, is multiplied by a negative 
quantity,—^, by the same reversal of sign the result is ba 
or ab. 

These results are of the highest importance, and may be 
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thus placed in a tabular form. In the multiplication of two 
algebraic quantities 

+ multiplied by + gives +, 
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+, 



results which are expressed in words in the rule, that in 
multiplication *like signs give + and unlike signs give — .' 

23. Conversely, the fact of the product of two quantities 
being positive certifies that these quantities are either both 
positive or both negative, and the product being negative 
certifies that the quantities have different algebraical signs. 

Thus: 7X5or(-7)x(-s) =35 

7 X (-5) or (-7) X (5) = -35- 

The number 39 can arise as the product of 3 and 13, or 
of —3 and —13, while —39 can arise from the multiplica- 
tion of 3 and —13 or of —3 and 13. 

24. In the product ab, if either of the quantities « or ^ be 
zero, or have no magnitude, then whatever finite value the 
other may have, the product is zero, because if a, for 
instance, has no magnitude it cannot give a result of any 
magnitude by being taken any defined number of times. 

Division of Algebraic Quantities. 

25. If, in the ordinary arithmetical sense, a quantity a is 
divided by a quantity b, the result is expressed by writing 

these letters in the form of a fraction, ?, the divisor being in 



place of denominator, and the dividend in place of 

numerator. 

In division the law of signs above stated (22) holds 

good, the result— being positive or negative as a and b 
have the same or different signs. If, for the sake of descrip- 
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tion, we use the terms dividend, divisor, and quotient, in the 
usual arithmetical sense, from the idea of division we know 
that the divisor and quotient multiplied together produce 
the dividend. Hence : 

1. If the dividend is positive, 

the product of the divisor and quotient is positive, 
the divisor and quotient have the same sign (23) ; 
,*. if the divisor is positive, so is the quotient, 
if the divisor is negative, so is the quotient ; 
and 

2. If the dividend is negative, 

the product of the divisor and quotient is negative, 
the divisor and quotient have opposite signs (23) ; 
/. if the divisor is positive, the quotient is negative, 
if the divisor is negative, the quotient is positive. 

To collect these results, when the divisor and dividend 
have the same sign, the quotient is positive ; when the 
divisor and dividend have different signs, the quotient is 
negative. 

Ex. \ multiplied by —3 gives — y, or — 2f 

— 3 1 _i 

-•03 » „ -2 „ -06 

f divided by -3 „ -§ 

T » » " » TJT 

2" » » " >> TST* 

26. Division is sometimes expressed in writing by the 

symbol -r-, a-^h meaning that a is divided by h\ though - 

o 

is the more usual and the more convenient manner of ex- 
pressing this operation. 

Algebraical Fractions. 

27. An expression such as -, wherein the result of a 
division is indicated without being performed, is an alge^ 
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braical fraction. When a and b mean positive integers, it 
has the signification of a vulgar fraction in Arithmetic, 
meaning that when unity is divided into b equal parts, a of 
these parts are taken. In every case an algebraical fraction 

?. will mean a quantity which, if it be multiplied by ^, will 

give the result a. 

In the fraction - , the quantity a is called, as in Arithmetic, 

the numerator, and b the denominator. 

28. If a and b have the same signs the fraction is positive 
(25), if different signs it is negative. If the sign of either 
a or ^ is changed, the sign of the fraction is changed, in- 
asmuch as if they previously had the same, they now have 
different signs, and the fraction is changed from being 
positive to be negative. If a and b had previously different 
signs, they have now the same, and the fraction, from being 
negative, becomes positive. 

29. If the numerator of a fraction be zero while the 
denominator is finite, the fraction has no magnitude or is 
zero. For if it had any magnitude, the multiplication of 
that magnitude by the denominator must produce a result 
different from zero the numerator. 

If the numerator be finite and the denominator zero, 
the fraction is then beyond numerical representation. For 
if it were supposed to have any defined magnitude, this 
magnitude, multiplying the denominator, could still pro- 
duce no result but zero, and could not therefore give the 
numerator. 

Involution. 

30. Def. — ^The result of multiplying an algebraic quantity 
by itself is called its square or second power. Thus, ay. a 
is written «^, and is called the square or second power of «, 
a itself being, by analogy, called the first power of a. 
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So the square multiplied by ^, or the product ^ x ^ x <2, is 
called the cube or third power of a^ and is written c^. 

These terms have been suggested by the geometrical facts 
that if a be the number of units of length in a Une, suppose 

4 inches, then 4 x 4, or 16, is the number of square inches in 
the square described on that line, and 4 x 4 x 4, or 64, is the 
number of cubic inches in the cube of which this line is an 
edge. 

By extending this notation, ay. ay. ay. a is written a^^ 
and called the fourth power of «, and generally if there be 
any number of times m^ that the quantity a is repeated in 
continued multipUcation, the result is called the rnSh. power 
of tf, and is written cC^, 

These operations are sometimes termed the raising a to 
the second, third, fourth, &c., powers, and the number ex- 
pressing that power is called the index or exponent Thus, 

5 is the index or exponent of a in a^y which is called a 
raised to the 5th power. 

81. When the quantity raised to a power is negative, 
its square is positive by the law of signs (22), its cube is 
negative, its fourth power is positive, and generally the 
power is positive or negative as the exponent is even or odd 
respectively. 

Evolution. 

32. Def, — ^A quantity which multiplied by itself gives the 
result ^, is called the square root of a^ and is written ^a or 
tf*. Thus, ^/a X ^a^=^a or c^ ya^=a. 

Obs, — The s)rmbol ^/ is supposed to be a perverted form 
of the letter r, the initial letter of the word roof. 

A quantity whose cube or third power is a is called the 
cube root of «, and is written \/ a^ or a^. 

By extension of this notation ^ a, or ^»», means a quantity 
which, raised to the mXh power, produces a. 

33- A negative quantity can have no numerical square 
root, because any numerical quantity, be it positive or 
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negative, can never produce, when multiplied by itself, any 
but a positive result So, neither can a negative quantity 
have a numerical fourth, sixth, or any even root 

A positive quantity has two numerical square roots of 
different signs ; for since either ay^aoi ^ay.—a produces 
a^, a or — <35 is thus the square root of a^. So also will a 
positive quantity have two numerical fourth, sixth roots, and 
so on, equal in magnitude but opposite in sign. 

Thus, either 8 or —8 is the square root of 64, 2 or —2 
is the fourth root of 16, 2 or — 2 is the sixth root of 64. 

A quantity has but on enumerical cube root of the same 
sign as its own, so also only one numerical fifth or seventh 
root of the same sign as its own. Thus, 2 is the cube root 
of 8, the fifth root of 32. 

34. Def, — An expression (6) not connected with any 
other by the signs + or — , as df, 5^, xyz'^^ is said to be *of 
one term,* and is called a monomial. But where two 
quantities are united by the signs + or — , as a^-^Tfiy 
xy—4z^y I^-^^ these quantities are called the * terms' of 
the expression, and the expression is said to consist of two 
terms, or to be a binomial. Expressions wherein more 
than two terms are connected by the signs -f- or — are 
called multinomials or polynomials. 

35. Brackets, — For the purpose of contemplating a bino- 
mial or polynomial as a single quantity, and subjecting it to 
operation as a single quantity, its terms are enclosed in 
* brackets * and written thus, {a-^ 2d} , [a^—^ad+d^]. A bar 

over the expression, thus, a— 2d, has the same meaning, 
which is this, that the quantity d being doubled, and having 
its sign reversed, is combined, in way of addition, with the 
quantity a, and the final result, whatever it be, is contem- 
plated under the s)anbol [a — 2d], 

36. By a bracket, the sign of involution is made to repre- 
sent the result of multiplying an expression any assigned 
niunber of times by itself. Thus, («+^)^ means the result 
of multiplying the quantity a+d, regarded as a single 
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expression, by itself, whereas a-\-V^ would mean that b only 
is to be multiplied by itself, or squared, and the square thus 
obtained is to be added to a, 

37. The sign of evolution (32) is extended by a hori- 
zontal line, or bar, to affect all the quantities under the 

bar. Thus, ^/a-\-b^c means the same as a/(«+^— r), 
namely, that when a and b have been united by addition, 
and c taken from the sum, the square root of the result is 
taken. 

38. The bar which forms a fraction has the effect of a 
bracket, signifying that all the terms above it combine to 
make the numerator, while all the terms below combine to 

form the denominator (27). Thus, — -^, means that dJ and 

^ ' a -Yb 

b are separately squared (30), and that the squares added 

together make the numerator, while a and b added together 

make the denominator, and the value of the fraction is 

the quantity which, multiplied by (a-\-b\ gives for the 

result (a^-^b\ 

39. Hence, brackets serve to express the result of opera- 
ting on the results of previous operations. Thus, c{a^-\-b'^) 
means that after the result a^+^^ has been formed, that 
result is multiplied by c. The expression is thus equivalent 
to cc^-\-cb'^^ inasmuch as the result must be the same whether 
a and b are separately squared, and the sum of their squares 
multiplied by r, or these squares are separately multiplied by 
c and the two products added together. 

As another instance, («— 2^-f ^)2 means that c is squared, 
and the square added to a^ then the double of b subtracted, 
and the result finally squared. 

40. Thus, a-\-b . ^+^ means that b is to be multiplied by ^, 
and the product combined, by addition, with a and d, 

(a-^b)c-hd means that after a and b have been added 
together, their sum is multiplied by c, and d is added to the 
result of that multiplication. 

(a+b)(c+d) means that after a and ^ are added together 
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as one quantity, and c and d are added together as another 
quantity, these two quantities are multiplied together, and 
the form expresses the result of that multiplication. 

If ^=2, ^=3, r=3, //=5, 
a-^bc-^d-=^2 -f-9 + 5=i6, 

41. Caution, — Observe the difference between ab^^ d-b^ 
and (aby, 

ab^ means that b is squared and the result multiplied by^. 

d^b means that a is squared and the result multiplied by b, 

(ab)^ means that after a and b have been multiplied to 
gether, the result is squared. Hence, (ab)^ being ab x ab, or 
axaxbxb, is the same as d^b^. 

If«=2, ^=3, 

42. A negative sign before a bracketed expression re- 
verses the sign of every term within the bracket : 

thus, —(a—bc-^-d'^) means ^a^-bc—d^. 

A negative sign before a fraction has a similar effect on 
every term of the numerator : 

fVinc a-bc-\-d^ _ -a-\-bc-d^ bc-a-^d^ 

Obs. — A negative sign before a fraction alters the sign of 
every term of either the numerator or the denominator, but 
not of both. Alteration of the signs of both is no alteration at 

all, because ^ is the same quantity as ^, the quantity 
a — 

which multiplied by b gives a, being the same as that which 

multiplied by — ^ gives — ^ (22). Hence, the negative 

sign, meaning to reverse the sign of the fraction ?, will 
accomplish this by reversing the sign oi either a or b. 
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To give a numerical instance, ?4 is 7 but •^— ^ or — ^ is 
° 22 —2 

— 7, inasmuch as 2 and --7 multiplied together make —14 

(22), and —2 and —7 multiplied together make 14, But 

^^^^^ is 7, because 7 and —2 multiplied together give —14. 
— 2 

Thus, reversal of the signs of both numerator and denomi- 
nator makes no alteration in a fraction, but reversal of the 
sign of either one of them reverses the sign of the fraction. 
As an algebraical example : 

a-^b-^-c _ ^b—a—c 
a-^b—c a+b—c 

a—b+c 
e—a—b 
^_ b^a—c 
c-^a—b' 

It is a very useful exercise to verify these algebraical 
statements, and others which may arise, by giving to the 
letters any numerical values taken at random ; for instance, 
a=7, ^=4, ^=2. 

43. To describe in words the operations indicated by the 
quantity 



V 



(a^^by 



(a-^bf 

1. The quantity a is cubed (30). 

2. The quantity b has its sign reversed, and is after this 
reversal added to a^, 

3. The quantity c is squared, and the square obtained is 
used as a multiplier of the result of 2. 

4. a is added to b, and the sum is cubed (36). 

5. The result of 3 being taken as a numerator, and that 
of 4 as a denominator, a fraction is formed. 

6. The square root of this fraction is taken. 

If a is 3, ^ is 12, and c is 5, the expression has for its 
numerical value ^. 
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44. This chapter shall be closed by reviewing, in the form 
of a table, the symbols used in Algebra to abridge writing 
or describe operations. 

= means that the quantities between which it stands are 
equal to one another. 

> means * greater than/ and < means * less than/ the 
opening being towards the quantity to be designated as 
the greater of the two which are compared. 

,% is a S)mibol to stand for the word ' therefore.' 

•/ is a symbol to stand for the word * since.' 

+ and — are the antagonistic signs, meaning that the 
quantities before which they stand have contrary Qualities in 
some particular respect. 

X or . is the sign to mean multiplication of quantities 
between which it stands. 

-i- means division, the former of the quantities between 
which it stands divided by the latter. 

-v/ means the square root of the quantity to which it is 
prefixed, \/ the cube root. 

45. Examples of the power of brackets : 

2. a^-b-'{a'^-}^-V^)-(ab'^bc-ai) 

^a'^b-a^-\'b^—c^'^ab-'bc'\-ac. 

=«-3^+5^+4^-3^+^-l-^. 

If <z=4, ^=3, ^= — 2, the following statements may be 
verified, these numerical values being substituted for the 
letters. 

4. 3^5^ + 5^^— «'4-^=36— 40— 16 + 4= — 16. 

8=11x9 + 3x1 = 102. 

6. (<z+^+^)(3«— 4^)=o (24). 

c 
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7. (t?— ^)3— (^— ^)2— (d5-r)=i — 25— 6=— 30. 

^ a—b 4-3 

9. sa«^+5^^-(|^J-f^')-240+8o-^|+f=324f 

10. «-^/5(^-^)=4^v^5X5==4-5 = -i- 

11. v^^H^— 6^=^/16 + 9+12=5 + 12 = 17. 

12. Find the value of x^—y^—(x—yf-\-a\x—{y^^\^ 
when ^=4, J=3, ^=1, a= 2. 

13. Describe in words the operations indicated in the ex- 
pressions (43) : 

€^b^al^. 



^Z{a^b){a^^-b% 



V 4(^'-"^)' 

14. If dJ=i, ^=2, r=3, ^^=4, ptove tiiat the two ex- 
pressions 

{d- (^-^+d5)} {dArC- («+^)} 

and ^2- (^+^2) +^3 + 2{bc--ad) 

have the same value. 
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CHAPTER 11. 

OPERATIONS WITH ALGEBRAICAL SYMBOLS. 

46. The meaning of algebraical symbols having been ex^ 
plained in the preceding chapter, the methods of performing 
algebraical operations have now to be described. These 
operations are reducible to the three divisions : 

1. Addition and subtraction. 

2. Multiplication and division. 

3. Involution and evolution. 

Addition and Subtraction. 

47. When the same letter, expressing quantity, appears 
with numerical coefficients (20), as 5^, 3^, 7^?, and thus 
presents two or more terms to be added together, the 
addition of these is effected by adding the numerical co- 
efficients, and making their sum the coefficient of the literal 
symbol. 

Thus: S^j + 3dJ=8df, 

Sa+3d5+7«=i5tf. 

To see the reason of this, suppose that a denotes some 
defined weight, then 5^ means five such weights, and yi 
means three of them, and these together make eight of these 
weights, or Za, So also five, three, and seven such weights 
make together fifteen of them, or 15^. 

48. But when different letters expressing quantity appear 
with any coefficients, as a, ^b, 5^:, their addition can only 
be left expressed by writing them in a line, ^ +3^+5^. For 
according to the former illustration, if a denote a certain 
weight, b, c certain other weights, it is impossible to exhibit 
the sum in any simpler form, unless we know what are the 
several weights designated, and these are not defined as 
long as a^ b^ c remain general. 

c 2 
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49. Similarly, when the same letter stands with numerical 
coefficients, and one quantity thus designated is to be sub' 
tracted from the other, if this latter be accounted positive, 
the former is negative with respect to it, and the result 
comes from taking the diflference of the coefficients, and 
attaching that difference as the coefficient of the letter. 
Thus, 5^ — 2^5=3^, 4^— 6^= —2^. If ^, for instance, denote 
a space travelled, ^a means five such spaces travelled in one 
direction, say to the east, — 2« then means two such spaces 
travelled towards the west, and 3^ is the three such spaces 
whereby, on the whole, the traveller advances to the east 
So if b be some other space, and the westward motion db 
exceeds the eastward motion 4^, the result — 2b shows that 
the traveller advances though two spaces b towards the west. 

60. Different letters signifying quantity can only be repre- 
sented as one subtracted firom the other, or one antagonistic 
to the other, by writing them in a line with contrary signs, 
as a—b^ yi—£fi, 

61. When any one of the quantities to be added or 
subtracted is a binomial or multinomial (34), it must be 
released from its bracket, and the preceding remarks show 
how it can be combined with other quantities in addition or 
subtraction, either expressed or effected. 

Ex. I. Thus, a—b']-$a+c^(2a+$c-'b) 

=^3:— ^-f- 3^+^—2^5—5^+ ^ (42) 

= 2^5-4^. 



Ex. 2. fl5 — 



2«— {3b— (a— c)} +(2^—^)] 
2a— ^b + (a—c) + 2a "b^ 

=a— 2d5 + 3^ — fl5 + r— 2^ + ^ 

= -4^+4^+^. 



>^- (3^- S^) + {s^- (^- 2a)} ] 
>^-3^+5^+S^-(r— 2^)] 
2a'-Sa+sb+Sb'-^+2a] 

=3^— ^-2^+3^5 — 5^— 5^+^— 2a 

= 2tf— ii^ + r. 



Ex. 3. 3<z-^- 
=3^— ^- 
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Ex. 4. Let it be required to add together the three 
quantities : 

3^ ^y^ z^ y^^z^ x^ z^ x^ y^ 

and to subtract from the result, z^—x^+^, 

2 

When the first three quantities are added together, 
the coefficient of jc^ is i+i+i=i|, 
„ „ y is -^+ 1 +i=A» 

and the result is accordingly 

If now z^—x^-\-<- be subtracted from this result, or 



V 

— 0^+^^— ^ added to it, we have finally, 

i^^-{-x^+^y^-iy^-^iz^-2\ 

52. Examples for Practice in Addition and Subtraction, 

1. Add together the four quantities : 

7^ + SJ' + 8;8:— 4, SJ'- 5^ + 6 - 2X, 
5^;- 7 + 3^—87, 2-4x-^zy'-2z. 

The sum is — ^+j'+ii«— 3. 

2. Add together the four quantities : 
2oi^'\-<^ax^'-ia^x-\-4c^^ — 3^ + 2^z^*— 4^?^^— 6^', 

s^^yix^'^t^a^x-\-2a^y ^t^x^'-^a^x -^20^^—2/:^, 

The sum is — 5Jc3+6^^2_io^2^».3^3^ 

3. From 23^ — 5^^ + 'jz-\-a take ^z + ^x^ — 2y^ + ^. 

The remainder = 43: — 2 jp^ — 3^* + a — ^. 

4. From Sijwc^j, ^ ^^y ^ ^^as^—^i^-V 6e^ 

take 3^2:1:^ — 4^272: — 3^2:^ + 2^* + 3^*. 

The remainder = Sax^y - za^xy + ^fiy'^z 4- 4^2jfj5 

—4^2:^—7^+3^*. 
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5. Add together the four quantities : 

The sum is — 4^*-?— 8y«*. 

6. Reduce to the simplest form the expression : 

7. Reduce to the simplest form the expression : 
3a« - 2d:^ + ^« - (- 4a» + 7<j;^ + 3^2) 4 (^ _ 2^^^ y^) 

Ans: 6a^ — 9^ — 2b^ -^ 2^^ + 6^. 



8. 3JC— 2ii-*(2^+4fl{— 9+2^) + 12^— s^+(8^— 2^— ^) 

— {tf — (4^— ^+2^)} = — 4«+ 12^— r+ 9. 
9- /+^-2^-(i/-3^-4^)=-/+4^+2r. 
10. Simplify 3(^—^+r)— 5(^5— 2^+3^) +4(^—3^+ 2^) 

— 2(^—7^— 2^). 
Ans, cib 

13. ^ + 6^j* — {A^y — 4^^^') + J'* — ^x^y^ — 4^^' 

= ;c* — /^y + 3^2^^ + J'*. 

14. ^2— 2w« + «*— (w* + 2^«+«2)= — 4^;?. 

15. Reduce to the simplest form : 

53. It is instructive for the reader to verify examples 
for himself in the particular cases when the symbols bear 
certain numerical values, which he may assign to them at 
pleasure. For instance, in example 14, let ^=3, «=2, 
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then m^ 2w;«4-«'— (/«^+2«i«+«*) 
=9- 12 +4- (9+ 12 +4)=*— 24; 

and ^4w«=s — 24; 

or, as another case, let m^\^ «=— ^, 

then, fn^ — 2mn'\-T^-' (m^ + 2mn + n^) 

and — 4;««=f. 

Multiplication. 

64. It has been explained that the multiplication of 
algebraical quantities is expressed by writing them together 
as if they made a word (19), sometimes, though not of 
necessity, with the sjnnbol x or . between them. It has 
also been seen that the order in which the quantities 
multiplied together are thus continuously written is immate 
rial {19). In certain cases, as shall now be shown, the, 
multiplication thus expressed can in a measure be effected, 
and a product obtained simpler in form. 

65. When different literal symbols carrying numerical 
coefficients (20) are to be multipHed together, the product 
is expressed by writing the literal s)nnbols together, and 
making the product of the numerical symbols the coeffi- 
cient of the result. Thus, 4df multiplied by 3^ gives 12^;^. 
For since a multiplied by b gives the product ab^ 4a 
multiplied by b gives the four terms 

aby ab, ab, ab, or 4^?^, 

and 4« multiplied by zb gives this latter product taken three 
times, 4^^, ^^ ^^ or makes 12^^^. 

In this, and all examples of multiplication, the law of 
signs (22) has to be constantly remembered. Thus, 2fl 
multiplied by — 5^ gives — 15^5^. 

66. When a literal symbol, raised to any power, has to be 
multiplied by the same symbol, raised to any power, the 
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product is obbdned by adding their indices (30). This is a 
statement generally true, but at present, with a view to the 
purposes of this book, it will not be demonstrated further 
than with indices which are positive integers. 

It has been seen that c^ means axa^ a^ means axaxa^ 
and so on, and if m be any integral number, 

€^ means ax ay. ay. ... taken tn times. 

Hence ^x« means <zx<3fx ... x a taken w + i times, 

or tf"»+^ 

So tf»» X d5* means fl"**^, 
and generally a^yO^is a^*^. 

Thus two powers of the same letter are multiplied together 
by adding their indices. 

So ^Jf" X a* X a''=dJ"+»+''. 

67. By combination of the results of the two last articles, 
it will be seen how different powers are multiplied together 
when they also have numerical coefficients. 

Thus, 5^^ X 3«* = 1 5^5*. 

yaPysa^=^S^*K 
— 3^^ X 4a^= — 1 2(^. 
(-3«^)x(-6d5*) = i8«». 

Hence also ^a^ x ^adc=: 1 5^^^ V. 

^acx4a^d= ^4a^c, 

68. When a monomial multiplies a quantity of more 
than one term (34), its action on each term of the latter 
quantity is taken, and the results collected. It has been 
seen (39) that a product expressed as a{d-^c), means that 
a is separately multiplied with b and c, and the results 
added. Hence a($a-^a^), meaning that a is to multiply 5a 
and a^ separately, gives the successive terms 5a* (57) and 
0* (56), and the final result sa^+aK 
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So 3^2(4^— s^) = \2C^b'"\<^a^c, 

^a^{4ab'-sb^—c)=i2a'^b— isa^b^—sa^c, 

3^^(^— \/^^+jF)=:3fl^^— 3«^ %/xy+^a^y, 

(x^-^ yxy'\-4y^) x ( — 3jc) = — 3:x:3 + 2 i^r^j/— 1 2^^*. 

69. When expressions each of more than one term are 
multiplied together, consideration of the meaning of the 
operation expressed will lead to the process of effecting it. 
Thus, (a-hb){C'\-d) means that c-}-dis to be multiplied by a, 
and also by b, and the results added together. 
Now a{c-\-d)=^ac-\-ady 

b{c-^d)=^bc-\-bd, 
/. {a-\-b){c-Yd)=a€-\-cd-\-bc-\'bd. 

The same result would have arisen, since the order in 
which the terms stand is immaterial (19), \i a-\-b were re- 
garded as multiplied by ^+^. 

Similarly, {a^b)(c+d) would mean that after C'\-d has 
been multiplied by a, and then by b, the diflference of the 
results is to be taken. 

/, (a—b){c-\-d) ^^ac + ad— be— bd. 

So {a—b){C'-d)=aC'-ad'-bc-\-bd, 

It will be observed how the law of signs (22) operates 
to give a positive sign, in the result, to that term which 
arises from the multiplication of terms with like signs in the 
two quantities multipHed together, and a negative sign when 
those signs are unlike. 

60. By the law of signs, when an expression consists of 
two factors (21), if the sign of both be reversed the product 
is unaltered, if the sign of one only be reversed the sign 
of the product is reversed. 

Thus, {-a)y.{'-b)^ab, 

but {—a) Ab or tf x(— ^)=s-fl^. 

Thus, \a-b){c-d)^{b-a){d-c\ 

but (a-b)(c-'d)^-(a-b)(d-c) 
(a-b)\c-d):=z^{b-a){c-d). 



26 AlgebrcL 

61. Ex. I. The exptession {c^'-d){yi^—2a^ means that 
t^cfi - 2a^ is first to be multiplied by a^, and then by a^ and 
the result of the latter operation subtracted from, or made 
antagonistic to, the result of the former. 

Now a\<^a^ - 20^) =Stf»- 20^ (58) 

a{$a^ — 2c^) = 50* — 2a^. 
Hence the final result is 

5<z* — 2a* " $a^ + 2a^ss 5^5 — 7^5* + za^ (49). 

It would have been equally just to regard the expression 
{a^—a){^a^ — 2a^), as meaning that df^— « was to be multi- 
plied by 5^^, then by 20^, and the result of the latter ope- 
ration subtracted from that of the former. The first result 
being 

and the second being 

20^(0^ — «) =: 2tf^ — 20^ y 

the final result is as before 

Sa^ — s^j* - 2a^ + 20^ ~ 5a* — 7«* + 20^ (49). 

Ex. 2. Let S^ -7^^^ — 3Jt:y +y be multiplied by ^— iy. 

= s^v^ — lofiy ~ ^x'^y^ -I- ^ry* 
— f -^^ 4- J^^^^ 4- xj^ — — 

3 

62. Ex. 3. To multiply f^-S^H-+9 by --^+3. 

4 2 

(f^-S^H^+9)(^'-^+3) 



+3(i^-"5^'+^+9) 



operations with Algebraical Symbols, 27 

— 2^ + 5^ — i^^ — 9-^ 

=^jt:»-4^ -h yjc^- V^2- -^^^^cH- 27. 

63. When two expressions of any length have to be mul- 
tiplied together, it sometimes leads to clearness to arrange 
them in the manner of a multiplication sum in numbers, 
with this difference, that in Algebra we work from left to 
right instead of from right to left. Suppose, for instance, 
that c^ — iax—x^ and d^'\-2ax^x^ have to be multiplied 
together. The process may be placed in this form : — 

c^{c^ — 2ax - x^) =0^— la^x — a^x^ 
+ 2ax{a^ — 2ax — x^) + 2^5^^!; — 4a^x^ — 2ax^ 
'^x\c^^2ax — x"^) "C^x^^ 2ax^'{-x* 

=^a*-6a^x^-^x^, 

the terms which contain a^x and ax^ destroying one another ; 
or in this form:— 

a^^2ax —x^ 



(!^~~2a^x — a^x'^ 

+ 2a^x — /^^x^ — 2a3fi 

—a^x^ +2ax^ +x^ 

It is in very long operations that there is some conve- 
nience in thus arranging in vertical rows the terms which can 
be combined. The student, however, should gain as early 
as possible the power of readily writing out the result of 
multiplication in a horizontal line. 

64. The following results are of frequent occurrence in 
operation, and are examples of multiplication : — 

(a+b)(a-'b)^a^'\-ab-ab-b^=:a^--b^. 
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66. When more than two pol)momials are to be muhi- 
plied together, the result is obtained by successive opera- 
tions. Thus, if a -3, d5* + ^', a-^-b^ have to be multiplied 
together, the product of the first two factors is 

{a'-b){a^-\-b^)=.a^'-aH-^ab^^b^, 

If this result is multipUed by the third factor, 

{a'^b){a^'^b%a-{'b)^{a^''aH-Vab^^b^){aJrb) 

•^a^^a^b^+ab^-b*' 
=a^-b*. 

66. When several factors have to be multiplied together, 
the process is often made less laborious if some judgment 
is shown in the order in which they are successively taken. 

Ex. To multiply together X'{-y, x^-^y*, ^— ^> x^-hy^' 

(x+y) (^-j;)=^2-/ (64). 
(x -{-y) (x -y) (x^ +j|;2) = (x^ +y^) {x^ -^ ) = ^ -/ . 
(x +y) (x^y) (x^ +y^) (x^ +y) = (^ -y^) (^ +/) =^» -/. 

67. If several factors multiplied together have a result o, 
one at least of the factors itself is o. For if all had finite 
values, their product would have a finite value. Therefore 
all have not finite values, and one factor at least is o, 
while it may be that more than one factor may be o. 

68. If {x^a){x-'b)=o, then either x—a or x—b is o, 
and if a and b mean different finite quantities, the only 
inference to be drawn is that one of two quantities x-^a, 
x-'bis o, the other being finite in value. 

69. If (jc— d5)(y— 3)=o, then it is certain that either x—a 
is o, or y-b is o, and it is possible that both x^a and y^b 
may each be o. 

70. Ex. If d52-^8=o, either a=b or a^-b (64). 

If«3_^— o, „ a=b or a^+ab-\-b^=o. 
lfa^ + b^=so, „ a^'-b or a^-ab-{-b^=o. 



r^' 
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Examples for Practice. 

71. The following results can be verified as examples of 
multiplication : 

I. (^— 2)(Ar+3)=^*+^— 6. 

3. x{mz^ny)'>ty{^—b£)-\'z{by'-mo^^o. 

4- (3«— 7^)(«+2^)=3^^-<w?— 14^^ 

5. {a^-ab-Yb^){a^-Va^^al^''b^)=ia^^b^ 

6. {a^ - 2iz2^ + zab^ - ^) (a^ -h4ab+ 4^«) 

7. («^— 2a4-5)(df+4)=d5' + 2a2— 3^+20, 

11. (8i^ + 27:x:3^ + 9;«:2j'^ + 3^^ +y)(3^--J')=243^— >'^ 

12. {2X^— ^xy — ^y^) ( 2 jc^ 4- ^xy —y^) = 4^? ^ — 1 3:31;^ + j^. 

13. («2 — 2«.;i[:H-^2)(«— ^) =«3 — 3«^JC -I- yix^^x^, 

14. (S:xrH^—3)(7^+io)=35^ + 57^-11:^—30. 

15. (7^2_3^_9)(5^_4)_35^3_43^2_33^^^5^ 

16. (jc* - 2^5^0:2 + a^) (^2 _ ^2) —^ _ 3^2^ + 3^4^2 _ ^^ 

17. (a:+*3)(^4-*i6)(^+i*25)=^+i7i^2 + '623^4-'o6* 

18. (^2 + ^ + ^2)(^2^^^_^2J— ^4.2^2^ + ^2^2_^4^ 

19. {a'^b—c-\'d){a->(-b—C'-d)^a^-'b'^'\'^'^d^—2ac 

+ 2bd. 

+c{a^^ab-=tb^). 

21. (df+^)(^+^)(«— ^^)=a3j«:+d52^+fl2<^Jt:— a2^^2 4-a^2 

22. (x^-/[ax^a^){x-^d)^x^^^ax^+<,a^x^a\ 

23. (a;— 3«)(jc— ^)(^H-df)(;v+3«)=^ — ioa2j;2 + 9«*. 

24. (:v-3)(^2_2a:+s)(^+3)=^-2:v3— 4:*:Hi8^-4S 
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26. {a^ + 2tf'jP+ 3tf^JC* + 200^ + ^)(d5* — 2tf^JC + 3«'^^ 

— 2flW^+^) 
=dJ® + 2«®^2 ^ 2i0^a^ 4. 2d52jC« 4.^. 

28. :x:(.^+2)— ^(:r— 2)=4:r. 

29. (a:^ + ^ + 1)^'*— (^2 — ^ + i)j'2 = 2^j'*. 

30. {x^-\-y^){x^-y)-^(x'^--y^){x'-'y)^2cc^y'\-2xf 

or 2jy/(j[:+j'). 

31. (d5+^— ^)(tf + ^— r) + (^+r— d:)(^+^-r) 

32. (jic+j^+s)(j/3:+a:2:+^j^)— ^7J&=(^ + 2)(j8:+a:)(^+^). 

33. (jc:+fl)(^— &)— (at— ^^)(^^-^)=:2(d?^^)^. 

34. •(«— ^)(d5— ^— a:)(<z+2^— 2Jc)+^(^— ^)(3^— 2^— 2:r) 

35- (^^-y*-^-)(2y-;e2) = (2j/2_2:2)^«_2y-y2H^*. 
36. (^^ -y - j?2) (;;* - yH^ + 2:^) = (y -y^s^ + s^)x^ 

='^ + J^ 4- s^ — 3^^. 

Division. 

72. The division of one algebraic quantity by another is 
expressed by writing the latter, which we will call, as in 
Arithmetic, the divisor, beneath the other, which we will call 
the dividend, the result signified being the quotient, and 
having the character, that this quotient and the divisor, 
when multiplied together, make the dividend (25). 

78. If the divisor is a monomial, and the dividend a 
monomial also, any numerical coefficient in the divisor 
operates on a numerical coefficient in the dividend accord- 
ing to the rules of Arithmetic. Thus % gives 2, ^^ gives 6, 
■^ gives ^. Where one number does not exactly divide the 
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othtt", they can only be left in their lowest terms, as, for 
instance, |f replaced by f . 

When the same letter occurs in dividend and divisor, they 
operate upon one another in consistence with the general 
law for multiplication, aF^^=.a^ x 0^ (56). 

Hence, ^:i^=.a^, 

inasmuch as cC^ and a^ multiplied together give a^*». 
So — =1. 

Also, = — , smce —-^ = — = — . 

Thus '''^=tf» "^-1. ^^^ 

In every such instance it will be seen that the quotient 
and divisor multipHed together make the dividend. 

When different letters appear in the divisor and dividend, 
they can only be left with the division expressed. It could 
be effected only if the special values of the letters were 
assigned, to make a connection between them, which is not 
existing while the symbols remain general and open to 
receive any values. 

These several remarks are brought into use in the follow- 
ing examples. The rule of signs, it will be remembered, 
fixes the algebraic sign of the quotient (25). 

Examples : 

I. = zoo, 

2a 

2aHc 



— i6^j*j8;2 2yH 

— C^xy^ 9y 
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74. When the dividend is a polynomial, and the divisor still 
a monomial, the divisor operates separately on each term of 
the dividend, and the quotient is the result of these opera- 
tions. For if a-}-b-\-c is to be divided by a monomial 4 

/r h /" 

and if -==/, -j=^y -3=^9 then/+^+r is the quotient re- 
a a a 

quired, since d{p + ^ -f r) =^^ '\-dq-\- dr=ia •\-b-\-c, 
' 2a 2a 2a 2a 



= 3^^ — 20^ + 



2 



i^of^-^-Z ^y ^ioxyz _ ^^ + 3 « _ 2yz 
5^« 5 •^* 

76. When the dividend is the result of factors in brackets, 
the expressed multiplications are to be performed and the 
division thus effected as far as may be on each term. 

Ex. I. ^i:f){'t±y^ = "^y^ = ^-^. 

xy xy y x' 

l^Obs, — ^The product of the tvsro factors which form the 
dividend in this example can at once be written down by 
(64) if x^ is understood to be taking the place of «, and 
y^ of b.] 

E 2 (^^ + ^)(-^--^^H-g^) _ x^-a^ .^ V _ c^_d^ 

ax ax a x' 

76. When the divisor is a polynomial, after the dividend 
has been cleared of all brackets, if any there be in it, the 
division is effected by a process similar to that of long 
division of numbers. The division of a^ + 2ab •^■b'^'by a'\-by 
will stand thus : 

a'\-b)a^-{-2ab^b'^{a'{'b 

g^+ ab . . . (i) 

ab-\-l^ . . . (2) 

ab^b^ • • • (3) 
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The first term of the dividend divided by the first term of 
the divisor suggests a as the first term of the quotient. The 
expression marked (i) results from multiplying the divisor 
by this first term. The expression (2) is the remainder 
when (i) is subtracted from the dividend. The first term of 
this remainder divided by the first term of the divisor 
suggests ^^as the next term of the quotient, and (3) is the 
result of nultiplying the divisor by b. The fact of no re- 
mainder a|,ain arising shows the operation to be complete. 
The remai\jider, if there had been any, would be attached to 
the quotient in the form of an imaccomplished division. 

Now this process, when it is analysed, will be found to be 
nothing more than a contrivance for arranging the dividend 
in parts on which the divisor is able to operate separately. 

For the dividend 

a^-\-2ab-\-lf^=ia^-\-ab^-ab+b^ 
=za{a-\-b)-\-b(a^b). 
. a^-h2ab+b^ _ a(a-\-b) bja-^-b) _ ^^ 
a-\-b a-\-b a+b 

The term a(a+b) is the quantity marked (i) in the pre- 
ceding operation, and the other term is the quantity (2). 

Ex. I. To divide x^-^y^ by x^y, 

x^y)x^—y^ (x^+xyi-y^ 

x^^x^y , . . (i) 

x^y-^y^ 

x'^y—xy^ . . . (2) 

xy^—y^ 

xy^—y^ ... (3) 



In this case the method is only equivalent to arranging 
the dividend in the manner following, where we employ the 

D 



/ 
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artifice of adding and subtracting any the sai|[ie quantity, 
without any influence upon value. i 

'=^x\x-y) -^xyix-y) ^y^i^x^r-y). 
(I) (2) (3) 

••. ^^^^ = x^^-xy^^yK 

x-y ». 

It will be observed that the terms marked (i) (i) (3) agree 
with those in the operation to which the same numbers are 
attached. 

Ex. 2. To divide d52 +4^52 by d5- 2^. 

a— 2%2 + 4/^ V + 2^ 

2d5^ + 4^^ 
2«^ — , 



8^2 



OL2 

.*. the quotient is a'\-2b-\ . 

a — 20 

The operation when analysed amounts to this : 

c^ -h 4^^=a^ — 2ah + 2ab r 4^^ 

= a^ — 2^^ + 2d:<^ — 432 + 8^2 

= «(« - 2b) + 2^(«— 2^) + 8^. 

8^2 



• • 



£!±4f = «+,*+ ^ 

a— 20 a— 20 



Tl, Obs. — In the division of one polynomial by another, 
according to the process just given, it is convenient that 
eacli be arranged in descending powers of the same letter. 
Thus, to divide ^* - 4«^3_ 4^3^ ^. ^4+6^2^2 ^y 3^2^38 

—Z^^b+a^y they would be arranged in the forms 

b^ ^^^ + daH^ —4^3^ + a^ \ 
^^+^ab^^^a^+€^ J 

a*^4a^-^6a^^-4ab^+b*\ 
°^ a^^Sa^+sab^-b^ J 
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both being arranged in the former case by descending 
powers of b^ in the latter by descending powers of a, 

78. Caution, — ^Although multiplication by a pol)momial is 
effected by performing the multiplication by each separate 
term of the multiplier and adding the results, division can- 
not be effected in like manner by dividing by each term of 
the divisor and adding the results. A numerical example 
will illustrate this. If 180 is to be multiplied by 6+4 or 
10, it is correct to multiply 180 first by 6 and afterwards by 
4 and to add the results, 1080 and 7 20. making 1800. But 
if 180 were to be divided by 6 + 4 or lo, it would not be 
correct to divide 180 first by 6 and then by 4 and to add 
the results, 30 and 45 not making 18. 

79. Ex.3. Divide;i;3 4-5«^^-(«HS<Mf2) by^:— d5. 

The bracket is to be first removed, and the quantity to be 
divided arranged according to descending powers of some 
letter such as ^, according to which the divisor is also 
arranged. Then the operation may stand thus : 

x-'d)oi?-'t^ax^-\'t^a^X'-'a^(x^^£^^c^ 

— ^ax^-\-^c^x 

a^x^a^ 



This division may be more easily performed if the for- 
mula (64) be kept in mind. 

The quantity to be divided is 

x^—a^ — ^ax^+^d^x 
z=za^^a^^^ax{x^d)y 

/. after it is divided by x—a the quotient is 

x^-^ax-\-a^—$ax=:x^—/^ax-{-a\ 

D 2 
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80. Ohs, — Every example of multiplication (71) can 
make, if the student pleases, at least two examples of 
division, as the product can be divided by any one of the 
factors which combine to produce it So, again, every ex- 
ample of division can be made an example of multiplication 
in reproducing the dividend by multiplying the divisor and 
quotient together. 

81. To prove that 

b-^c c—a a—b 

a — + b + c - 

b—c c—a a-'b 

-a{lf^+bc+d^)-^b{(^'^aC'{-i?)-{-c{a^-{-ab+b^) (64). 

and this by a different arrangement 

+^c-{-abC'^ab^ 

+b^+ac^+abc 

=za(bc+ac-\'ab) •\-b{bc-^aC'\'ab) •\-c{bc-\'aC'{'ab) 

= {a+b4-c){bc'^ac-\'ab). 

82. Examples of Division for Practice. 

I; (^^— jc— 6)-^(:l[:— 3)=;c+2. 

2. (^^— ^— 6)~(^+2)=:c— 3; 

3. (^ — y ) -4- {x —y) s=^ -{-x^y^ ^y + xy^ +y . 

4. {^-3^H3^-^*)-h(^-i)=-^+ 2^-^(77). 

5. (3a^-i3dw+i4^2)^(2dJ-7^)=d5— 2X 

6. {xi^-ioa^x^'\'^a/^)^{x^-ga^)=x^-a\ 

7. {ab{x^'\-y^)+xy{a^+b^)}-^{ax^by)=bx-\-ay. 

8. (i 2aH^ + 2 2^tf 2 + 6^^4) ^ (3^^ + ^2) ^ ^^ ^ 6^32^ 

9. Divide acr^ + (^^+ adf)/^ + {bd-\- ae)r+ be by ar + b. 

The result =<r2+</r+^. 



I 
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12. {^'\-bC'\-aC'\-ab)'^(c-\'b)^a-\'C, 

13. {a{b^-^)'^b(f'-a^)-^c{a^-b^)\^{c^a) 

^s^ab'-ac—b'^'^-bc, 

14. {x^-a^x^'^2ab^X'-b^)'i-{x^-\'ax+b^)=zc(^'-aX''b\ 

15- (x^+2ax^+a^x^^b*)-i-{x^+ax'-b^)=x^+ax+b\ 
16. (x^+s^^+3a^^+a^)-^(x^ + 2ax+a^)=x + a. 

18. Divide /2^/^+ 2/r— 2^2 ^.y^^_ 2^2 by/-^+3r. 

The result =/+2^— /• 

19. Divide x^+^x^'-sx^—'jx^+i2x-4 by x^-{-sx-'2, 

•The result =^—3^+ 2. 

20. (fl«-2^333+^)^(^2_2^^32)-,^4^2a3^_,.2^2^2 

+ 2^^ + ^4, 

21. («« + 2^333 + 1^«) -5- (a^ -{•2ab+ b^) = «* - 2a^b + 3^232 
2^. {x^'-f)'^{x^^xy'^y^):=zcc^'\-x^y-^xf-'y^. 

23- ('^-2a3jc:3^^6)^(^2 + ^2_2^^)_^^2^3^3^2^2 

24. Divide ^ + (2^2 _ ^2)^2 + ^4 ^y ^2 ^ ^ _|. ^2, 

Result =Jt:2-^+^2^ 

25- {(2^-0^)^*- 2y-J/V + ^4J ^(2y-22)=:«:2„y _22. 

27. (^+y+2:3_3^^^j^^^^^^^j_,^2^y+^2 

28. (a»-3fl54^ + a332-^2^-dE^~^5)-5-(a3-2«2^-2a^2 

-^) ^a^^ab^-b\ 

29. Divide a® -f a«^2 + «^^ + aH^ + ^s 

by ^4 + ^3^ ^ ^2^2 + ^^ + 34, 
The result = al^ -^aH + ^2^2^ ^^3 ^ ^^ 
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31. Divide a^^+^y— (a^^^+^r^y) by ax-\-by'\-ab'\'Xy. 

The result :=-ax-^by—ab-'Xy, 

33. [x^ - 2«(^? --^» + (a* + ^2)(tf-. 3)jc- tf 2^2 J 

-4-(^-d5— 3:1: + b^) ^x'^ + a^bx—aK 

34. Divide jc® — wa^^ + na^x^ ^a^ by Ji:^ — a\ 

The result =jc* + ( i - n)a^x^ + «^. 

35. Multiply «*— 3^+2 by a^'— 3^2+2^5, and divide the 

result by a*— 2dJ-hi. 

The result = a^ — 4^ * + 4^5. 

36. Multiply together ^ — 2, « - 1, ^ + 1, a + 2, and divide 

the result by a^ — dJ— 2. 

Answer a^-\-a—2. 

37. Multiply ^'+^ by ^— ^, and divide the product by 

b^-^2bh-Jf2b(^-(^. 

The result =^+2^^+2^^2 4.^, 



Involution. 

83. If the reader is now qualified to multiply quantities 
together, involution will present no difficulty, being the 
multiplication of an algebraic quantity by itself as many 
times as the exponent (30) prescribes. 

84. The following formulae, which can be readily verified, 
deserve to be retained in the memory on account of their 
continual usefulness. 

(a -f- b)^^(a ^b){a-^b) = a^ + 2ab 4- b'^. (i.) 

(d5-^)2=(a-^) (a--b)=a^^2ab-^b\ (ii.) 

\a^bf^{a-\'bY\a-\-b)^a^-^^aH-^Z^b^+b\ (iii.) 

\a-bf={a^b)\a-b)^a^^Z<^H^Zab^--b\ (iv.) 
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86. Caution. — (a-\'hf' is not equivalent to c^'\-b'^. 

The first results from adding a \.o b and squaring the 
sum. 

The second results from separately squaring a and b and 
adding together the squares. 

They differ by the quantity 2ab, 

For instance, if 4 and 3 be the particular values of a and 
^, (a -^-b)^ is the square of 7 or 49. 
a^-\'b'^ is 16 and 9, or 25. 

86. By means of these useftil formulae (84) the square or 
cube of any binomial can at once be written down. 

Ex. I. (sx-y)\ 

If we regard 5^: as occupying the place of a in ii. and y 
as occupying the place of ^, 

= 2 5^1:^ — I oxy •\-y^. 

2. (:t:^ — 2^)2 =:«:*— 4^+4^*. 

3. (a:2-4Jc)8=(^2)3-3(jc2)24^^_ 3^2(4^)2^(4^)3 by iv. 

=a:^— 1 2:r» -f 48ji[:* — 64^1?^. 
4' (^+3^)^=^^ + 2^ X 3^5 + f)c^ = x^-\-(iax-\-^, 

5. (/^ + ^)3=(4(z^)* + 3 X {^^ab^x + 3 X 4«^^^ t Jf* 

= 6/^^Ij^ + 48^^^^.^ + 1 2abx'^ + ^. 

87. The same formulae may be made available to present, 
though not so readily, the squares and cubes of multinomials. 
They must first, by means of brackets, be regarded as 
binomials. For example, 

{x^'^2X-\-iy={{x^-2x) + i}K 

If in i. x^^2x be regarded as standing in the place of a, 
and I as standing in the place of 3, 

=^—4^:^4-4^^ + 2^^ -4:1;+ 1, 
=:<;* — 4^ + 6jip2 — 4^ + 1 . 
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Ex. 2. (a-\-h-\-c^-df^{a^^-^rdf 

+ 3(^ + ^)(^H2^//+^/2) 

+3(«^^+«^^+^V+^2^+^V+^V 
4- ^{dbc-^- acd-k- abd-\- abc). 

88. Examples of Involution for Practice. 
I- (•^+3)*=^H6^+9. 

4. (4^-2)2= i6A:2—i6:«r+4. 

5- (5-^-3)^=25^^30^+9. 

6. (^2_y)3^^_3^^2^.3^2y_y^ 

7. («2-^2>^=d56-3dJ*^a + 3«^^-^. 

9. {a-irbY^{a--bY=/i^. 

10. Prove that 

(dr^-^^)2 + (d:^+^^)«=(^2+^2)(^4.^2), 

11. What is the coefficient of x in the expression 
{a^bfx-^ (a--bxY % Ans, a^+bl 

12. (x-'2)(x^4){x--6)-s(x-^2y=sfi-^iSx^+S^^-^<^' 

13- {(3-^+2J/)2-.(2^«3y)2}^(>^,^^^^^^_^^ 

14. {(3^-2J^)2-(2a:+j/)2}^(5^«j,)=^^3^. 

15- (•^+'5)'(^+7S)='^+i75-^'+^+-i87S. 

16. (^-3«)^-(^-2«)2=5dj2_2^^ 

17. (2x+a)^-(x-}-a)^=jx^~{.gx^a + s^aK 

X8. (a* + «^ + ^2)2_(^2_^^^^2J2.^4^(^2^^9^^ 
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19. Prove that 

20. {X ^-y + Zf = X^ +y 4. ;2;3 H- 3(j/ + z){z 4- x) (x +^). 

21. Simplify ^2_[(^_^)2_ ((^_^_^)2_(^_^)2Jj, 

24«j. 2yz. 

22. If 2d5=^+^ + ;8: 

2d=^X'\-y-'Z^ 
then a2H.^a+^+^f2-^2^.^a^.^«^ 

89. When the expression to the squared is itself the 
square root of some quantity, the operation of squaring 
merely dehvers this quantity from the square root Thus, 



For by its definition the square root of a quantity, such as 
the square root of «4-^, means such a quantity as multiplied 
by itself, or squared, produces a-^-b (32). 



Hence, {s/a'\-bY=^^a-\-b y/a-\-b ^/a-\-b^(a-\'b)^a^by 



and (v'«+^)*= v«+^ v'^ + ^ ^a-\-b ^a-\-b 

^(a^b)(a-\-b) 
s=a^ + 2ab+b^. 

90. Ex. To simplify the expression 

(a+b-^c)\a^b+c) + (a+b+c)(a'^b-c){b+c-a). 

It will be observed that in each of the two terms of which 
this expression consists the factor a'\-b—c enters. 
Hence the expression takes the form 

(a-\-b—c){(a-\'b—c)(a''b-hc) + (a+b+c)(b'\-c—a)} 
=(a+b—c) {(a-\-T^c){a—b^c) + {b-\-€-{-a){b-\-c—a)} 
i ^i^a-^h-'C){a^^{b'-cY^{b-Vcf-a^\ (84) 

^(a^b-c){(b-\-cY--{p^cY\ 
=4(a4-^-^)^^(84). 
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Evolution. 

91. Extracting a squire root of a proposed algebraical 
quantit}' is the finding another quantity which, when squared, 
or multiplied by itself, will produce the former quantity. 

92. If it is a monomial whose square root is to be found, 
a square root of each factor of it is taken or expressed, and 
the product of these square roots is a square root of the 
monomial proposed. Thus a square root of \(iaH^ is d^U^^ 
because ^'^ ^ ^y^^^\(i€^lA, A square root of ^aH is 

^/5 x^y^ or ay,/^b^ since a ^^ <fi y^a ^/ ^b—<^a^. 

93. Since either aox ^a squared produces a^^ aox —ax^ 
a square root of c^. This result is expressed by stating that 
+a is the square root of df^, the sign + meaning that either 
the positive or negative sign may be employed. When a 
square root of an expression has been found, the same 
quantity with the contrary sign will also be a square root 
of the same expression. Then as we have seen that 4^35^^ 
is a square root of 16^5^^*, so is — 4^?:^', and generally 
^/ 16^2^= +4^2. 

Similarly, there will be two fourth roots of the same 
quantity contrary in sign. 

94. Square roots of quantities are multiplied together by 
multiplying the quantities and placing the result of that 
multiplication under the sign of the square root : thus, 

^ay^ a/^= ^/ab. For ^/ab means a quantity which, multi- 
plied by itself makes db. Now if ^/a vb be multiplied by 
itself, it gives ^/df x ^/a x ^/bx Vb or axb. Wherefore 
^/ax Vb=Vab. 



Ex. I. Js/^^ = + a/8 . aA/^= + v/4V2d5A/^ 

= + 2^/2 . a y/b=s ± 2a'\/2b, 

Ex. 2. s v/S4^^^^ = 5 \/6 , 9 Vx^ Jxjy"^ J'z 

= ±5 v/6x 3^a/ ^.^v? 
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96. The cube, fourth, or higher roots of monomials may 
be similarly obtained 



Thus, \JaHh = \J a^\/b\z=:^a\jb^c. 

%/ 2ixy7^ = y 2*iy xyz X/ z^ 



= ^ xyz.z—T^zX/ xyz. 



Xja^l^c^ = X/al'X/a^iJb^XjbiJd^, 
= ±a\Ja^b\Jbc, 
= +abcX/a^, 

96. The square root of binomials or polynomials can be 
obtained by a general method, which is too complicated to 
admit of explanation here. Practically, when the square 
root of a binomial can be obtained, the formulae of (84) 
lead to it By these 

^a^-^iab-^-b^ = ±{a-k-b) 

The reason of the double sign is given in (93). 

Whenever an expression can be arranged in three 
terms, whereof the second, as to value without respect to 
sign, is twice the product of the square roots of the other 
two, then the square root of the expression can at once be 
written down from the formulae just given. 

Ex. I. i^^a^-^-ioab-^-b^. 

Here 5^5 and b being square roots of. 25^^ and b\ the 
middle term is double their product. 



\^2$a^'\'ioab^b^ = ±{^a-\-b). 



So ^/2^a^^ioab-\-b^ = +(s«— ^). 



Ex. 2. ^a^'\'2c^-\'a^^±(a^'\-a). 

Ex. 3. a^ + 2a'+3a^-f-2a+i=d;^+2a'H-a2+2fl2+2d5-f I 

/, V«^ + 2t^^-^3«^^-2«+I = ±(«^^-fl+ i). 
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Ex. 4. To find the square root of 

= 4jcy — 1 2Ji:3^ + 9Ji;:^^2 ^ g^^2 _ J 2Ar*j; + 4X:' 
= {2xy^ — 3^^^)^ H- 2(2^j;2 — zx^y) x 2^ 4- (2:x;^)2 
•% the square root required is 



Ex.5. V'^ + 4^ + 6;x;2 + 4^+i = ±(^^ + 2JC+i). 

97. When the cube roots of polynomials admit of extrac- 
tion, it will generally be dependent on the agreement of 
these polynomials with the form for (^5+^)*; namely, 
^^+3^^^+3«^^+^. 

Ex. o^-\-(}X^y-\-\2xy^'\-%^ 

=^+3 x^2 X 2;'+3 X X X (2^')^ + (2^^)* 
= (:r + 2j/)8. 

.•• \/ o^^'(iX^y-\-^2xy^'\-^y^=^x-\-2y. 



Algebraical Fractions. 

98. It has been seen that when the division of one 
quantity by another cannot be effected, it is left expressed 

in the form of a fraction. Thus, ^ means a quantity which 

multiplied by b produces «, and if such a quantity cannot 
be found as long as a and b remain open to admit any 
values, and are therefore unconnected, the quantity must 

remain in the form f and makes an algebraical fraction, a 

b 

being called the numerator and b the denominator. 

It will be observed that when a and b are positive in- 
tegers, this conception of a fraction includes the usual 
arithmetical view of a fraction. 
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99. A fraction % then means such a quantity as when 



multiplied by b will produce the result a. 

If we describe the fraction by the symbol /, we mean 

that/ multiplied by b must make a. In reasoning upon - 

as the description of a fraction, a and b may be any algebraical 
quantities, resulting, it may be, from the multiplication of 
several factors. 

100. If ~ exceeds i, a is greater than b. 



If ^ is less than i, a is less than b. 


If ~ is equal to i, a is equal to b, 
b 

101. A fraction is not altered in value if its numerator 
and denominator are both multiplied by the same quantity. 
This amounts to nothing more than increasing the magni- 
tude to be divided in the same degree as the divisor is 

increased. For if - is a certain quantity, this quantity 

multiplied by b makes a. Therefore the same quantity 
multiplied by cb makes ca\ Le. it is still the value of the 

fraction ^. 
cb 

102. By this principle fractions with different denomi- 
nators can be altered in form without being altered in 
value, so as all to have the same denominator. Usually a 
quantity can be found by inspection which includes as 
factors their various denominators, and this quantity they 
can all be made to take as their denominator, by multi- 
plying the numerator and denominator of each by some 
properly chosen multiplier. 

Suppose the fraction be -^, -^, -^j. The denomi- 
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nators z^\ 2ab\ ab^ are all included in the quantity 6a^'^, 
It will be our object therefore so to multiply the numerator 
and denominator of each fraction that 6a^^^ may become 
the denominator of eacL 



Now 



I __ 2^^ 2^^ 

'^b " zo^b X 2b^ "■ 6^2^' 

2 j^^ 2ab^ X 3^ 6d?^ ' 
d dx6a __ 6tf^ 

and thus the fractions, without any alteration of their several 
values, have been made to have tfie same denominator. 
Let the fractions be 

% 2 a 



Since a*— ^^ is the product oi a-{-b and a^b (64), and 
thus includes them both, it is the denominator which we 
shall aim to make the fractions assume. 

3 -_ 3(^+^) -- 3^+3^ 
a^b {a+b){a-b) a^-^b^' 

2 _ 2{a—b) __ 2tf— 2^ 
aVb "" {a^b)(^+b) *" o^^^a' 

a _ a 

and the three fractions now have the same denominator. 

103. If a fraction may have its numerator and denomi- 
nator multiplied by any the same quantity without its value 
being altered, so also its numerator and denominator may 
be divided by any the same quantity, or have any common 
factor cancelled or expunged ; because the fraction resulting 
after this division can be restored to the former value by 
the numerator and denominator being both multiplied by 
the cancelled factor. 



operations with Algebraical Symbols. 47 

Hence fractions can often be simplified, or made to take 
a more brief form than that in which they are appearing, if 
any factor can be foimd common to numerator and deno- 
minator, which may therefore be removed without altering 
the value of the fraction. 

Ex. I. }^.^ sfL^ 

2^y y 

HiX, 2. g = , 

Ex. 3. In the fraction ?!r|^-5^^ it will be found 

x^ — oax-^^a^ 

that both numerator and denominator are divisible by 

^— Sa, and when this &ctor is removed the fraction takes 

the simpler equivalent form :^^. 

104. Caution. — ^The most important reduction of fractions 
to simpler forms is usually accomplished by removing from 
numerator and denominator conmion factors, but it is to be 
noted that the whole of the numerator and the whole of the 
denominator must be divisible by the factor which is thus 
cancelled. For example : 

x^+Z{x-z) js ^Qt reducible to ^^^, 
2(^—3) 2 

because though one term of the numerator is divisible by 
;c— 3, the whole of the numerator is not divisible by this 
factor. The numerator and denominator indeed have no 

common factor. If the fraction had been ^ ~9"r3v^^3; 

2(a:-3) 

then the numerator is divisible by^^— 3 and the fraction is 

reducible to the form 

2 

106. The following are examples of fractions simplified 

by cancelling or suppressing factors common to numerator 

and denominator. 
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I. 



2. 



2X^'-^Xy 2X — ^ 



a^—ah—2b^ = (^ — 2^)(g+^) _ a— 2^ 
a^-\-Zab-\-2b^ \a-\-2b)(a'\-b) " a+lP 



the factor cancelled being a+b. 

108. If two fractions have the same denoniinator, they 
are added together by adding their numerators to make the 
numerator of a new fraction with the denominator aforesaid. 

If the fractions be - and -, these are quantities which 

a a 

multiplied severally by d give a and b as the results (99). 

Hence, the fractions added together and multiplied by d 

make a-\-b. The sum of the fractions therefore is the 

fraction 2+r (99). 

This reasoning can be extended to any number of frac- 
tions which have the same denominators, for when two are 
added together, like those just considered, and combined 
into one, another with the same denominator can be united 
to them by the same rule, and so the process can be carrifed 
through any number of such fractions, 

107. Similarly, one fraction can be subtracted from 
another if they have the same denominator. For, as before, 
one fraction multiplied by d makes ^, and the other multi- 
plied by d makes b ; therefore their difference multiplied by 

// makes a—b.ox their difference is the fraction ^j^. 

d 

108. Obs, — If any difficulty be found in following the rea- 
soning upon algebraic fraction, it often disappears if the same 
reasoning is used in particular cases, which may be formed 
at pleasure by giving numerical values to the symbols. 
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109. If fractions are to be added together, or one sub- 
tracted from others, when they have not the same denomi- 
nator, let them be altered in form without being altered in 
value, so that they may all have the same denominator (102). 
Then the method of the preceding article applies to them, 
and they are united by the addition or subtraction of the 
numerators which they have in their altered state. 

Ex. I. Let , '. and — 5^ be added together. 

2X^\ 2X-\'\ 1—4X^ 

The quantity 4jc2— i will include all the denominators, 
since it is (2^— i)(2jc-|- i), 

X _ ^(2^+1) _ 2X^ + X 

__^ ^(2^ — 1) 2X^^X 



2Jt:— I 


X 


2^+1 


I 



4^:^—1 4Jc2— i' 



I— 4Jt:^ 4JC^ — I 



(42. Obs.)y 



• • 



4jk:^— .1 



= I. 



Ex. 2. To simplify ^"^"^ - - 



i—x 



The denominator to be taken as a common denominator 
must be the product of the two denominators, viz. i +:c^+^. 

i-^x __ (i-f ^)(i— .y-h^') 

l-{-X-^X^ I-\-X^'\'X^ 

i-\-x^ 



l+X^-^X^ 



(64), 



l^X __ {l^x)(l+X'\-X^) 

i—x+x^ i-hx^+x* 

'"** (64). 



1 4-^ I—X 2X^ 



• • 



l-^X-j-X^ I—X-\-X^ 1 -^-x^+x^' 

E 
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Since a^—b"^ includes a+bit may be taken as the common 
denominator. 

tf2_^2 ^2_^2' 

aVb " tf2_^2— ' 

<72_j.^2 ^_^ __ 2ab 



• • 



^2_^2 a+b a^-b^' 

Ex. 4. From x^-^s subtract ^""^ , so as to express the 

:r — 2 I 

diflference by a single fraction. To effect this the quantity 

j;:*+3 must be made to take the form of a fraction whose 

denominator is ^— 2. In this form it is 

(^+3)(^— 2) _ X^^2X* + ^XS 

X-t2 X-~2 

•*. the result of subtraction required is 

x^'-2x^-\-^ x—6 __ 3^— S 

,^ — 2 X—2 

_ ^ — 2^—1 

:r— 2 

Ex. 5. To add together the fractions 

xY xH^ yH^ 



A denominator, including the denominators of these three 
fractions, is observed to be 

{x^-y')(y^''Z^)(z^^x% 
and to this common denominator they will be reduced. 
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(02-;,2)(^2_y) - (^2-^2)0,21:72) H2. C/^"^.; 

;c2^2^^2_^2) 



^ 2^2 ^ ^ ^2^2^2:2— ^^2) 

'0'^-^^)0'^-22) ■" (^2_y)(^2_^2)(22_^2 ' 

^2^2 _y222^^2_22) 



(^a_j;2)(^2_22) (^^-y)(j -:22)(22_^2y 

.*• the numerators together give 

^2y^2_^2) +^222(^2_^2) j^ y^z\z^^y1>^ 

= x^z^ — x^y^ + ^2^ _ ^2^ -YyH^ (22 — j;2) 

=0^(2:2 _/) ^x^z^-y*) ^yh^z^'-y^) 
= (^2 _y ) {^ _ ^2^2 _^2y ^y^2 j 

= (^-y)(^2.y)(^2_22) 

^(x^-y^)(y^-z^){z^-x^), 
/. the fractions give as their sum 

(^2^^2)(y.,2)(,2,^2) 
(^2.y)(y _^2)(22-:^2)' O^ ™1V- 

110. Fractions to be combined by addition or subtraction 
are generally to be simplified as far as possible before they 
are brought to a common denominator. 

Ex. I. To find the difference of ^-t^^±^ and ^^+4^+<^ 

X+l X-\-2 

x+1 x+1 {x -k- i)(x -\- 2) 

x^-h4^-\-6 ^.^ t 2 , , 2(^+1) 

— -7 — = x+2 + — -— = x+2 + -. — \; ^ , 

X-h2 X-^2 (jt:+i)(^+2) 

x^+4x+6 ^2^2^ + 2 _ , X 

— I + 



x+2 X+1 {X'\-l){x+2)' 

Ex. 2 -^Lt^^ji?? __ ^24,6^^12 ^ 

£ 2 
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111. Examples for Practice in Addition and Subtraction 

of Fractions, 

I. -^— + -^— =» — « — « or 2^?=^ — «. 
a; -a ^h-<i x^-^a^ x^-^a^ 

I I a—b 

^+^ c-^-a bc-^ac+i^+ab 

I I ^— ^ 



c-^-a a-k-b a*-\-ac-^bc+ab 

2X ^ I _ I 

x^—cfi x—a x^d 

6 ^ — ^ a 



^ ^(^ + ^) b-^c 

8. 5-^ - ^(5^+^) = 5^ '-g 
:ip— 2 ^^ — 4 ^*— 4' 



CO. 



fl— 2 tf— 3 «*— 5^5+6 
a a a 



dJ— 2 « — 3 ^2_j^^5 



II ?rJ _ ^-" ^ 3^^(S^r4) ^ 3I3 _ 3y 
'57 2 35 35 

tf , r bd—ae _ bcd^dbf _ cd^af 

I 
x{x—a){x^by 
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14. ; + -— - = ^+2. 

X^+2X-^3 ^+2 ^ I 



(64). 



3«*+4«+2 



•* _i_ * J. y 



17 ^ _ . ^ «. ^—3 — 3^^+A? ^ 
x—i 2JeH-2 2Jp*-|-2 jc:* — I* 

a*— I fl— I <z+i «*— I 

1,2 I 4Ji;*H-:r— I 

19. + = ^ ^. 



20. 



21. 



I I jH-3 _ ^+3 



^— I 2^+2 2a:*+2 ^— I 

I + _L + ^ - 5 
3— Of* 3+^* ';«?*- 9 9— iX* 



22. Add together _-^v^j 3/_ and — 7-? — r, and find 

(«+l)(tf+2) 3d?(df-h2) 

the value of the result when a ='5. The result is i. 

112. If several fractions equal to one another be taken, 
as for instance f , ^, ^|^, |, it will, be found that if their 
numerators be added together to make a new numerator, 
and their denominators added together to make a new 
denominator, the fraction resulting, |^, is equal to any one 
of the former fractions. By the application of algebra it 
can thus be shown that this is the case with any system of 
equal fractions, whatever their number may be. 
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Let ^, ^,.-.T^ be « fractions equal to one another. 
0\ 0^ b^ 

Let k represent the value of each of them : 

• • • • 

■7— = K^ dn ^^^ OnrS, 

On 

O1+O2+... -^On 

one of the original fractions. 

Multiplication of Fractions. 

113. Let - be a fraction which may be denoted by / and 

- another denoted by q. The meaning then is that/ multi- 

plied by b makes a, and q multiplied by d makes c (98). There- 
fore if/, q, b^ d be multiplied together, the result is ac. But b 
and d multiplied together give bd, /. the product of/ and q 
multiplied by bd is ac. According then to the definition the 

product of/ and q is the fraction — . 

In other words, two fractions are multiplied together by 
multiplying their numerators together to make the numerator 
of the result, and their denominators together to make the 
denominator of the result. 

114. If a fraction ? is multiplied by - the result is unity. 

a 

nh 

For the fraction , meaning a quantity which when multi- 

ab 

plied by db makes ab^ is unity. 
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115. It has been already explained (42) that if the signs 
of both the numerator and the denominator of a fraction are 
reversed, the fraction is not altered ; but if the sign of either 
the numerator or the denominator be reversed, the sign of 
the fraction is reversed. 

Thus, ^=f, but q^=-.?, -^=-?. 
-b b' b ff ^b b 



Division of Fractions. 

116. If a fraction - is to be divided by a fraction f, 

b d 

a result is required such that when it is multiplied by — 

d 

it shall make -.. After bemg thus multiplied, suppose that 

b 

the result were furthermore multiplied by -. It must pro- 

duce ^- (113). But now the multiplier of the result is 3 • - 
oc a c 

or unity (114). Hence the result of dividing -? by ^ is ^ . 

d be 

A fraction then is divided by another by inverting the 
latter, and multiplying the former by the fraction produced 
by this inversion. 

It will be observed how these rules of operation in alge- 
braic fi^actions agree with the rules by which arithmetical 
fractions are combined. 

117. If two expressions are to be combined by multi- 
plication or division, and one or both of them is the sum or 
difference of fractions, these expressions may have to be 
prepared before they can be brought under the rules just 
given, and be reduced each to a single fraction by the 
method of (109). 
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Let it be required, for example, to divide 

X , i—x -, X I— ^ 

+ by 



H-^ X i-\'X X 

^T X x^^X X X ^^ X 

Now + 



1+^ ^ x{i'\-x) x{i-\-x) x{i-\-x) 

X I^X X^ (l—X^) 2X^ — I 

i-^x X x{i-\-x) x(i-\-x) "^ x(i'^x)' 

Hence the former divided by the latter gives 



X{l+X) 2^2—1) 2^^— I* 



118. Examples for Practice in Multiplication and Division 

of Fractions. 

ab a-k-z ^ ^' 



I. 






^3_,.^3 ^_^ a^'-ab^b^ ^ d^^ab^b'^' 



^—3 ^ + 4 ^*+^— 12 ^^-t-^— 12' 

4. Multiply ^^5 — ^^J' by — ^ and by -^, and find the 

^ ^ x^-\-y^ ^ x^y ^ x-^y 

difference of the results. jlns. ^ > 

x—y 

5. Multiply ^+-i>**+T2»^""r together. 

The product ^b^^l 

6. ff4-?) ^ p^ + ^) =?. 
\« yj \a x) y 

8. f^'-^Wf^-i:) =:^+y. 
V7 ;v/ \y xj 
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9. Divide ^ - 4 by ? - y. Ans. *! + i+4 

10. Dmde ;p +^ by -^+ - . Ans. ^,- 1 +^,. 

11. Divide ?-i-^-^'+^+^' by *_a. 

tf a a^ X x^ '' 

The result = ' ^'"^'^ rf-^rg^*. 

12. The product of two algebraical expressions is 

X^ 2X , y . Y^ 

and one of them is - — ??. Find the other. 

y X 

Ans, -— 2-Z. 
y X 

119, As was observed in (80), every example of the multi- 
plication of fractions supplies one or more examples of 
Gi vision, and vice versd. 



Involution and Evolution of Fractions. 

120. Since involution, as far as it is at present viewed, is 
nothing but a repetition of multiplication. 



a ^ ^^a a _ a^ 
1} ^~bb~W 



( 

\b) " \bj ^b" b^' b^ b^' 

and generally when n is any positive integer, 
fa \« _ a"" 
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121. Evolution again, being the production of a quantity 
which when raised to a certain power will produce a given 
fraction, is performed by extracting the required root of the 
numerator and denominator separately. 

Since ^ squared or -^ . ~ makes ^ (80), 
^b ^b Vb b^ ^'' 

-X? is the square root of ^ or = ^ /-, 

So ^^ V^ >/f^ = - 
l/J' y'b ' X/l"^' 

l/a __ 3 a 
l/b V b 

And this reasoning may be extended to any root whose 
exponent is a positive integer. 

122. Examples for Practice, 

Involution, 
2 






Evolution. 



'V» -*$<'* 






8 3« 



3r .j-Viy 



'V 



a^+4^^J-4^_ ^ 



2 tf-f 2^ 



j;* " X 



2 
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Vx ^ i- dxy -r ^y^ _ y^-\-Zy 
x^ — 6xy-\-gy^ "x—^y 

123. To extract the square- root of 

^ -^^ xy \x y) 

The given expression is 

.% its square root is 

±{^+^+J+j}(96), 
which may receive the form 



2 



2 



124. To extract the square root of 

y x^ \y x) 4 



This expression admits the form : 

•2 .,2 



y x^ \y xj 4 

7^ 7 :x: ;v* \^ Ary 4 



\J ^/ 2Vj^ xJ \2j 

Hence its square root is + ( - + -^— - ). 
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X y z a^^ b^^ c^ ' 

prove that — sH — nrH — « = — s — ;:^ — . 

^ a^^ b^^ c^ x^+y^^z^ 

Science Examinaiion 1864. 
Let each of the three equal quantities 

— , — , -, be supposed = k. 
X y z 

Then A ^^kx 

B^ky 

C =^ kz 

.\ A^+£^+C^ = k^(x^+y^-{-z^. 

Again, il=>J* .-. < = >J<. 

b b "~b^~''T*- 

£ = >6? • <^'-^*«' 
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CHAPTER HI. 

SIMPLE EQUATIONS. 

126. The letters or symbols in algebra can represent for 
us either known or unknown quantities; that is, either 
quantities already ascertained in value, given quantities as 
they are termed, or else quantities wjiich wait to be ascer- 
tained and calculated. If it were asked, for instance, what 
is the length of a string which when an eighth part has been 
cut oflf becomes 49 inches, in this case, the final length 
of the string, 49 inches, is a known or given quantity, while 
its original length is as yet an unknown or required quantity 
until some process of calculation shows this to be 56 inches. 

Now the great help which algebra offers in calculations 
is in enabling us to reason upon unknown quantities as if 
they were known, and to trace the result of certain condi- 
tions upon them, while their values are yet waiting to be 
determined. This will be understood as the present chapter 
proceeds. 

127. Obs, — It is customary to lepresent known quantities 
by earlier letters of the alphabet, a^ b, c, &c., and unknown 
quantities by the concluding letters of the alphabet, u, v, 

128. Suppose the following question presented : There is 
a string from which if 4 feet be first cut oflf, and then a 
third of the remainder be cut oflf, the length finally left is 
10 feet, what is the original length of the string 1 Let the 
original length of the string be represented by x feet, a 
quantity open at present to signify any length whatever. 
On this unknown quantity we shall trace the result of the 
curtailments which the string is said in the question to 
undergo. First, 4 feet are taken from it. The length left is 



62 Algebra. 

^—4 feet Now a third part of this remainder is cut off, 

and two-thirds consequently left, expressed by -(^—4) feet. 

3 
This final remainder, we are inforaied, is 10 feet, and 

hereby we have the means of making x^ which is thus far 
open and general, take the particular value of the length 
of the string with which we are concerned. For it ap- 
pears that 

two-thirds of (^—4) is to mean 10 feet 
.*. one-third of (x—^ must mean 5 feet 

^-4 ,1 IS feet 

X „ 19 feet 



• • 



• • 



Thus 19 feet is pronounced to be the original length of 
the string. 

Suppose the question had thus been proposed : There is 
a string firom which if a feet be first cut oflf, and then a third 
of the remainder be cut oflf, the length finally left is h feet, 
a and b meaning some lengths known but not assigned in 
figures. What is the original length of the string] If, as 
before, the original length be termed x feet, the string be- 
comes, after the first curtailment, x—a feet long. Of this a 

third is taken oflf and two-thirds left or ~^(x—d). Now x. 

3 
which is as yet open to take any value, will be fixed to the 

particular value of the length of this string of the problem 

by the condition that 

-ix'-d) feet means b feet 
3 






-(x'-d) „ „ -feet 
3 2 

.% x—a „ „ 3_ feet 

2 

X „ „ ^+d5feet 

2 
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It will be seen that if ^5=4, ^=10, this reasoning step by 
step includes that of the former question, which is a par- 
ticular case of this more general question. By giving any 
values we please to a and b, other particular problems of 
the same type result. 

129. Now a prominent purpose of algebra is to reduce a 
problem respecting magnitudes to an equation or equations, 
an equation being an expression of the equality of two 
algebraical quantities. Hereby the unknown quantities are 
connected with those which are known, and by this connec- 
tion become capable of determination. When the unknown 
quantities of an equation or system of equations are by 
proper processes separately expressed in terms of known 
quantities, the equation or equations are said to be solved. 
If numerical values be the known quantities, as in the 
former of the two instances just given, the unknown quan- 
tities are expressed in numerical form also. 

130. Def. — In an equation or expression of equality, the 
two parts declared to be equal, and connected by the sign 
(=) of equality, are called members of the equation. Thus, 
\i x^~-^x^=ax^c be an equation, x^—^ is called its former 
member, and ax—c its latter member. 

131. Obs. — An equation wherein x is the unknown quan- 
tity to be ascertained from it, is sometimes, for brevity, 
called * an equation in x.* 

132. Def. — ^The exhibiting the value of the unknown 
quantity in an equation in terms of the known quantities 
(126) is caUed solving the equation. The value of the 
unknown quantity thus obtained is called a solution or a 
root of the equation. 

Thus a: =3 is a root or solution of the equation 

X^ — ^X__X—'^.X+ll 

1 — T : — > 

427 4 

because if this value 3 is substituted for x 

x^-^ _^x ^ 9i:8_^3 ^ i_^3 ^ 7 
4 2 42422' 
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and ^^:i3+^^±Ii =. 3z:3 + 3±i! = 14 ^ 7 
7 4 7 4 4 2' 

and the two sides or members of the equation are shown to 
be equal. 

133. A root or solution of an equation is said to * satisfy ' 
the equation. 

In the preceding instance if ^=2 be tried, it will appear 
that this value is not a root or does not satisfy the equation. 
For in this case 

^^—8 , X 4—8 , 2 , 

+- = ^^^ +-=—1 + 1=0, 

4242. 

^—3 ,^ ^+11 _ 2-3 ^ 2 + 1 1 _ .-Ij.!3 

7 4 7 4 " 1 W 

so that the two members of the equation are not made 
equal by this value 2 being given to x, 

Ex. I. Is any of the values i, 2, or 3 a root of the 
equation 

jc*— 2;r*+^— 2 = 0I 

Ex. 2. Does a:=7 satisfy the equation 

5^-7 ^+3 

Ex. 3. Is ^=4 a root of the equation 

25(1+^^) = 13(1+^)8? 

Solution of Equations. 

134. Equations are solved by application of the following 
principles. 

If two quantities be equal to one another then also are 
the quantities equal to one another which result from— 

i. Addmg the same quantity to each of the original 

pair; 
ii Subtracting the same quantity from each of the ori- 



btra< 
filial p^*- ; 

i/ 
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iii. Multipl)dng each of the original pair by the same 

multiplier ; 
iv. Dividing each of the original pair by the same divisor ; 
V. Raising each of the original pair to the same power ; 
vi. Extracting the same root of each of the original pair. 

These are axioms which are to be admitted upon no 
evidence but that which the nature of quantity and of the 
operations specified conveys to the mind. 

Thus if/ and q represent the members (130) of an equa- 
tion, each meaning an expression which may contain known 
and unknown quantities in any variety of formation, so 
that/=^ is the equation : 

i. states that if k be any quantity, 

p-\-k = ^+^. 
ii. „ p—k = q-^k. 

iii. „ ^ = kq. 



IV. 



» 



P^q 

k k 



V. „ if >& be any integer, /*=^*. 

VL „ a value of Kj p = a value oi \/q (93). 

136. Cancelling. — From i. and ii. it follows that when any 
the same quantity appears with the same sign in both 
members of an equation, it may be cancelled in both, and 
the remaining quantities are equal still. 

Ex. If ^4-2^2^2 _ 2^2^^^ 

/. cancelling 2^^4-3 from each member we have 

0(^ = I. 

If a:^— 3^4-2 = jc3 — 3jc, 
then x^'\'2 = ^. 



1 
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136. Transposition, — By i. and ii. a quantity may be 
transposed from one side of an equation to the other, if 
only its sign be changed. 

If ^— 2:c*+3 = x^-\-x, 
add to each member 2x^ (i) 
then ^—2^2+3+2^2 = x^-\-x-\-2x\ 

or x^ + $ =i x^+x+2x^ ; 

so that the term 2x\ which stood with a negative sign in the 
former member, has been made to stand with a positive sign 
in the latter member (130). 

Or if X* •\- 2X -Y- $ := x^, 

subtract 2x from each side (ii.) : 

then x^-\-2x-^$—2X= x^-^zx, 

or x*'\-$ =i x^~-2x, 

so that the term 2x has been transposed from one side of 
the equation to the other with its sign reversed. 

137. In virtue of iii. the signs of each member of an 
equation can be simultaneously changed. For if/ = ^ repre- 
sents the equation, let each side be multiplied by — i, and 
— ^ = — f is tlie resulting equation. 

Ex. If ^ ~ 2X^ +1 = x^ — ^x, 

then —^ + 2:^2—1 = --x^+^x, 

138. By application of iii. an equation whose members 
contain fractions may be relieved from the fractional form. 

If a single fraction appears, let each member be multiplied 
by its denominator. 

Thus, if -^^^ +^ = ^2 + 3, 

4 

then when both members are multiplied b^ 4, 

x+s-\-4x=: 4x^+12, 
and no fraction appears. 
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If there be several fractions, let each member be multi- 
plied by a multiplier which includes all their denominators. 

If ^+3 _ ^— 2 «- ^H-i 
4 3 3 ' 

let each member be multiplied by 24, which includes 4, 3, 
and 8, then 

6^+18 — 8^+16 = 3:^-1-3 (42). 

The smallest number including 4, 3, and 8 has been used 
as a multipUer. Any larger number including them, as 48 
or 72, would have had the same eflfect of clearing the equa- 
tion of fractions, but would have been less convenient 
because it would have introduced larger numbers. 

139. Caution, — The members of an equation after being 
altered in any of the ways specified above, do not continue 
equal to their original values, though they continue to be 
equal to one another. For instance, if 

:v^+4 = :r^, 
also it is true that 

^^+4JP+4 = ^+4JP, 

but it is not necessarily true, or intended to be implied, that 
either ^^+4 is equal to ^^ + 4^+4 or 3^ is equal to x^-^4x, 

140. By the use of these principles an equation has to be 
so transformed, perhaps by many successive alterations, that 
eventually the first member is the unknown quantity and the 
second member some known quantities, which therefore the 
unknown quantity is shown to have for its value. It is 
impossible to give rules beyond this general description of 
the method of solving equations. Practice and observation 
of examples suggest the methods to be used in any particular 
case for disengaging the unknown quantity and exhibiting 
its value ; on which account several examples fully worked 
out will be presently given. 
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141. Def. — ^When an equation, cleared, if necessary, of 
fractions or roots affecting the unknown quantity, contains 
the first power only of that unknown quantity, it is called a 
simple equation or an equation of the first degree. 

Thus 3^ + 7 = 5^ + 3 is a simple equation, the first power 
only of ^ appearing, but 2x^-\-x-=. i is not a simple equa- 
tion, because it contains the second as well as the first 
power of X, 

142. A simple equation has but one root For the form 
to which it can be reduced is ax ^ by a and b being certain 

known quantities, whence ^ = -, and to suppose x admit- 

a 

ting more than one value would require that -, a known 

a 

and determined quantity, should have more values than one, 
which it cannot have. In advancing with the subject of 
Algebra the student will arrive at equations which have 
more than one root. For instance, he will find by substitu- 
tion that the equation ^— 6:v^-|-ii^ = 6, is satisfied if 
X is either i, 2, or 3. 

148. Obs. — ^The term «>///? is not used with any reference 
to the easiness or difficulty of solving equations, as if simple 
equations were necessarily easier to solve than those of 
higher degrees, but in the sense in which simple is contrasted 
with double, triple, multiple. 

144. Some examples shall now be given of separating the 
unknown quantity in a simple equation from other quantities 
with which it appears in combination, and thus exhibiting 
its value. They are no more than examples in particular 
instances, and the student will have to apply and combine 
such processes as are here used, accordingly as in any equa- 
tion before him they seem to promise success. 



i 
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145. Let the equation be proposed 

It will be observed that in containing the first power only 
of ^, this equation is by the definition a simple equation (141). 

To solve this equation, the object is to bring x equal to 
some numerical quantity (140). We have a motive there- 
fore for collecting on one side of the equation every term 
which involves x. This will be effected by the principle of 
transposition (136). First by transposition of 2x : 

3^—4—2^= I. 

Next to remove from the side containing x every nu- 
merical quantity connected with it by addition or subtrac- 
tion, by transposition of the term —4 we have, 

3^—2^= 1-1-4, 
or ^ = 5. 

Thus 5 is the solution or root of this equation, and the 
truth of this result can be tested by substituting the value 5 
for X in the equation as it originally appears. Then its 
members become 

3^-4 = 15-4= II, 

2:r4-i = lo-l-i = II, 

and their equality is proved, or the equation is satisfied (133) 
by :v = 5. 

The practical usefulness of an equation such as this 
which has been solved may be better valued if it is observed 
that this equation leads to the answer of the following among 
other questions. 

What is the number which, whether we take 4 from its 
triple or add i to its double, gives the same result ? 

If X represents the number, as yet unknown, it will be 
observed that the equation just solved states the fact which 
defines it. 
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146. 5(4-^) +3(«^ - 6) = lo. 

Science Examination^ i868. 

When the operations indicated by the brackets are effected, 

20—5:^+3^ — 18 = 10. 

When the terms containing x are made to stand in one 
member of the equation, and the rest of the terms transposed 
into the other member, 

—5^+3^?= 10+18—20, 
or — 2^ = 8, 

-•^ = 4 (134, iv.), 
•^ = -4 (137)- 

147. ^-5-4(^-4)= 3 (i5-2«)- 

With the view of placing x on one side of the equation and 
known quantities on the other, we transpose from the first 
member all that is known. 

.-. ^ = 3(15-2^7) + 5+4^^-4) 

= 4S-6«+5 + 6a— 16 
= 34. 

148. The principles thus far exemplified will suffice for 
solving the following equations : 

I. ^+3 = 4(-^-9)- 
2- 5(-^H-7) = 8(:r+i). 

3. 3(^-i)=4(-^+3) + 3- 

4. 12(^-3) =r 10(^ + 3). 

5. 16— .;v— [7^— {8:r— (9X— 3^-6jc)}] = o. 

6. a{cLx-\-b)'-b{bx-\-a) - cK 

7. x—a-~'^{x—b)^:^2a. 

8. a{x-a^)+b{x''b^)=zQ, 

9. x^a— {x—{2x—b)} = a^b. 
10. m^—n — mx -=,11^— m- nx. 
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149. Let the equation to be solved be 

3 4 4* 

Since the result to be aimed at is the expressing x as 
equal to some numerical quantity, it will conduce to this 
purpose if the equation is first cleared of fractions (138) by- 
being multiplied throughout by 12. 

/. 4J1;— 16 — 2i-l-3J[:= 15 (42). 

To have the terms which contain x standing alone on one 
side of the equation, it is convenient to transpose the terms 
— 16 and —21 (136). 

/. 4a: + 3j«: = 15 + 16 + 21, 

or ^jx = 52. 

Then if each side of the equation be divided by 7 (134, iv.) 

If this value is substituted for x in the former member of 
the equation, this member becomes 

7^-4 _ 7-7^ _3t_^^3 

3 4 3 47 

= i|+^ 



7 



= 1+3^ 



or the equation is satisfied. 

150. •^±^+^+3=^, 
3 2 

Science Examination 1867. 

To relieve this equation of fractions let its members be 
multiplied by 6, a quantity chosen as the least which will 
include the denominators 3 and 2 (138). 

/. 2:^+4 + 3^+9 = 6jr, 
or ix-\-iz=^6x. 
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If 5^ be now transposed for the purposes of collecting in 
one member all the terms which contain x^ 

X = 13. 

mX , __^^ X , X , X TO—X , o 
. |-iojr = -+- H +93l- 

10 2 5 40 7 

Science ExaminaHon 1866. 

To remove fractions from the equation we multiply by a 
number which will include all the denominators. Such a 
number, their least common multiple, is 280. Any other 
common multiple of the denominators would answer the 
purpose, but would be' less convenient than 280 by reason of 
its introducing larger numbers^ 

Then 28:^:+ 2800^ = 140:^ + 56:^+ 7^—400 -|- 40^:+ 26250. 
By transposition 

28^ + 28oax:— i4o^--S6^— 7:*:— 40JC = 26250—400, 

2585^ = 25850, 
X = 10. 

152 '^ •"5^ _'^ ~3^ ^ .^ ^ 
4« 9 18' 

With the purpose of removing the denominators of the 
fractions, let each member of the equation be multiplied by 
36^5, which includes all the three denominators. 

/. 9^1; — 45^— 4^WP+I2df^ = 2tZ^. 

Transpose from -the left hand member the two of its 
terms in which x does not appear (136). 

.*. 9^— 4^w; = 2a2+45d5— 12^5^, 

which is the same as 

(9—4^5)^ = 45^—10^72. 

Here then x is obtained, only that it is multiplied by a 

coefficient. If then both members be divided by tiiis 

coefficient (134, iv.) 

^_45^~io^ 

9-4(? 
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153. By these models the following may be solved : 
I. ^ ^ = I. 



2. 



2 3 

^4-1 x—z __ 2 

^ ~5 3 



\—2X \—X I 

5^:— 4 2a:— i3_^+i 
4. — - — — . 



4^ -hi 3^-5 — ^-r-4 
^57 3 

6 *+S ^ 3*+4_ 7*-i 
6 4 12 

o 2^—5 , 3^—2 , 

8. 5+^: = ^ +3. 

3 5 

2^^_.^4_3^^^ 
5 9 13 

10. ^-^rf = ^±A3_.io+f 
3 4 5 

3 5 7 

. ^+4 3-^— 4 X 

12. ;r-h--^- — ^ -^—0=9- 

2 5 8 "^ 

T, ^ + 3_ 3^~^ _3^ — 11—^ 
2 20 5 5 

jc— I , 23—^ ^ 4-^^ 
7 5 4 



17— 1^ x-\-\ ^29 — y.y 



15 



16. Sf^rl-Tf.:^ » 6 3_*. 

2 10 52 



;4 
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17. -+ =-' . 

2 4 10 



18 ^-'_|. 4^^l _ 7-y~6 _ 3Jg-9 
* 3 5 8 10 

^X ,X X __^ ^ 

19. ^ +_— .- =^-3. 
643 



= 2 + 



^—2 



20. 



i(..3)-;-(.x-.)=^(.-4)-i(.-3) 



2345 6 



22 



7 3 2. sv ; 



7^+5 , QX-l ^— . 2^ — 3 __ ^^1 

23. i_J_P+2ri >'+ _ '^ = 23-' 



23 



10 



5 



15 



24. 



25- 



3_i-4^^49/^3i_5^^ =^ + iS(3^-2), 
li 54\ 2 ^ y 16 108 

6x— I _ 9>r— 2 __^— 4 •^" + 4, 



15 



16 



8 



. X-\-Q X—$ X ^ . 2X — 7 

26. -^— ^— , = 2+ -. 

-? A A^ II 



4 44 



27. ^-^ri=3f^r:4^^ 

8 2^ 15 12 



29. 1 — - — z=z J-mn, 

4 6 12 
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164. (^ — 2)(r— 3) + (:«:— 1)(^— 3) + (a:— i)(j<:— 2) 

When the multiplications expressed by the bracketed 
quantities are effected, the equation stands, 

At present this appears not to fulfil the character of a 
simple equation, since x^ as well as x appears in it, but 
when the terms are collected, 

3.^*— i2^H- 1 1 = 3^2— I, 
and when the term 3^1;:^ common to both sides is cancelled, 

— \2X'\-\\ = — I, 

so that the equation proves to be a simple equation. 

To have the term with x standing by itself we transpose 
II, and 

— 12^= —I — II = —12. 
Then divide each side by — 12 and 

x — \, 

156. The following is another instance of an equation not 
appearing at first to be a simple equation, but proving to 
be reducible to one. 

5^^ + jt:— 3 7^*— 3JC — 9 

5JC— 4 7^—10 ' 

(5^2+^-3)(7-^-io) = (7^^-3'^-9)(5^-4), 
35^— 43'^^— 31^+30 = 35'^-43'^^-33'^+36> 
33*^— 31-^ = 36-30, 
2^ = 6, 

^ = 3- 
166. (3^- i)H (4^- 2)2 =(5^-3)2. 

Science ExaminaHon^ 1867. 
When the operations indicated are effected 

Q^c^— 6^+1 -f i6.^2 — 16^ ^ 4 = 25^^—30^ + 9. 
Now 9;c2-f i6jc:2 in the former member, making 25^^ is 
cancelled by the similar term in the second member, and 
then transposition gives 

Tpx — ^ -\(ix — 9—1—4, 
8:j; = 4, 

1^ =^ TT. 
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157. (^+3)^-3^(4^+ 1) = 5^^-(4^-5)*- 
When the operations signified have been effected, 

or 37^ = 34 
X = ^|. 

Science Examination, i868. 

168. {x'Ya){x'^b)-{x^a){x^-b) ^ a^-b^. 

When the operations signified are effected, 

x^-^ax-'bx—ab—ix^^ax-vbx—aJb) = a^-^b'^, 

or 2ajc— 2^^ =: a^^b^y 
or 2(a— ^)^ = a^— ^•j 



.-. X 


2(tf-^y 

= (a—b){a^ 


^) 




lia-b) 


9 




_ /?+^ 






2 




3^4- 


I __ 3^^: — 2d5 


+ ^ 



169. ^^^ ^ 

If this equation be cleared of fractions, 

^bx{x-\-i)—,yix-^b{X'\-i)-'a^='^bx{x-{'i)^(2a^i){xA-i)y 

or when the term 3^^(^H- 1) common to both sides is can- 
celled, 

^^cuc-ybx-^-b—a =^ ^2ax+cx^2a-{-Cy 

/. x{a^b+c) = a-^b—c, 

a+b-c 
a—b+c 

IflO. J- + ^5_=^. 

;c— df x+a X 

In order, as a first step, to clear this equation of firactions, 
let it be multiplied throughout by {X'-a)(x'\'a)x, 

Then, 

S{x+a)x+^{x^a)x = S{x-a){x+a), 

or when the multiplications are effected 

Sx^'-2ax = Sx^—Sa^. 
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Now 8^^, common to the two sides, may be cancelled, 

161. ^ ^(^+3) . 4 ^ ,. 

If to remove the fractional forms both members be mul- 
tiplied by ^{x + i){X'\- 2), 

or when the expressed multiplications are effected, 

/, 2X = I, 

X ^^ "y* 

162. Instead of at once clearing an equation of fractions 
by multiplying by some quantity which will absorb all the 
denominators, it is in certain cases expedient to unite two 
or more terms as a preliminary step." Practice only will 
show when this method is serviceable. 

Ex. 4^+2 __ 8jc:+i9 _ 7Jg— 29 

9 18 5^—12* 

By transposition 

7^ --29 _ 8^H-i9__4^+2 
5;*:— 12 18 9 

— 8jcH-I9 _ 8j!:+4 _ 15 ^ 5 
"■ 18 ~78 r8 "" 6* 

•% 42:ip— 174= 25^ — 60, 

i*jx = 174—60 = 114, 
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163. The following example will show the expediency of 
combining the terms of an equation in such order as to 
reduce the labour of the process. 

jc+i ^ + 4 x-\'2 .^ + 3 ' 

X^-\-%X-\'20 ^X^-\-(iX-\'\2 _ X^-^4X + 6_^X^+2X-h2 

x+4 ^+3 x+2 x+i ' 

, X ^ X 

I + 7 X / V = I + 



{x-\-4){x-\-^) (xi-2){x+iy 

/. x{x+2){x+i) =^(^-+-4)(^+3). 

Hence either ^ s= o (133) j 
or if jc has any other value, 

(^+2)(^+i) = (^+4)(^-f3), 
x^-tyc+2 = ^^+7^+12, 

4X = 10, 






164. Examples for Practice. 

1. (^+i)(^-2) = (^-3)('^+4)- 

2. (^-|-i)(A'-f-2) — (;t:— 1)(^— 2) = 18. 

3. (^+^(^+:v) = (^+^)(//+Jf). 

^-3 _ ^-2 

5* ""■ • 

X — 2 ^ — 3 

6. (^ — 2a)^-r(^— «)2 = 6a^. 
X — a x^-'C 



7 



x^h x—d' 



8. (^±i)(2^+?)-2. 

' (^-3)(«^+6) 
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^3 

9- ^= i. 



I 

2 

X 



10. 



_ 5 



I— 5;V '\ — 2X 



II i + JL-^ =7 

JC+I :«: — 2 



13 

14. 2X 



X 18— ;V __ 3 
3— :«: ;V ;r* 

_ 3^+5 -- 6^-13 
^-5 3 



15. ^^+;c(:«:+2) == (^+i)2. 
7 

j^ X'^4a-\-d _^ 4x+a-\-2^ __ 
35 - 28 



17- 

I— 3:^ I— 4JC 

lo. — — = 7 — • 

75 2 

19. 3£±^ + l*-4 = s.. 

X—l X+2 

20. — L-+_?_ — i_ = o. 

I— ^ 2— :«: 3— .:v 

21. ?±5_?:-_j4 5f. 

7 2 35:c 14 

22. V — :il^/_j =^+1. 

2^+1 3JC 

23. (2^+l)(^+l) =(3-^— l)(2^-l). 

24. What value of x will make the excess of 

(2^ + 4)(3^+4) over (3^1;— 2) (2:^—8) equal to 96? 



I 
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25. If - -. IS - when « is - : what is « ? 
3^+69^5 33 3' 



26. 



{x^d)(x—h) x—a—b 



165. Let the proposed equation be 



If by transposition the term under the ' root is placed on 
one side of the equation alone, then by squaring both sides 
the root, which it is our first object to remove, will dis- 
appear. 

^2ax-\-x'^ = a—Xy 
whence 2ax -^x*^ =z {a- ^)^ 

= a^^iax-^-x^, 

/, 2ax ^=ia^^2ax^ 



4ax 


= 


a\ 




X 


— 


«*_ 


a 

— '• 






4a 


4 



186. Vx+Vx^-^4:= 2. 

The unknown quantity is here buried under two signs of 
evolution, which must be removed before it can be deter- 
mined. 

If each side be squared, 

x-^ ^/x^-\-4 = 4. 

In order to clear off the sign of evolution still remaining, 
we must transpose, so that 

Vx^-{-4 = 4—^. 
Then when both sides are again squared, 

x'^+4 = 16—8^+^*, 

or when x^ is cancelled, 

4 = 16—8^, 
8^ == 16—4 = 12, 

^ 13 3 
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167. v'8+a;+ v/^+3 = 5. 

Before x can be determined the roots under which it 
appears at present must be removed, and this must be by 
the process of squaring both sides of the equation (134 v.). 
In this example, however, it will be found that the process 
has to be employed twice. 

By transposition 

>v/8-|-^ = 5- V^+3. 
If each side of the equation be now squared. 



8 4- ^ = 28 +^— 10 ^x + 3 ; 
/. by cancelling x and transposing, 



lOx .^ + 3 = 28—8 = 20. 
By division of each side by 10, 



^x-\-i = 2. 
If both sides of the equation be now squared, 

^ + 3 = 4, 
^ = I. 



168. a/3^+i + \/3'^ = 4{\/3'^+i — ^/3•^}• 

When the latter member is reHeved from tlie bracket, 



V3'^+ 1 + v^3^ = 4 Vyc-^ I —4 ^^3•^• 

The terms are now to be so transposed that those which 
can be added together shall stand together on the same side : 

then v'3^+4'/3^ = 4v/3^Ti — ^/3•^+I> 



or 5^/3^ = 3^/3-^+ 1- 
Now let each side of the equation be squared. 

/. 25x3^ = 9(3^+1), 
or 75^=27:^ + 9, 
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and when by transposition the two terms with x are made 
to stand in the same member, 

75^-27* = 9> 
4&« = 9, 

• ^ _ 9 — . 3 
••*"•¥¥ — Tff* 

169. When fractions are equal to one another, then also 
will the fractions be equal which are formed from each by 
adding the numerator and denominator to make a new nu- 
merator, and taking the diflference of the numerator and 
denominator to make a denominator. 



Thus, 


" 'i 


c 






!+■ 


=s+.. 






a\b 
' b 


"'d ' 




Again 


' b 


c 






<^^b 
b 


c^d 

d' 




. a->rb 
•' b 


b 
a — b 


c+d 
"" d ' 


d 


or 


a+b 


_c-\-d 





a—b c—d 

This principle will often abridge the work in solution of 
an equation, as in the following instance : — 

ax'\-a^—2 ^^+2^+1 

aX'-d^-\-2 b^~-2b-\-i 

ax-\-a^'-2-\-{ax-'a ^ + 2) _b^ + 2^-1- i-f ( ^ ^-2^+1 ) 
ax-\-a^'^2''{ax-a^'\-2) ^^ + 2^+1 — (^^— 2^+1) 

2ax 2b^ 4- 2 
2a — 4 Ab 



i 
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ax _^2+i 



• • 



2b 
2ab 



170. Examples for Practice, 



I. a/^+9 = i+v'^. 



2. V'12+a: = 2+ v'.^. 
3- V'5+^+>/^= ^^ 



4- ^^+^9+^: = 



45 
\/9+:v 



5. x/l2+^+^I2 ^ 2 (j^^j 



6. ^^^±£±^^=9(169). 
v/4^+1 — -/4ar 



7. i + 2v'^ = vZ+^-f'v/ 16^+2. 



8. ^/{x-\-af-\-2ab^b^ ^b-a-x. 



9. a/4+-^— v^3 = V^. 

10. -Sfri9_-- i+v^-3 
>v/5^+3 2 



11. ^/x-\-p + >v/a:+f = a//>+^. 

12. v/x+^v'4iV2^=^+ V^ 



XJ 2 
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CHAPTER IV. 

PROBLEMS PRODUCING SIMPLE EQUATIONS WITH ONE 

UNKNOWN QUANTITY. 

171. The reader will now see the use of his power of 
solving equations. Problems relating to number, quantity, 
and shape, will be made to produce equations, and will be 
solved by solving these equations. The equations are 
really verbal statements of facts translated into algebraical 
language. The power of expressing facts in algebraical 
terms cannot be given by any rules, but must be gained by 
practice, and by the study of such examples as will now be 
presented. The problems which will at present be dis- 
cussed will require simple equations only for their solution. 

172. Of some problems in this chapter the method of 
solution is given in detail, while the rest are left with 
answers only for the student's exercise. An attempt has 
been made to arrange together, as far as possible, questions 
which appear to embody the same leading idea. The 
reader is recommended first to peruse the explanations of 
the solutions as they are given, then, with the book closed, 
to reproduce on paper these solutions which he has studied, 
afterwards to proceed to the questions which are left for his 
exercise. 

173. I. Find a number which when multiplied by 4 will 
exceed 30 as much as it is. now below 30. 

Let X represent the number required. 

Then 30 — ^ is the quaittity by which it is below 30 (a). 
But if the number is multiplied by 4 it becomes 4*:, and 
4^— 30 is the quantity by which ^ is above 30 (p\ 



Problems, 85 

Now the fact known respecting the required number is 
that the defect {a) is equal to the excess (^), 

.% 30—^ = 4^—30. 

This equation is the expression in algebraical language of 
the fact which characterises the number required to be found, 
the fact which defines this number and separates it from 
other numbers. If the equation be solved by transposition, 

^x = 60, 

X = 12. 

This number 12 is under 30 by 18, but if it be multiplied 
by 4 and becomes 48 it then exceeds 30 by 18. 

174. 2. Find a fraction where the denominator exceeds 
the numerator by 2, while if 3 be added to the denominator 
the fraction becomes equal to \. 

By the first clause of this statement we may represent 

X 

the fraction by . 

After the alteration stated in the second clause this frac- 

Aft 

tion would become 



^+5 
Hence by the terms of the question 

X 



— 1 



• • 2«* — ^ I 5> 

and the fraction required is ^. 
The addition of 3 to the denominator makes this fraction 
become ^^ which is equal to ^. 

175. 3. A person wishes to give some boys 3//. each, 
but has not money enough by 2>d. If he gives them 2d, 
each he has 3^. remaining. How many boys are there ? 

Let X be the number of boys. 

The person who is giving the money to them requires 
2,x pence if he is to give them 3^. each, and he has not so 
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much by &/. Therefore the money which he has is 3^—8 
pence («). 

Again, to give the boys 2d. each he will spend 2x pence, 
and then he has 3//. left; wherefore his money is 2^+3 
pence {by 

Thus the conditions of the problem have led us to two 
expressions, (a) and (^), for the same sum of money, and 
thereby supply the equation 

3^?— 8 = 2jf+3, 
whence ^ = 11, 
or there are 1 1 boys. 
The money which the person has is thence known to be 
25 pence. 

176. 4. Divide the number 208 into 2 parts so that the 
sum of one-fourth of the greater and one-third of the less is 
less by 4 than 4 times the difference of the parts. 

Assume io4-i-:r and 194—^ to be the 2 parts, their sum 
being 208. Let io4H-jif be the greater. 

One fourth of the greater is ^?^— , 

4 

one third of the less is i^— - , 

3 

and the sum of these is 55415+ £P4r:f _ _ i^). 

4 3 

Now, the difference of the parts is 2^, and 4 times this 
difference is 8^ ... . ip). 

By the question {c^ is less than (^) by 4. 

... I54±54:l?4z5 = 8^_4. 
4 3 

This is the equation expressing the question proposed. 
If this equation be multiplied throughout by 12 to remove 
the fractions, 

3x2 + 3:^4-416—4^ = 96ji[:— 48, 

97^ = 776, 
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and the parts required are 104 + .^ = 1 1 2, 

and 104—^ = 96. 

177. 5. A is twice as old as B, and 22 years ago he was 
3 times as old. What is A*s age 1 

Let B be ^ years old, and A accordingly 2x years old. 
Their ages 22 years ago were :r— 22 and 2;^— 22 years 
respectively. 

Hence by the question 

20:— 22 = 3(jc— 22), 
X = 44. 

One then is now 44 years and the other 88 years old. 

178. 6. A. garrison was victualled for 30 days. After 
10 days it was reinforced by 3000 men, and then the pro- 
visions lasted only 5 days more at the same uniform rate 
of consumption. What was the original number of the 
garrison 1 

Let there be x thousands of men in the garrison at first, 
and consequently ^+3 thousands after the reinforcement. 

At the end of 10 days the provisions are sufficient to feed 
X thousands of men during 20 days, 

•*. to feed 1000 of men during 20^ days, 

or „ ^+3 thousands „ „ 

•^"1*3 

But the statement before us makes this quantity of pro- 
visions suffice for ^+3 thousands of men during 5 days. 



• • 



20^ _ 
— 5j 



^+3 
whence ^ = i, 

or there were 1000 men in the garrison originally. 

179. 7. A cistern which can hold 820 gallons is filled in 
20 minutes by 3 pipes, which let water into it at uniform 
rates. The first pipe admits 10 gallons more than the 
third pipe, and the second pipe admits 5 gallons less than 
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the third pipe every minute. How much water flows 
through each pipe in a minute 1 

Let the third pipe admit x gallons of water into the 
cistern every minute. 

Then by the terms of the question the first pipe admits 
^+io gallons, and the second admits ^ — 5 gallons every 
minute. 

Hence the quantities of water which the first, second, and 
third pipes admit in 20 minutes are, respectively, 

2o(x+io) gallons, 

20(^-5) j> 
20JC „ 

Together therefore they admit in 20 minutes 
2o(^+ 10) + 2o(jc— 5) + 2o:jc: gallons. 

But in 20 minutes, we are informed, they fill the cistern, 
i.e. they let in 820 gallons, 

.*. 2o(j[:H- 10) + 20(^—5) + 20^=820. 

If this equation be divided throughout by 20, 
jcH-io-fAT— 5+ ^ = 41, 
whence .a: = 12, 

or the first pipe lets in ^+10 = 22 gallons every minute, 
„ second „ x— 5=7 j> 

„ third „ X =12 „ 






160. 8. The sum of 800/. is to be divided between three 
persons so that their shares shall l)e as the numbers 3, 4, 
and 5. What did each receive ? 

In conformity with the relation which their shares are to 
have, we may represent their shares by ^x, 4^, and 5^ 
pounds. 

They receive, then, together 3J»:4-4^+S^ or i2jc pounds, 
and what they receive together must be the sum which is to 
be divided among them, 
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/. I2JC = 800, 

y _- 900/ 

.% the share of the first 2>x = 200/., 

second 4^ = ^%^L = 266/. 13J. 4//., 
third 5jk: = ^-^^-«/. = 333/. 6x. 8//. 

(^/^j-. — Though these questions are selected as easy ex- 
amples of the use of algebra, they may not all be out of the 
reach of arithmetic. This problem and the one before it 
can be solved by arithmetical considerations alone without 
appeal to algebra. 

181. 9. In a basket of apples one in every ten is bad, 
and the rest sold at the rate of three for twopence give the 
owner a shilling more than if he had sold the whole at a 
halfpenny each. Find the number of apples. 

Suppose that there are 10^ apples, so that 9^ are good. 

If 3 are sold for 2d, or 9 for 6^. the (^x apples are sold 
for dx pence. 

If all were sold at a halfpenny each, they would produce 
5^ pence. 

Hence, by the terms of the question, 

dx = 5jr+i2, 
jx: = 12, 
/. 10^ = 120, 

or there are 120 apples. 
If it be asked why various assumptions are made for the 
thing required in these problems, the answer is that it 
would be quite possible to solve them by allowing x in every 
instance to represent the quantity sought, but in cases 
where 10^, 104+^, or the like have been adopted to re- 
present the result to be determined, it has been for some 
foreseen convenience of making the numbers introduced 
smaller, and the numerical processes by consequence less 
troublesome. Each of these problems may be tried by 
other assumptions, and the convenience of the assumptions 
chosen will, it is expected, become apparent. 
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182. 10. On a certain day 58682 persons entered the 
Exhibition of 1862, some paying a shilling each for ad- 
mission and the rest presenting season tickets. The 
money taken was a number of pounds and seven shillings 
over, and the number of pounds was less by 295 than 
the number of persons who entered with season tickets. 
Find the number of persons who entered respectively by 
payment and by season tickets. 

Let the number who entered by payment be 29341 H-^c, 
„ „ ticket be 29341 — ^, 

so that the number was 58682 in all. 

Hence 29341+^ shillings were taken, and if the 7 odd 

shillings be deducted, there are ^^334+^ pounds. 

20 

.% by the terms of the question, 

_^oo^Tl = 29341— :i:- 295, 
20 

= 29046— JC, 
*'• 29334 -f a: = 580920 — 20:1:, 

2\X = 551586, 

X = 26266 ; 

/. 55607 persons entered by payment, 
3075 „ „ ticket. 

183. 1 1. Two toothed wheels work together and have a 
tooth in each marked that are together. When the smaller 
has turned round twice, its marked tooth is still 25 teeth 
from the tooth of the larger. After four turns it is 23 teeth 
beyond it Find the number of teeth in each wheel. 

Suppose that the large wheel has x teeth. Then :v— 25 
of its teeth form a circular arc of the same length as two 
circumferences of the smaller wheel; while a: +23 of its 
teeth make a circular arc of the same length as four cir- 
cumferences of the smaller wheel. Hence ^+23 must be 
double ^—253 
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01^+23 = 2(^—25), 
= 2^-50, 

X = 73, 
the number of teeth of the large wheel 

Now ^—25 or 48, is twice the number of teeth of the 
smaller wheel. Hence the smaller wheel has 24 teeth. 

184. 12. At a public meeting a resolution was carried by 
a majority of 9, but if \ of those who voted for it had voted 
against it, it would have been lost by 3 votes. How many 
persons voted 1 

Suppose that 2jr+ 9 persons voted, 
x-\-^ voting for the resolution, 
X „ against „ 

Of these former suppose that ^ (^-f 9) had voted on the 
contrary side. They leave 

^(■^+9) voting for the resolution, 
while ^+7(^+9) vote against it, 

and now the latter number exceeds the former by 3 ; 

/. ^ + i(^+9) =^(^ + 9)-»-3» 
.-. 6^+^+9 s= 5.V+4S + 18, 

2JP = 45 + 18-9 = 54, 

.\ 20: +9 = 63 is the number of persons who voted. 

185. The treatment of the following problem is an in- 
stance where two things appear to be required, yet are they 
so connected that one assumed unknown quantity suffices 
to determine both. 

13. At an examination a candidate in order to pass was 
required to obtain a certain decimal of the whole number 
of marks allowed for the papers. A obtained by his marks 
•35 which was not enough, and B obtained '55 which was 
more than was necessary. If, however, 360 marks were 
added to A's total, and 120 marks taken from B*s total. 
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A and B would each have just obtained enough to pass 
Required the whole number of marks allotted to the papers, 
and the decimal of the whole required for a pass. 
Let loo^ marks be allotted to the papers, 

then A obtains 35^: marks, 
» B „ 55^' „ 

After the supposed alteration 

A has 35^ + 360 marks, 
B „ 55-^-120 „ 

Now by the tenas of the question these are equal, each 
being the exact number for a pass ; 

/. ssa;-i2o =35;»^4-36o, 
20X = 120+360, 
^ = 24 ; 

/. 2400 marks are allotted to the papers, 
and 35^-1-360 = 1200, or '5 of the whole, suffices for passing. 

Though this question has been made an example of the 
use of algebra, it can be solved by merely arithmetical means. 
For the altered marks of the candidates are together 

360 — 120 -h ('35 + -55) of the whole, 
or 240 + '9 of the whole ; 

,*, the marks for a pass are 

120 -h '45 of the whole, 
/. 120 + '45 of the whole is '55 of the whole— 120, 

/. 'I of the whole is 240 marks, 
the whole is 2400, 
and the number for pass is 120 + '45 of the whole = 1200. 

186k 14. Two regular polygons are so related that the 
number of their sides is as 2 to 3, and the magnitude of 
their angles as 3 to 4. Find the figures. 

Ixt one polygon have 2x and the other have 3^ sides. 

Since the interior angles of a polygon of 2x sides are 
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together 4^—4 right angles (Euclid^ I. 32), and since 
the polygon is regular, each of its angles is ^—^ right 
angles. For the same reason each of the angles of the other 
polygon is "^ right angles. Hence by the second 

condition of the question, 

4^ — 4 _ 3 6^—4 
— ^ 

2X ^x 

whence ^ =2, 

and the polygons have 4 and 6 sides, that is, they are a 
square and a regular hexagon. 

187. 15. The present age of a person between 21 and 29 
years old is such that 18 years hence his age will be ex- 
pressed by the same digits in reversed order. How old 
is he? 

Let him be 21 +a: years old, so that in the number ex- 
pressing his age, 2 is the tens digit and i-f^ the units 
digit. 

After 18 years have elapsed he will be 39 -h^^ years old. 
Now this by the question is a number where i -fjc is the 
tens digit and 2 is the units digit. 

/. 39+^ = (1+^)10-1-2, 

^ = 3, 
or the person is 24 years old. 

The following is a similar question : 

16. The present age of a person between 40 and 50 years 
of age is such that 18 years ago it was expressed by the same 
digits in reversed order. How old is he 1 

188. Problems for Exercise, 

17. A and B have equal sums. If A had 15J. more, 
and B had 9^. less, A would have three times as much as 
B. What money have they % 

18. A having three times as much money as B, gives B 
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150/. and then finds that he has only half as much again as 
B. How much had each at first ? 

19. The sum of two numbers is double their difference. 
* ^ If the smaller of the two is 4, what is the larger ? 

20. Out of a cask of wine % full, 10 gallons are drawn, 
and the cask is then | full. How much can it hold ? 

21. Find two numbers differing by 8, such that four times 
the less exceeds twice the greater by 10. 

22. A person buys a certain number of apples at the rate 
of 5 for 2//., and sells half of them at 2 a penny, and the rest 
at 3 a penny, and gains a penny by the transaction. How 
many does he buy ? 

23. A person buys a certain number of apples at 2 a 
penny, and an equal number at 3 a penny, and selling them 
at 5 for 2^., he loses a penny by the transaction. How 
many does he buy ? 

24. A vessel containing some water was filled up by 
pouring in 42 gallons, and then there was in the vessel 
seven times as much water as at first. How many gallons 
did the vessel hold ? 

25. A is twice as old as B, and in eleven years their 
ages will be as the numbers 5 and 3. What are their ages 
now? 

26. The difference between the 8th and 12th parts of 
a certain number exceeds by i the difference between 
the 9th and 15th parts of a number 108 less. Find the 
number. 

27. A farmer has two stacks of hay containing 54 loads 
in all. He uses 12 loads from the smaller of them, and it 
afterwards appears that the uncut stack contains twice as 
many loads as the remainder of the cut stack. Find the 
number of loads in each stack at first. 

28. A and B have the same income. A contracts an 
annual debt amounting to -f of it ; B lives on ^ of it. At 
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the end of lo years B lends A money enough to pay off his 
debts, and then has i6o/. to spare. What is the annual 
income of each ? 

29. Of a certain sum A receives 5/. and \ of the re- 
mainder; B receives 10/. and ^ of what is then left; 
and C receives the balance, viz. 15/. Find the original 
sum. 

30. The difference of the squares of two consecutive 
numbers is 15. What are the numbers? 

31. From each of three pieces of cloth of equal length 
Ii9 yards were cut, and from another of double the length 
34 yards. The remainders measured together 184 yards. 
What was the original length of each piece ? 

32. A piece of stuff was cut in two, and the lengths 
of the portions were such that for every 5 yards of one 
there were 6 yards of the other. After 10 yards had been 
taken from each portion, the remainders were sold for 
5/. and 6/. lox., respectively. Find the number of yards 
in the length of each portion, and also selling price per 
yard. 

33. A and B adventure equal sums in trade: A gains 
100/., and B loses so much that his money is now f of 
A*s money. If each gave the other \ of his present 
sum, B's loss would be diminished by \, What did each 
adventure ? 

34. Of a farm, 5 acres more than f are arable ; 2 acres 
more than ^ of the remainder are pasture; and there 
are besides 5 acres. Find the number of acres in the 
farm. 

35. 100 acres of land were bought for 4,220/., part at 
37/. an acre and the rest at 45/. an acre. How many acres 
were there of each kind ? 

36. A person after paying an income-tax of dd, in the 
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pound gave away -^ part of the remainder, and then had 
540/. left. What was his original income ? 

37. A person paid a bill of 3/. 14^. with shillings and 
half-crowns, giving 41 coins altogether. How many coins 
of each kind were there ? 

189. 38. A man has a number of pennies which he tries 
to arrange in the form of a square. On the first attempt he 
has 130 over. When he increased the side of the square 
by 3 pennies he has only 31 over. How many pennies 
has he ? 

In the first attempt let there be x pennies in each row. 
Since the form is a square there must be also x rows, and 
therefore xy.x^ or x^^ pennies in the square. Hence the 
whole number of pennies is x'^-\- 130. 

In the second arrangement the number of pennies in the 
square is (^+3)*, and the whole number of pennies is 

(^+3)^+31- 
Hence, 

.x:2+ 130 = (^+3)2 + 31 
/. (iX = 90, 

and the number of pennies is (15)^ + 130, or 355. 

The method here given can be applied to the following 
problem : 

39. A colonel wishes to arrange his men in a solid 
square. In the first formation he has 39 men over. 
WTien he increases the side of the square by i man he 
wants 50 men to complete the square. How many men 
has he? 

The following questions introduce percentages : 

190. 40. A manufacturer adds to the cost price of goods 
20 per cent, of it to give the selling price ; afterwards to 
effect a rapid sale he deducts from the selling price of each 
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article a discount of 10 per cent., and then obtains on each 
article a profit of 8 shillings. What was the cost price of 
each article % 

Let each article cost x shillings. The selling price at first 

adopted is x-^-^^x or — shillings. From this price yV is 
deducted leaving -^^ so that an article is finally sold for 

^»j. . — shillings or — ' - shillings. By the question, this final 
5 25 

price gives a profit of 8 shillings, or must be jc+8 shillings. 



• • 



2*JX 


= ^+8, 


2X 
25 


= 8, 


X 


= 100, 



or the cost price of each article is 5/. 

191. 41. A person invests 14,970/. in the purchase of 3 
per cents, at 90 and 3^ per cents, at 97. His total income 
being 500/., how much of each stock did he buy % 

Let him expend 7485 +A.7. in 3 per cents., 

7485— :r/. in 3 J per cents. 

In the former investment 

90/. produces an annual income of 3/., 

7485+^/. „ „ „ 7485+^^ 

30 

In the latter investment 

97/. produces an annual income of V^-> 

4x97 

7485-^/. „ „ „ i3(748s-^V. 

4x97 

H 
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Hence, his whole income of 500/. being the sum of these 
separate incomes, 

5oo = 7485±^+_i3_(748s-^), 
30 4x97 

X = 1665 ; 

/. he expends 9150/. in 3 per cents., 

5820/. in 3j per cents. 

192. 42. On a sum of money borrowed interest is to be 
paid at the rate of 5 per cent, per annum. After a time 
600/. of the loan is paid off, and the interest on the re- 
mainder is now reduced to 4 per cent, and the yearly 
interest is by these combined causes lessened by one-third. 
What was the sum borrowed % 

Let:r+3 hundreds of pounds be borrowed, the interest 
on which is at first 5(^-1-3)/. yearly. 

After the repayment, .^—3 hundreds of pounds remain at 
interest, and the interest thereon is 4(^—3)/. yearly. 

This latter interest is f of the former by the condition of 
the problem, 

.•. 4(-^-3) = f o^5('^'+3), 
or 12(^—3) = io(jr-f3); 

.•• X = 33, 

^ + 3 = 36, 

or 3600/. was originally borrowed. 

193. 43. A merchant lost a cargo at sea which he had 
insured. The broker offered him a sum of money for his 
loss, which the merchant refused as 10 per cent, below his 
estimated value of the loss. The broker then offered 
379/. 15^. more than he offered at first, and the whole 
amount of the second offer was 5^ per cent, in excess of the 
estimated value. What was that value, and what did the 
broker first offer ] 

For the purpose of avoiding fractions it may be convenient 
to assume the estimated value of the loss to be la^ pounds. 
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On this 10 per cent is x^ so that the broker's fiist offer 
is 9^7. 

The second offer is 9^-f 379$/. 

This exceeds the estimated value by 379f — a:/. 

• T T ^ 

But si per cent, on the estimated value is — /. 

20 

Wherefore 379! —:r = — , 

20 

XIX , 

— - = 379I, 
20 

/. 10^, the estimated value, is 2450/., and 9:^, the broker's 
first offer, is 2205/. 

194. 44. A and B join capital for a commercial enter- 
prise, B contributing 250/. more than A. If their profits 
amount to 10 per cent, on their joint capital, B's share of 
them is 1 2 per cent, on A's capital. How much does each 
contribute % 

If their profits are 10 per cent, on capital, or a tenth part 
of it, when they are divided according to capital advanced, 
each receives as his share a tenth of the capital he advances. 

Let A advance 10:1;/. 
/. B advances 10^+250/. 

/. B's share of profit is x+2$/.y and this is -^j^ of A's 
capital. 

I - 1 Q T^2X 6x 



10 5 



- = 35, 



X=z 125. 

.% A advances 10^, or 1250/. 
B „ „ 1500/; 

H 2 
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195. 45. A grocer bought 200 pounds of tea and 1000 
pounds of sugar, the price of the sugar being ^ of that of the 
tea. He sold the tea at a profit of 40 per cent and the 
sugar at a loss of 2^ percent, gaining on the whole 9/. 9^. 7//. 
What were his buying and selhng prices ] 

Let the sugar be bought at x pence the pound. 
.*. the tea „ 6x „ „ 

Selling price of the tea is HS 6., or 4- pence the pound. 
„ „ „ sugar is Sl^jc, or 1^ „ „ 

I GO 

»\ gain on i lb. of tea is pence, 

5 • 

„ 200 lbs. „ 1 2 X 4o;c = 480^1? pence. 

Loss on I lb. of sugar is — pence, 

40 

,, 1000 lbs. „ 2<^x pence. 

.'. 480:1;— 25^, the whole gain in pence is the number 

of pence in 9/. 9^. 7//., 

or 455^ = 2275, 

m • X ^ 5* 

Hence the buying price of tea is 30//., and the selling price 
42//. the pound. 

The buying price of sugar is 5^., and the selling price 4|^. 
the pound. 

198. 46. tooo quills are bought for a sovereign. Half 
are sold at half-a-crown the hundred. At what price must 
the rest be sold to make 50 per cent profit on the whole ? 

47. The cost price of each copy of a newspaper is 3^^/. 
The sum for which it is sold is 3^. The number of pence 
received for the insertion of advertisements is 30 per cent of 
the number of copies issued beyond 10,000. Find the least 
number of copies that can be issued without loss. 
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197. 48. In a mixture of wine and water there are two 
gallons of wine for every three gallons of water. If a gallon 
^i wine be added the mixture becomes half wine and half 
*vater. Of how many gallons did the mixture consist ? 

In consistence with the statement of the problem we may 
suppose that there were originally 2x gallons of wine and 
3^ gallons of water forming the mixture, so that it is 5^ 
gallons of mixture. 

Obs, — Since x is open to be an integer or a fraction, this 
supposition does not restrict the mixture to consist of an 
exact number of gallons. 

When the gallon of wine is added there are 2;x:+i gallons 
of wine and 3:*: gallons of water. By the question, these 
quantities are equal. 

/. 3^ = 2j;-|-i, 
^ = I, 

or the mixture originally consisted of 5 gallons, 2 being 
wine and 3 water. 

198. 49. How much water must be mixed with 60 gallons 
of spirit which cost iL the gallon, that on selling the 
mixture at 22^. the gallon a gain of 17/. may be made % 

Let X gallons of water, supposed valueless, be added. 
Hence 60 -^-x gallons of mixture, costing 60/., will be sold 
for -J^ (60+^)/., and the gain is 17/. 

•'• ii(6o+^)-6o=i7, 

X = 10. 

199. The following problems are similar : 

50. How much water must be mixed with 80 gallons of 
spirit bought at i$s. the gallon, so that on selling the mix- 
ture at X2S, the gallon there may be a profit of 10 per cent, 
on the outlay 1 

51. A cask of no gallons of wine is bought for 120/. 
What water must be mixed so that when the mixture is sold 
at a guinea the gallon 5 per cent, profit may be made ? 
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200. 52. A brewer has a certain quantity of beer worth 
ij. 6//. the gallon, and twice as great a quantity worth is. 
the gallon. They are mixed and sold at is. ^d. the gallon, 
and the profit is the price of 108 gallons of the mixture. 
How much has he of each % 

Suppose that there are x gallons worth is. 6d. the gallon, 
and consequently 2x gallons worth is. the gallon. The 
former quantity has the value ^x shillings and the latter 
2x shillings, making together ^ shillings. 

There are yc gallons of mixture which at f shillings the 
gallon produce ^^x shillings. 

The profit then is I5f-.7f = ? shillings. 

424 



X 

4 "^^^^' 



/. - = loS X « 



X = 540. 

There are then 540 gallons of the former, and 1080 of 
the latter kind of beer. 

The following problem is a similar one : 

53. A wine merchant has a certain quantity of sherry 
worth 30J. the gallon, and twice as great a quantity worth 
20s. the gallon. He mixes them and sells the mixture at 
2 5 J. the gallon, and the profit is the price of 36 gallons of 
the mixture. How much has he of each wine % 



201. 54. There are two vessels, the smaller of which holds 
2 1 gallons less than the larger. Both being originally full, 
from the larger were drawn off 4 gallons more than half its con- 
tents, and into it were transferred i^ gallons less than half 
the contents of the smaller ; then 4 gallons were drawn 
from the contents of the smaller cask, 4^ gallons added to 
the contents of the larger. The latter now contains 2^ times 
as much as the former. Find the capacity of each cask. 
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202. Problems relating to speed and time of motion, and 
distances travelled, when the speed is invariable, generally 
require the following considerations. If an hour is made 
the unit of time, the speed is expressed as a certain number 
of miles an hour, and the distance travelled in any number 
of hours is the speed multiplied by this number. If, for 
instance, the speed is x miles an hour, the distance tra- 
velled in 5 hours is 5^ miles, in 8 hours is 2>x miles, and so 
on. The number of hours of travelling is given by dividing 
the distance travelled by the speed, or number of miles 
travelled in each hour. Thus the time of travelling 50 miles 

is ^— hours. Again, the speed results from dividing the 

distance travelled by the number of hours taken to travel 
it. If X feet, for instance, are travelled over in 7 minutes 

the speed must be — feet a minute. 

7 

203. 55. A man starts from home to ride to a place 

which, at the speed he usually maintains, he will reach in 
2 hours, but when he has advanced 4 miles on his journey 
he has to return home. He starts again without delay, and 
now rides half as fast again as before, and reaches his desti- 
nation 20 minutes later than he would have reached it if he 
had not turned back. What is the distance of the place 
to which he was going ] 

Let him usually ride 2x miles an hour, so that the place 
to which he is going, which he might reach in 2 hours, is 4^ 
miles off. 

Now he first rides 4 miles out and 4 miles back, or 

8 miles, at the rate of 2x miles an hour, and therefore occu- 

8 
pies the time — hours (202). 

2X 

He then adopts the speed of 3^ miles an hour,, and 

rides ^ miles at this rate, occupying therefore — or f of 

3«^ 

an hour. 
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His whole time of travelling, being 20 minutes longer than 
if he had not turned back, is 2^ hours. 

•'• TX."^^ = ^i = f > 

2X 

and 4^, the distance required, is 16 miles. 

204. 56. A man can row 6 miles in an hour with the 
stream of a river, and 4 miles in an hour against the stream, 
his speed in each direction being uniform. How far may- 
he go in order that the time between leaving and returning 
to iJie place from which he started may be 2^ hours? 

Let X miles be the distance to which he goes from the 
starting-place. 

It is immaterial whether the stream is in his favour in 
going or in returning, because in either case he has to row 
X miles with stream and x miles against stream, and will 
therefore in either case take the same time. 

If he can row 6 miles with the stream in i hoiu:, he can 

row I mile in ^ hour, and x miles in - hours. Similarly he 

can row x miles against the stream in - hours. Now the 

4 

whole time of rowing is the sum of these separate times. 

O 4 

X := 6, 

and the distance the rower goes out is 6 miles. 

205. The following is a similar problem : 

57. A person walked to the top of a mountain at the uni- 
form rate of 2.V miles an hour, and down again by the same 
way at the uniform rate of 3^ miles an hour. He was out 
5 hours. How far did he walk 1 
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206. 58. In a mile race the uniform speeds of two 
runners are proportioned to 11 and 8. The latter, having 
320 yards start, is beaten by half a minute. What are their 
speeds % 

The faster runner runs 1760 yards, the whole mile, and 
the slower runner runs 1440 yards. Let one run 11^ yards, 
and the other run 8^ yards in a minute. The former runs 

1760 yards in -L^ or ^ ° minutes (202), and the latter runs 

\1X X 

1440 yards in ^-^~- or — .? minutes. Hence by the terms 

^x X 

of the question, 

i8o_i6o 1 

— -- -IT, 

X = 40. 

The faster runner runs 440 yards in a minute, the slower 
runs 320 yards in a minute. 

59. Suppose their speeds were as 5 and 4, and the latter 
having half a minute start is beaten by 176 yards. What 
are their speeds % 

207. 60. AB is a railway from A to B, 200 miles long. 
Three trains P, Q, R travel upon it at uniform rates, 25, 20, 
and 30 miles an hour respectively. P and Q leave A at 
7 A.M. and 10.15 A-M- respectively. R leaves B at 11.30 
A.M. When will R be equidistant from P and Q. 

The position of the trains will be expressed in terms of 
the time of day when they are considered. Let R be in the 
proposed position, equidistant between the other trains at 
X hours after the midnight which preceded their starting. 

Then P has been running x—"] hours, and is 25 (^ — 7) 
miles from A. 

Q has been running x-'\o\ hours, and is 20(^ — 1 o|:) 
miles from A. 

R has been running x—\\\ hours, and is 30(^^—11 J) 
miles from B j consequently 200— 30(^1;— 11^) miles from A. 
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Hence the distance between Q and R is 

2o(:x: — io|) — 200 -f 3o(jx; — 1 1 J), 
or 50^—750 miles; 

and the distance between R and P is 

20o-3o(^-i4)-25(j«:-7), 
or 720—55^ miles. 

Now by. the condition of the question, 

50^-750 = 720-55^, 
105^ = 1470, 
;«: = 14 ; 

or the time required is 2 o'clock, p.m. 

61. Suppose the railway 220 miles long, and the times of 
starting of P and Q to be 7 and 8.15, while that of R is 
10.30. When is P equidistant from Q and R ? 

208. 62, A traveller by a railway, on which the telegraph 
posts are 30 in a mile, observed that between two points on 
the line he uniformly passed 10 posts in a minute. Having 
noticed the distance between these points, and calculated 
the speed of the train on supposition of 20 posts in a mile, 
he found that the train is 5 minutes more in accomplishing 
the distance than he expected. Find the distance between 
the two points. 

Let the distance be — miles. 

Then the traveller passes ^ posts, and as he passes 10 posts 

in a minute he is — minutes in passing between the two 

10 

points. 

But by his mistake in the number of posts in a mile he 

considers that he passes over ^\^ of a mile in -j^ of a minute, 

or a mile in 2 minutes, and — miles in ^ minutes. Be 

30 15 
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tween this calculated time and the true time there is a 
difference of 5 minutes, or, 

X = 150, 

and — , the distance of the points, is 5 miles. 
30 

209. 63. The termini of a railway 126 miles long are A 

and C, and the station B, at which a certain train stops 

15 minutes, is 70 miles from A. The whole journey from A 

to C takes 15 minutes less than twice as long as the journey 

from A to B. Determine the average rate of the train, 

including all stoppages except that at B. 

64. A train started from London at 6.30 for Dover, 
where it was due at 10.30. After proceeding half-way at the 
ordinary uniform rate it was detained three quarters of an 
hour. The spewed was then increased by 8 miles an hour, 
and the train arrived at 10.43. What was the distance 
travelled and the usual speed of the train ? 

65. Two clocks, A and B, go very badly, A gaining 
15 minutes (i.e. 15 minute-divisions) every hour, B gaining 
3 minute-divisions every hour. A was set to the right time 
at 12 o'clock, when B was 21 minutes fast. At this mo- 
ment B is 2^\ times as fast as A. What o'clock is it now 
by a correct watch ? 

66. A and B have each the same quantity of work to 
do. A began to work 2 hours before B, but afterwards 
they worked and rested together till B had finished his 
work, which was i hour before A had finished his. If, 
when A had done half his work, each had taken the other's 
remaining work, B would have finished 2 hours and ij 
minutes before A. How long did each take to do the 
work? 
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CHAPTER V. 

SIMULTANEOUS EQUATIONS. 

210. When an equation contains two unknown quantities, 
if no other condition between these quantities is known, 
they cannot be determined, though many consistent pairs of 
values of them may be found for them. 

Thus if 2^+3^ = 25, 

let J' = I, then ^=11; 
^ = 2, „ ^ = 9^ ; 

and this process continued will give for any value, integral 
or fractional, positive or negative, which we like to assign 
to y^ a corresponding value of x. So if we assign at plea- 
sure values to x^ corresponding values of y result Thus, 
in this instance, a single equation in x and y gives an un- 
limited number of pairs of values of those quantities, each 
pair satisfying the equation. 

If, however, we have also another equation in x and y^ 
as, for instance, x—2y-= 2, to be satisfied by the same 
values of ^ and y as the former ; then while, as in the former 
instance, it will be possible to find an unlimited number 
of solutions of this equation too, yet there is only one pair, 
viz., ;x: = 8, ^ = 3, which will satisfy both equations at 
once. Hence, when two distinct and compatible equations 
in X and y are presented, we have no longer an unlimited 
number of pairs of values admissible, but only a limited 
number of solutions can exist Equations satisfied by the 
same values of the unknown quantities are called simid- 
taneous equations. 
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211. Obs. — The two equations above^ mentioned have 
been described as distinct and compatible. 
If the pair of equations were 

though they may appear different in form, they are not 
distinct, since if the second be divided throughout by 2 it 
produces the first, and consequently states no property 
respecting x and y beyond that which the former equation 
embodies. 

If, again, the pair of equations were 



6x'\-ioy 



= 15/ 



they are not compatible, because if the former were multi- 
plied throughout by 2 it gives 6.jc+io^ = i4, while the 
latter asserts that 6^-f loy =15. No finite values oi x and 
y therefore can satisfy these two equations at the same 
time. 

212. When two equations are presented containing two 
unknown quantities, x and\y for instance, equations dis- 
tinct and compatible, it is possible so to combine them 
that first one of the unknown quantities and then the other 
may disappear. 

By combination, for instance, of the two in a proper 
manner a single equation may result containing only x^ and 
therefore serving to determine x. In this case the quantity 
y is said to have been * eliminated ' between the equations. 
Or again, x may by proper processes be eliminated, and an 
equation obtained containing only y^ and sufficient for de- 
termining^. 

213. It has been seen that when the same quantity has 
been added to or subtracted from both members of an 
equation, the results form the members of an equation (134). 
So, also, if of any two equal quantities one be added to 
the former and the other to the latter member of an equa- 



no Algebra, 

tion, or if any equal quantities be subtracted one from the 
former and the other from the latter member, then also the 
two results form members of an equation. I^ again, the 
members of an equation be multiplied or divided by equal 
quantities, the results are members of an equation, just as 
when the members of an equation are multiplied by or 
divided by the same quantity. 

214 On these principles it is generallypossible to eliminate 
between two equations one of the two unknown quantities 
which they contain, and then to determine the other. When 
one is determined, then if its value be substituted in either 
of the given equations, that equation suffices to determine 
the other unknown quantity. This is what is generally 
possible, the exception being when algebraical processes 
arise which cannot be effected. 

215. Let the equations be 

2j: + 3^ = 7l 

Since the second states that 2^— 3j; and i are equal 
quantities, let them be added respectively to the first and 
second members of the first equation, 

/. 4^ = 8. 

Thus y has been eliminated and an equation arises quali- 
fied to determine x^ for division by 4 at once gives j: = 2. 
Then if 2 be substituted for x in either of the original 
equations, that equation gives ^ = i. 

Again, if the quantities 2jc— 3^ and i, which the second 
equation declares to be equal, were respectively subtracted 
from the members of the first equation, 

dy = 6, 

and an equation arises from which x has been eliminated, 
and the value j^ = i is found. Then, by substitution in 
either of the original equations, ^ = 2. 
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216. Let x^ -y ^%y^ 

Since the second equation asserts that x-\-y is equal to 4, 
let the members of the first equation be respectively divided 
by these equal quantities, and we have 

x—y = 2y, 

Subtract these equal quantities from the respective mem- 
bers of the second equation, and then 

2y = 4-2y, 

an equation from which x is eliminated ; and by trans- 
position, 

4)^ = 4, 

Then x = 4—y = 3. 

217. These instances may suffice to show what is the 
general object to be aimed at in order to effect the solution 
of two simultaneous equations! It is to remove or elimi- 
nate one of the two unknown quantities, and thus to de- 
termine them in succession. The artifices required for this 
object are of infinite variety, to be adopted as the occasion 
requires them, and only to be learned by the study of ex- 
amples and by practice. 

218. Let ax + dy=:{: 1 

bx—ay = ^ J ' 

«, ^, ^, d being known quantities in terms of which x and y 
have to be expressed, and thus to become also known. 

If the first equation be multiplied by a and the second by 
b^ the results are 

c^x-^aby = ^z^ 1 
b^x—aby =1 bd j ' 

Now of these new equations let the second be added to 
the first, member by member, 

/. a'^x+b^x = ac-\'bd, 

and y has been eliminated. 
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_ ac-k-bd 

Then from either of the original equations j' can be found 

From the former of these, 

by = c^axy 

ac-^bd 
= c—ct . 

b'^c—abd 



:.y^ 



d^-Yb^' 
be — ad 



It would have been equally possible to eliminate x by 
multiplying each equation so that x should have the same 
coefficient in each, and then disappear in subtraction. Let 
the equations be multiplied, the first by ^, the second by a. 

/. abx-\'b'^y — be, 

abx—a^y = ad. 

Then by subtraction, 

b'^y + a^y = bc—ad^ 

be— ad -, r 

219. There is a neat and concise notation whereby 
symbols are used instead of words to describe the process of 
multipl)dng or dividing an equation by any quantity through- 
out, or combining by addition or subtraction the members 
of two equations. The equations being marked by numbers 
in brackets so that (i) (2), for instance, mean the equations 
to which they are affixed, (i)-f(2) means the addition of 
these equations member to member; (i) — (2) means the 
subtracting of the second from the former, member from 
member ; {i)xa means the result of multiplying the equa- 
jtion (i) by some quantity a throughout 
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Thus the solution of the last example may be written in 
the following more compendious form : 



;} 



ax-^by = c (i), 
bx—ay = d (2) 
(i)Xflf gives a^x+aby = ac (3), 
(2) x^ „ b^x-^dby = bd (4), 
(3) + (4) „ a^x-^-bH ^ ac-itbd 'y 

__ ac-^-bd 



x 



rrn. ii. / \ z ah-\-abd bh-^abd 

Then from (i) *j; = ^-^q:^,- = -^j^, 

be— ad 

220. f+J? = ii 

9 S 

4 7 

■ 

These equations are first to be cleared of fractions by 
multiplying the first throughout by 45 and the second by 
28, and they give 

5^+9^ = 495 (i)» 
7a;+4;^ = 392 (2), 

(i) X 7 gives 35-«^+63Ly = 34^5, 
(2) X 5 « 35^+ 2oj; = i960 ; 

/, if the latter be subtracted from the former, 

4iy = iSoS» 



;:} 



Then firom (i), 



5^ = 495-9x35, 
X = 36. 
I 
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In instances like these the object aimed at is to bring 
one of the unknown quantities to have the same coefficient 
in both equations, that it may thus be eliminated by sub- 
traction. 

221. ^Cy+3) =y^+7)l 

4^+14 = 5a;-9 /• 

When the multiplications expressed in the former equa- 
tion are effected, 

or IX = 77, 

ly 

or X = '■'. 
3 

Then in the second equation, 

4^ = 5-^-9-14, 

3 ^' 
ray = 35;^- 69, 

3Sy-i2y= 69, 

2zy = 69, 

^ = 3» 
• :i: = ^ = 7. 



• • 



In this example the first equation gives at once x in terms 
of y^ and substitution for x in the second equation is then 
the easiest means of finding y, I 



222. 7^+4>'=i7i', (i)l 

6^— io_y = 8. (2) J 

By transposition (i) becomes, 

or a: = y^, 
or (>x = yj/ ; 
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then equation (2) gives, 

7 

78^-70;; = 56, 
Zy = 56; 

.•.J' = 7, 
/, X = 13. 

223. ^-? = -, (i) 

X y a 

21 2 / \ 
-— = -. (2) 

X y a ^ 

To solve these equations we shall aim at finding - and - 

X y 

and then x and^' become at once known. 



(0 


—2 X (2) gives 




-I = -3 




X a* 




a 


• 


• W ~" » 




3 


« 


% from (2), 


I 


— ^ — ^ 


~y 


^ ^ dp' 




_ 4 




^j' 




___ a 


y 


HMM — # 




4 


\ equations have a simil 


a 


b I.I 




+ =-+7^ 


X 


y a b 


h 


a __ 1 I 


^^ m 


^» — «^_ — ^" — — ^ 


X 


y a b 


where x 


^y :=z ab. 




1 2 
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JExampksfo 



3- 



6y— 5:jp = 8 J 



2^+7^ = 81 J 
ar+ 2^=15! 

^ S:r+iij' = i461 
— 20:= 32 J 



3^+r = 
6>^ 



8. 



10. 



II. 



12. 



X — 2 

40 
3 

3 7 

3^-S _,y+3 ^ 3 
4.5 2 
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14. 




IS- 


x+2 7-| 

8 8 
^— 2 6 J 


16. 


7x+sy A^-sy ^ ^5-y 

II 5 4 




Sy=3^ 


17- 


10 II 2 



}■ 



18. (^+S)0'+7) = (^+i)0'-9)+ii2l 
2^+10 = 3y + i J * 



19. s 



±l^^(x y^ 



20. 8 3 12 24 

2j;-;xr = 3(4^-^') + 13 



} 




X y 
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22. 



aba 
"e f h 



23- 



+y a+x J 



226. Let the equations proposed be 

Three quantities being here given as equal to one another, 
we can form two equations among them by pairing them in 
either of two ways. Thus we may have 

as one pair of equations : or else 

a-^+B.^— 70 = ^+^+81 

If we adopt the former arrangement, the equations be- 
come 

2:r+4y = 78, 

or x+2y =39, (i) 

and i2^-*25[>' = —120. (2) 

(i) X 12 gives 12^+ 24^^ = 468 ; 

.•. 49^^ = 588, 

y = 12, 

^ = 39-2^ = 39-24 = 15- 
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226. i^^= >:=-* = ' 

Three quantities being given as equal to one another, 
we have the option of forming a pair of equations in two 
different ways. If we take the pair 



x—a 



y^b d 
y—b __ c 



=4, (I) 



= i. (2) 

these equations are 

dx^cy^=. ad-\-bc, (i) 1 
cx—dy = —ac—bd, (2) J 

(i).//—(2).r gives 

(d^-c^)x = ad^+a^'\-2bcd, 

__ ad^ -\- ac^ + 2^r</ 

^ ^«-^ • 

(i).^— (2).^ gives 

(d^^^)y = 2^//+^^ + ^^^ 
_^/^H-^//N^2^ 

227. If three distinct and compatible equations are pre- 
sented between three unknown quantities, one of them has 
usually to be eliminated, so as to produce two equations 
between the remaining two, and these two quantities being 
determined by the methods already given, the one which 
was first eliminated can then also be found, and the solution 
thus completed. 

Ex. ^+2^—32:= —4, (i) 

x^r2z— y^ 9, (2) 
2yj^2Z'- ^= 15. (3) 

It will be most convenient to eliminate x> 

(i) + (3) gives 4^- ^ = 11, (5) 

(2) + (3) » j^ + 4^= 24, (6) 

4x(5) + (6) „ i7jv = 68,^ = 4, 



} 
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Then from (5), z = 4y— 11 = 5, 
and from (i), x = 3^?— 2^ — 4 = 3. 

228. In the following example it happens that the solu- 
tion can be effected without that successive elimination of 
unknown quantities, which has been made in the last 
examples. 

x^-y-z- 3, (i)') 

x-^z-y := 5, (2) y 

y+z-'Xt^j. (3) J 

(i) + (2)+(3)gives 



I. 



2. 



x+y-^-z = 


IS, 


(4) 


(4)-(3)gives2jr = 


3, 


^ = 4, 


(4) -(2) „ 2y = 


10, 


.>' = 5, 


(4)-(i) ,, 2Z=. 


12, 


= 6. 


229. Examples for Practice, 


y-^z= 7I 






x-^z=^ 9 /• 






x+y = loJ 






2^4-4J'— 3^= 22^ 






4^-2j?+5^ = iS >• 






6^+7J'— ^ = 63 J 






9—4x+sy_ 2x-\'Sy' 


-4. 


^5x+6y-iS 



232 



J'^ - 



xz 



= 51 



= 4 



^+0 r 

7^^ = 90^+^) J 
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CHAPTER VL 

PROBLEMS PRODUCING SIMULTANEOUS EQUATIONS. 

230. Simultaneous simple equations will now be employed 
in solving problems. We gain, it may be anticipated, in- 
creased power in expressing, algebraically, the facts of a 
problem, when we can introduce more than one unknown 
quantity to assist us in representing the elements to be 
determined. 

231. It has been seen (210) that we can find values for 
two unknown quantities when we have two distinct and com- 
patible Equations between them. So, also, we can find values 
for three unknown quantities, if we hav6 three distinct and 
compatible equations among them. Hence, generally, as 
many symbols as are assumed to designate unknown quanti- 
ties in a problem, so many distinct and compatible equations 
must we obtain from the conditions of the problem, if the 
solution is to be effected. 

232. I. A purse contains shillings and sovereigns. Add 
a shilling, and then there are twice as many shillings as 
sovereigns. Add a sovereign to the original contents of the 
purse, and then there would be more shillings than sove- 
reigns by 2. Find the number of shillings and sovereigns 
in the purse originally. 

Suppose that there were originally in the purse x sove- 
reigns and y shillings. 

When a shilling is added there are x sovereigns and j^H- 1 
shillings, and the first given condition is 

j + i = 2a: . . . . (i) 

When a sovereign is added there are ^-h i sovereigns and 
y shillings, and the second given condition is 

y = x-\- 1 + 2 . . • (2) 
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(i)- (2) gives 

I =0:— 3, or:v = 4; 
then j^=^+3 = 7> 
or there were originally 4 sovereigns and 7 shillings in the 
purse. 

233. 2. A certain number, consisting of two digits, is 
equal to six times the sum of the digits, and if 117 be sub- 
tracted from three times the number, the digits are reversed. 
Find the number. 

Let X be the digit in the place of tens, 
y ,y » units, 

so that lo^-h^ is the number, 

and 1 0^^+^ is the number when the digits are reversed, 

/. lox+y = 6{x-^y) . . . (i) 
3(10^+^^) — 117 = io>^+^ . • . (2) 

Hence 4x = $y, 
29JC— 7^ =117. 

y = 4^ 

and the number is 54. 

234. 3. A fraction becomes equal to 2 when 7 is added 
to its numerator, and equal to i when i is subtracted from 
its denominator. Find the fraction. 

Let - be the fraction. 

y 

Then the conditions of the question give 

. (2) 

. . . (I) 
. (2) 





^+7_2 




y 




^ =1 




^-i 




or 2y—x = 7 




y-x =s I 


.^ (i)-0 


i) gives ^ = 6, 




.% x^y-i = 5, 



and the fraction is f . 
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The following is a similar problem : 

4. A certain fraction becomes equal to i when i is added 
to the numerator, and equal to \ when 4 is added to the 
denominator. What is the fraction % 



235. 5. Two men, A and B, run at uniform paces from 
one station to another 4000 feet off. A starts 30 seconds 
after B, and arrives at the second station 10 seconds before 
B, Where does A pass B ] 

P 



Let P be the station from which the men start, O the 
place where one passes the other, Q the station to which 
they run. 

Let A run x feet in a second, 
Brunj „ „ 

PO 
Then A runs over PO in — seconds, 

X 



over OQ in ^ „ 



X 



B runs over PO in 



over OQ in ^— 



» 



>j 



Hence, by the terms of the question, since A takes 30 
seconds less to run over PO than B does, and 10 seconds 
less to run over QOy 

PO PO , . 
=30, (i) 

QO QO ^^ , V 

^^- — ^5^- = 10. (2) 

y X ^ ' 
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Since PO-^- OQ = 4000 feet, (i) + (2) gives 

4000 4000 

y X 

or ^ _ ^ — 1 

""^ -y -x ""^• 

/. from (i) P0{- - I") or t^ = 30; 

\y xj 100 

PO = 3000 feet, 

whence O is known to be 3000 feet from the starting-place. 
Though the place where one man runs past the other is 
thus determined, the given conditions do not suffice to deter- 
mine X and y, or the speed at which the men run. It will 
be found that their paces may be arranged in various ways 
to fulfil the terms of the question. All that is known is that 

^, the number of seconds in which A runs a foot, is less 

X 

by -j^ than -, the number of seconds in which B runs a 

y 

foot, or that A runs 100 feet in less time by a second than 
the time which B takes to run that distance. 

236. 6. A person walks from A to B, a distance of 
9 J miles in 2 hours and 52 minutes, and returns in 2 hours 
and 44 minutes. His rates of walking up hill, down hill, and 
on the level being 3, 3I, and 3^ miles an hour respectively. 
Find the length of level ground between A and B. 

In going from A to B let there be 

/ X miles of ascent, requiring - hours, or 200? minutes, 

3 

y „ level, „ ^ „ or ?^ „ 

3^ 13 



„ descent, „ -3- „ or i6z „ 

3¥ 
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Hence, in going from B to A there are 
z miles of ascent, requiring 2oz minutes, 
level, ''^oy 

descent. 
We now have the equations 



^x 



n 



» 



» 



99 



13 



19 



Hi 



20^ + -^<- + l6« =: 172 
13 

2a8: + ?45?+i6^sas 164 
13 • 



(I) 

(3) 



while X'\'y'\-z = 9J . 

From these y =3j, 
or there are 3^ miles of level ground. 

237. 7. At a contested election there are two members 
to be returned, and three candidates A, B, C. A obtains 
1056 votes, B 987, and C 933. Now 85 voted for B and 
C, 744 for B only, 98 for C only. How many voted for 
C and A, how many for A and B, how many for A only % 

Each elector has six ways of voting, viz. 

(i) for A only, which way is adopted by x electors, suppose, 



(*) 


» B „ 


>j 


744 






(3) 


i> ^ » 


\\ 


98 






(4) 


„ BandC 


>i 


85 






(5) 


„ A and C 


99 


y 




:Suppose, 


(6) 


„ A and B 


93 


z 






Hence the votes polled by the several candidates give us 


the 


equations, 














1056 = 


x-\- y-^-z, 


. 


• (1) 






987 = 


744+85+^, 


. 


• (a) 






933 = 


98+85+;^. 


• 


• (3) 




Then equation (3) gives >^ = 


7SO. 








» 


(2) 9, ^ = 


158. 








» 


(i) 99 ^ = 


148. 
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238. Problems for Exercise, 

8. A farmer sells to one person 9 horses and 7 cows for 
300/., and to another at the same prices 6 horses and 
13 cows for the same sum. What were the prices? 

9. A bill of 25 guineas was paid with crowns and half- 
guineas, and twice the number of half-guineas exceeded 
three times the number of crowns by 1 7. How many were 
there of each ? 

10. Find the fraction which if i be added to its nume- 
rator becomes equal to \y and if i be added to its denomi- 
nator becomes equal to \, 

11. Find a number of two digits to which if the number 
formed by reversing the digits be added, the sum will be 
121, while if this latter number be subtracted, the remainder 
is 9. 

12. The cost of 6 barrels of beer and 10 of porter is 51/., 
of 3 barrels of beer and 7 of porter is 32/. 2s. How much 
beer can be bought for 30/. ? 

13. Two numbers are such that if one were increased 
by 18 it would be double the other, and if the second were 
diminished by 1 1 it would be one-third of the former. Find 
the numbers. 

14. If or + ^ is 30 when x is 2, and 90 when x is 5,^what 
is its value when x is 3*5, and what value of x makes it 
zero ? 

15. The sum of the ages of a father and son is half 
what it will be in 25 years. The difference is one-third 
what the sum will be in 20 years. Find their respective 
ages. 

16. A and B began to play. After a certain number <^f 
games A had won half as much as he had at first, and then 
found that if he had 15 shillings more he would have three 
times as much as B had left. But B afterwards won 
10 shillings, and he had then twice as much as A. What 
had each at first ? 
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17. The value of the contents of a bag containing 
only crowns and half-sovereigns is 628/. ioj. The value 
of a bag of silver of the same weight would be 49/. ioj. 
Find the number of crowns and of half-sovereigns in the 
bafir. 

Note, — 623 half-sovereigns weigh as much as 88 crowns. 

18. Seventeen gold coins, all of equal value, and as 
many silver coins, all of equal value, are placed in a row at 
random. A is to have one half of the row, B the other 
half. A*s share is found to include seven gold coins, and 
the value of it is 6/. The value of B's share is 6/. 15J. 
Find the value of each gold and silver coin. 

19. The road from A to D passes through B and C 
successively. The distance between A and B is 6 miles 
greater than that between C and D, the distance between 
A and C is -j^ of a mile short of being half as great 
again as that between B and D, and the point half-way 
from A to D is between B and C half a mile from B. 
Determine the distances between A and B, B and C, C 
and D. 

20. Fifteen octavos and twelve duodecimo volmnes are 
arranged on a table, occup)dng the whole of it After six 
of the octavos and four of the duodecimos are removed 
only f of the table is occupied. How many duodecimos 
only, or octavos only, might be arranged similarly on the 
table ? 

21. A merchant made a mixture of wine at 28^. a gallon 
with brandy at 42^. a gallon, and found that by selling the 
mixture at 38J. a gallon he gained 15 per cent on the price 
of the wine and 20 per cent on the price of the brandy. In 
what ratio were the wine and brandy mixed together? 

22. A laid out money In buying shares of two companies. 
If he had sold out 6 months later he would have lost (by 
sale) 25/. less than half of his outlay in the shares of the 
first company, 1 1-|/. more than -^ of his outlay in those of 
the second, and on the whole would have received i o/. less 



\ 
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than f of his whole original outlay. When he did seU out 
he lost (by sale) 10/. less than \ of his outlay in the first 
company, and gained 14/. less than ^ of his outlay in the 
second, so that his loss on the whole together with ^ of his 
whole original outlay made 94/. Find the sums laid out in 
the shares of each company. 

23. P started at 9 o'clock from his house, and rode to a 
village at such a rate that if it had been 2 miles fiirther he 
would have taken just an hour to get to it. He returned 
without delay at the same rate, and went on to a station 
S miles beyond his house, where he met Q who had just 
arrived, having started at half-past ten, and made a journey 
i^ mile short of being half as long again as P's, at a rate 
8 miles an hour short of being six times that of P, Find 
the rate (in miles per hour) at which each travelled. 



k 
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CHAPTER VII. 

QUADRATIC EQUATIONS, AND PROBLEMS PRODUCING THEM. 

239. Def, — ^When an equation, cleared if necessary of 
fractions or roots affecting the unknown quantity, contains 
the second power or square of that unknown quantity, it is 
called a quadratic equation, or an equation of the second 
degree. 

Quadratic equations, therefore, may be of two kinds : the 
first, those which contain the square of the unknown 
quantity without the first power ; the second, those which 
contain the square and also the first power of the unknown 
quantity. The first kind are sometimes named Pure Quad- 
raticsj the second Adfected Quadratics. 

Thus 8^2+^- "- = 5 is a pure quadratic. 

7 

3^2^ 3^^^ = 5 is an adfected quadratic. 

240. The solution of pure quadratics requires no more 
knowledge than the reader is expected to possess abready, 
for if the methods of solution used on simple equations be 
applied to them, they lead to the result of bringing the 
square of the unknown quantity exhibited as a known value, 
and then the quantity itself is also known. 

Ex. ^^— = 3. 

3 

If the equation be multiplied throughout by 3, 

K 
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and by transposition, 

2X^ = 8, 

then jc = -J- 2. 

The sign ± means that either the positive or negative 
sign may be used. 

241. It is sometimes not at once seen why in such a case 
as that just before us, x^ = 4, when the square root is ex- 
tracted, the double sign is not affixed on both sides, and 
i^^; = +2 given as the result. Now let it be considered 
what fact is to be algebraically expressed : it is that x is 
either 2 or — 2. If double signs be used on both sides this 
fact will not be expressed. For if they are used with the 
understanding that the upper signs on each side are to be 
taken together, or the lower signs taken together, the state- 
ment then amounts to no more than ^ = 2, or — ;y == — 2, 
which latter is included in the former. If we are to under- 
stand that the upper sign on one side is to correspond with 
the lower sign on the other, then the fact stated is that 
jv = — 2, or —^=2, which is the same thing. In either 
case, therefore, only one half of the whole truth is expressed. 
But if we write :r = + 2, all that is intended is then stated, 
namely, that x as to value is 2, and that it may accept 
either the positive or negative sign. 

242. The following are examples of pure quadratics : 

Ex. I. c^ x2-i ^ £_ 

16 5 20 

If the equation be multiplied throughout by 80, the de- 
nominators of the fractions will be removed, and 

5^2-i6(Ar2-.3) = 4, 

X-^ •\'2, 
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243. Ex. 2. v^^— 5 + a/a'*'*+7 = 2x, 
By transposition 

If each side of the equation be squared, 



By squaring both sides 

x^-^x^ = x*~'6x^'^g^ 
^2 = 9, 

^= ±3- 

By substituting these values in the equation it will be seen 
that as the positive or negative root is adopted, the square 
roots must be accepted accordingly, with the positive or 
negative sign, either of which they are open to receive. 

244. The following equations prove to be pure quad- 



ratios : 




\ 






Ex. 3. 


I 




I 'a 




^/a+x- 


- Va 


'^ s/ ci—x-\- ^/a X 






I 




\/a-\-x-v \/a 






^/a+x- 


- \/a 


_ ^/a+x-j-^a 
a+x—a 


Va) 




Va+x+s/^ 

=r ~ — J 










X 




and 


I 




V<2— >J a—x 




y/a^x- 


V^/a 


^ (\/«-h y/a—x){'s/a-'^a' 


-X) 








^a— s/a—x 





X 
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Hence the equation takes the form : 



X IP 



or ^a'\-X'' *Ja—X'\-2^/ar^ ^a^ 



or ^tf +0:— y/a—x = — y/a, 

If each side be now squared, 



2^/a^^x^ = ^j, 
4^^ = za\ 

2 

246. Ex. 4. j^:^_ ^jzTx = 2;r+a-^- 



Since 






( v/^ H- :r — >v/ g~jg)(v^^+jf4- //g— >t) 



we have first a/^+o:— V«— ^ = o, 
or if ^ has another value, 



■~ ^a-\-X'\' ^b^x 



0ja-^x-\- ^/b—x = ^/b-\-x-{- y/a^x, 



fJa-^X" ^a—x •=■ ^fb-^-x—^b^x. 
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If each side be squared, 



^d^—x^— y/b^ -x^ = a—b. 



/. a^'\'b^'-2x^'-2^(a^^x^)(b^-x^) = a^-^b^-'2aby 

V{a^-x^)(b^-x^)=: ab-x\ 
aH^'-{a^'\-b'^)x^'\-x^ = aH^'-'2abx^'^x^, 
{a^'^2ab^b^)x^ = o. 

/. X :=z Q. 

Thus pure quadratics require for their solution no know- 
ledge of processes beyond those already applied to simple 
equations. 

246. Adfected quadratics depend for their solution on the 
form of a squared binomial, 

{x-\-d)^ = x^'Y2aX'\-a\ 

Hence, when a quantity, ^^+2^ is presented, it will 
become a complete square if a\ i.e. the square of half 
the coefficient of x^ be added to it. By help of our liberty 
of adding the same quantity to both, members of an equation 
(134) adfected quadratics are thus brought under solution. 

If, for instance, ^^^g^ _. ^^ 

it will be observed, after the preceding remark, that ^^+8^1; 
will become a square if 16 be added to it. If then 16 be 
added to each side of the equation, 

;x:2+8^+i6 = 9+16 = 25. 

If the square root of each side be now taken, 

^+4= ±5 (241). 
/, x = ±5—4 = ij or —9. 

Two values of the unknown quantity are therefore ob- 
tained, and it will be found on substitution that .^^ + 8^ takes 
the same value 9 whether i or —9 is inserted as x. 
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2K. It will be observed that 

x^i-Sx^g = (j;— 1)(^+9), 

and the equation may be written 

(^— 1)(^+9) = o. 

The first member, being the product of two factors, can 
only be zero by one of the factors being zero (67). 
Hence we must either have 

x—i = o, :x:= I, 

or, ^+9 = o, ^ = —9, 

and these values of x agree with the roots of the equation 
already obtained. 

248. The method of solving an adfected quadratic may 
therefore be described in the form of a rule. The equation, 
it is supposed, is presented, clear of fractions and roots 
affecting the unknown quantity, with terms in x collected 
in the first member, in the form 

ax^+dx = c, 

1. Divide throughout by the coefficient of x\ so that x^ 
stands as the first term. 

2. Add to each side the square of half the coefficient of 
Xf * completing the square,' as this process is called. 

3. Extract the square root of each member and the 
equation will be reduced to two simple equations, and the 
values of x will be obtained after a transposition. 

249. Ex. I. 2^2 — 7:1;; = —3. 

Following the order of the rule we have, 

1^2 ^^ 7 ^ ^11 ,^_ 3 

3- x-i = +|. 

.-. (i) x-i = f, 
*=V =3- 
x-i = -^ 
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Ex. 2. —4^2+7^ = — 2. 



2. *»-j^+ (!-)« = (i)Hi 



C4* 



3* -^ u" ^^ i^* 

(2) :i: = \—% = —4* 

250. Ex.3. ^Hi69-i5i^+^=74. 

5 25 

Science Examination 1866. 

To clear the equation of fractions let it be multiplied 
throughout by 25. 

/. 25.^2-1-4225 — 780^ + 36^2 -- jg^o^ 

or 61^^2 — 780^ = —2375, 

61 \6i/ 61 \6iJ 

_ 7225 

^_390-4.55 

61 —61 



• • 



:c = 39?±i5 ^ 475 or j. 

61 61 

251. Ex. 4. 4J;r2_ 12^^+9 = o. 

In pursuance of this rule the equation is first altered into 
the form 

and the quantity to be added to complete the square is 
(-D'orf, 

.-. x'^-3x + i = f-f = o, 

•*• X -g- = O, 

X ^ ■^, 

In this instance, therefore, only one value of x results, 
the two factors into which, as we have seen, a quadratic is 
reducible (247), merging in this instance into (x—j)^. 
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252. Ex. 5. 2jc2— 3^+9 = o. 

•* ij^^ IT* 

The quantity to be added to complete the square being 

(-t)^ or i 

Here while the square root of the first member can be 
extracted, the square root of the latter member cannot be 
extracted in any numerical form (33). Indeed the result 
at which we have already arrived expresses an impossibility 
if ;r has any numerical value, since (^— f)^ a quantity which 
can never be negative, is represented to be equal to the 
negative quantity — f. The inference to be drawn is that 
the proposed equation cannot hold true with any value of x 
that can be numerically expressed. Such an equation is 
called an equation with impossible roots. 

253. Quantities which admit of numerical representation 
either exactly, or as nearly to exactness as we please by 
continuation of interminable decimals, are called real quan- 
tities, whereas those which can never be numerically ex- 
pressed, such as the square root of a negative quantity, are 
called unreal, impossible, or imaginary quantities. 

In this book, which has for its object instruction in Alge- 
bra as a method of calculation, no consideration will be 
given to these imreal quantities. 

254. Thus while a simple equation, wherein x stands in 
connection with numerical quantities, never fails to lead to 
the assigning of a single definite value to x when the proper 
methods are used for the solution of the equation, it appears 
that we have not the same security with a quadratic. Two 
different roots, we have seen, in some instances result, one 
root in another case, and no numerical root in a third. 

255. It is convenient to have a means of deciding under 
which of these cases a quadratic equation falls before its 
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solution is commenced, and this powet is supplied by the 
following test. 

Let ax^ -f ^^ -f ^ = o 

be a quadratic equation in its general form, a^ b^ c being any 
given quantities. If the rule of solution be followed, 

a a' 

x^-^-x+—. =— — , 
a 4^2 4^2 a* 

Now (i) if ^^ is greater than ^ac^ then the fraction 

lf^^4 ac 

is a positive quantity whose square root cafi be extracted 
either exactly or with as near an approach to exactness as 
we please. If then d be the numerical value of this square 
root, 

2a — 

2a ~ 
and two dififerent real values for x are obtained. 

(2) If ^2 = 4ac, 

then^2+^^+A'^ = o, 
a 40^ 

.*. ^+— =0, 

2a 

b 
or ^ = . 

2a 



and only one value of x arises. 
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(3) If ^* is less than 4^, ^^^?-^ is negative. 

Then ( x -j- - j = _^^1_, a negative quantity, 

or a quantity which can never be negative appears to equal 
a negative quantity. This is then the case when the equa- 
tion cannot be satisfied by any real value of x^ because such 
a supposition pursued to its consequences leads to an im- 
possibihty. 
Thus when a quadratic equation 

ax^-\"bx-\-c s= o 

is presented, the sign of b'^^/^ac decides whether it has two, 
one, or no real value of x satisfying it. 

lib'^>^ac there are two different real roots. 

If b'^ = j\ac there is one real value of x arising, 
or the two roots which a quadratic generally has are equal 

If ^^ < 4«r, there is no possible root. 

Ex. 3297^*--54a:-|-I23 = o. 

Since (54)^<4x 123 x 3297, 
this equation cannot be satisfied by any real value of x. 

256. Determine in the following cases, before the solu- 
tion is attempted, whether the roots will be real or not 

1. 397^^^+824^:+ 25 = o. 

2. 25:1:2—70^+49 = o. 

3. ii2jr2—86:i:+3 = o. 

257. If ax^'\-bx-\-c=iO has real roots, the expression 
ax^-^-bx-^-ccaxi be resolved into two real factors, each con- 
taining the first power of x. 

For ax'^-^-bX'^-c =i a[ x'^-^ — + - I, 

\ a a) 



= a\ ^2^___+ _ 4.. L 
L a 4a^ 40^ ay 
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Now by the fact of ax^'\-bx-\'C^ o having real roots, 
70 

..—^ is some positive quantity. Let it be called tP. 
Then ax^-^dx-^c^alfx^-^ -d^\ 

z=alx+^+d\ \x-h-^ -A, 
I 2a i I 2a } 

and is thus resolved into factors. 
It will be observed that 

-i.-^ and - —'\-d 
2a 2a 

are the roots of the equation 

^ ybx c 
^^+ — -1-- = o. 
a a 

258. When x is open to admit all values whatever, 
positive or negative, the expression a>x-\-'b receives ac- 
cordingly all values by the variation of x^ a and h having 
certain assigned invariable values. This will not always be 
the case with the expression ax^-\-bX'\'C, 

For ax^ -\-bx ^ c -s:^ a\ x^-\'-x->t'- >, 

I a a\ 

r .J> ^V^ ^c b^ \ 
I c 4a^ a 4a^ ) 

Now, if ^^ < 4ac the quantity within the brackets is always 
positive, and can range in value from —"I - upwards. 

Hence the expression ax^+bx+c always has in this case 

the same sign as a^ and can range in value from ^^^^ . 

4a 

as its limit 

If b^>4ac, then ax^+bx'\-c can become zero. 



ax^ 
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If — -"^ , as it is necessarily a negative quantity, is re- 
presented by — «^, 

and is zero when X'\ — = +«. 

2a — 

Let — — 4« = ^t 
2^ 

and — —n = /^. 
2a 

A dwc^ + ^^ + r = tf (^— i4) (x — >&). 

As long as x is greater than both h and /^ or less than 
both h and k^ the expression has the same sign with cu^ and 
in numerical magnitude can increase without limit. 

When X is between h and ^, the expression has a con- 
trary sign to a. 

Ex. I. 3^H3^+i = 3 (•^*+^+i), 

= 3(^2 + ^ + ^ + ^ + ^)^ 

This expression is always positive whatever be the value 
of x^ and its least value is ^, when :r = — ^, because of the 
two terms of which it consists, that one which is open to 
variation is then made to have its least value. 

Ex. 2. 3^2_ij^+i8 = 3(^2 _^<^^ 6)^ 

= 3(^'-5^+¥-i). 

= 3{(^-4)'-i}, 
= 3(^-2)(^-3). 

Hence as long as x is greater than 3, the expression is 
positive and can be made to take any numerical value. 

When X is between 2 and 3 the expression is negative. 

When X is less than 2 the expression is positive and can 
be made to take any numerical value. 
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Ex. 3. 4:r— ^*— 3 can never exceed unity whatever value 
0? assumes. 

For 4:r— ^^ — 3 = x—x^-^^-^^ 

and therefore is unity lessened by a quantity which must 
always be positive or zero. 

The expression is equal to unity when jc = 2. 

259. ^Vhen two roots of a quadratic have been found, 
whether they be two different roots as in the first case of the 
three above-mentioned (255), or two equal roots as in the 
second case, no more are to be obtained, and the solution 
is complete. For were it possible that the quadratic could 
have more than two different roots, let these be /, ^, r. 
Then the characteristic of a root being that it satisfies the 
equation (133) 

we have ap^-^-bp-^c ^ o^ (i) 
aq^'\'hq-\-c -=• o\ (2) 
«r2+^r+^ = oj (3) 

Now (i)— (2) gives 

a(p^-q^)-\-b(p--q) = o. 

Since p is unequal to q this equation may be divided by 
/— ^, and then 

a{p-{-q)-\-b = o. 

So (i) --(3) gives 

a{p-^r) + b = o, 

/. r =^, or the three roots are not different. 

Also if two roots be equal there cannot be a third, for 
if / be one of the equal roots, since in this case the 
equation as it is presented requires no completion of the 
square, and b^ = 4«r, 

ap'^+bp-\-c = o 

gives t?^^+2 y/ac.p^-c = o, 

/• ps/a-\^s/~c = o. 
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If then r were another root difierent from/, 

r^a±s/c — o 

would be true for similar reasons, 

/. / = r, 

oxp and r are not different. 

280. ^^-•075^+3*45 = o- 

Science Examination^ 1865. 

^2 -.075^ = -3'45 
:xr2- -075^+ (-0375)2 = (•0375)2-3-45 

== a negative quantity, 
.% ^—'0375 = the square root of a ne- 
gative quantity. 

/. X can have no real value to satisfy this equation. 

This is an example of the appearance of what are termed 
impossible roots. Their existence may be seen before the 
solution of the equation is attempted by the test of (255). 

261. Examples for Practice, 

Q X 

I. ^2_24 = -. 

3 

2. 2^2^^ s= i^^ 

3. ab{x^-\-i) — {a^+b^)x, 

4. (^-3)(«^— 2)4-(^-3)(^~i) + (^-i)(jf-2) = 2. 

^ 3 

6. {a-\-b){ax-Yb){a'-'bx) = (^52^:— ^2^(^-1-^^:). 
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^ x"^ X 
3 2 

S- 3^-53-^+34 = 0- 
10. (^+2)2 = 4(0: 4- 5)- 



II. 


^+ 


2 


1 






12. 


2 


^ 

3" 








13- 


3^' 


-5^- 


— 12 


=: 


0. 



14. 6^* = 5^+6. 

15. X = -ff + T^ • 

, X , a X , d 

16. _4.- = - + _. 

« a: ^ ^ 

17. — h«jc = ;wjc + -. 

18. ^~(dr2+^)^+(«2-^)^^ = a 

19. a:— , = 2. 

3:1:— 2 20:— I 



21. 



I 2 



^ — 2 ^H-2 



— 3 



22. \/3-^— 2 , 2;C — 3 = 12. 



23. ^/2^+4- /y/f +^ = ^ (243) 

24. v^^ + 2+ >v/2:v-j-2 =^. 
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25. (2^-3)(^+-4) = 63. 

26. x+- = 3- 
.7. is--H = 1^.(240) 

28. V:x^ + 3 + V^+6 = 3 Vx. 

20. T -" TJ" 

^ a:— I ^+2 

3 ft — 3__ 

31. y/S2-\'X- -v/82^ = 2. (243) 

32. V50TS- -v/SO-^ - 2. 

33. 2Vi^^4^+4^= ^• 

34. 



x-4_x+3^Tx^ 
x+4 ^-3 6 



35 

ex 8 . 3'2^ + i) 

^^ x-^3 4^-8 
38. 4x^-^xV2 = I. 

39- 3^_2 '^ 4^-3 

40. :v-4+i = o. 

41. (^-9i)* = 4(^-5oi)-(25i) 

42. If {2a+{«-i)^}^ is 48 when a = i and ^ = i, find 
a positive integral value for n. 
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262. Occasionally equations which involve more than the 
first and second powers of the unknown quantity, and so do 
not fulfil the definition of a quadratic, happen firom their 
peculiar form to be reducible to quadratics. 

The following are instances. 

263. Ex. I. ^ + 8 = (^+2)(s^+8). 

Each side of the equation is divisible by :r+2. Hence, 
if ^ = —2 the equation is satisfied, or —2 is one root 

If X have any other value than —2, then after dividing 
by ^+2. 

we have ^^—2:^+4 = 5.^ + 8, 

^^-7^ + V =4+V = ¥> 
^-. 7+ A/65 
2 

So that the three roots of the equation are 

, 7H-\/65 7~V65 

r<x, 2. ^- — ^py. 



. l-'X + X^ _ 13 

25(1-^+^^) = i3(i + 2;r+:c^); 
12^^— 5i:r = —12, 



« = 5i+4S = 

= 4 or i. 



9 6 or 6 
24 



Ex. 3. (^— 2)(^— 4)(^— 6) s= 3(^—2)*. 

In this equation one root ^ = 2 is found at once by in- 
spection, each member being divisible by^— 2, and there- 
fore becoming zero when ^ = 2. 

L 
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If the equation is satisfied by other values of ^ than 2, 
(^-.4)(^-6) = 3(^-2), 

13+7 
:r = -^-=^-L = 10 or X, 

2 

."• 2, 3, 10 are the values of x which satisfy the proposed 
equation. 

264. The following adfected quadratic happens to admit 
of being solved without any completion of the square : 

2CX c^-\-ab\b^' 

Hence ^ ^2^+^ ^ a^-f 3^ + ^^+^^^-^^^ /i6oX 

2^^ ' 

or f^^y=(^. 

x+c a-\-b 

Hence £±£+^ = ?+^±^ (169), 
x^-c-^ix^c) a+d+V^ 

^ -- a^±jy/ab 
X ^z c , ^+^i V^^ 

265. Although a quadratic equation has been defined 
to be one which, when reduced to its simplest form, contains 
only the first and second powers of the unknown quantity, 
yet many equations whidi contain higher powers of that 
quantity admit of being solved like quadratics by an arti- 
ficial completion of the square, when they contain some 
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power or expression and the square of the same. This will 
be observed in the following examples. 

Ex. I, 0^^\\0(^'\'2\ = o. 

This is analogous to a quadratic in its containing 9? and 
0(^ which is i^Y* ^^ ^^^ ^^ solved like a quadratic 

^— ii^c* = — 24, 

^6-ii^+(V)2 = (y)2-24 = ¥» 

jc3 = li±i = 8 or 3, 
2 

jc = 2 or ^ 3. 
There are other unreal roots also. 



286. Ex. 2. x^-\'2^x^—2x = 2(^^+4). 

/. 0^^2X-\'2aJx^^2X = 8. 



It is now obsen'able that the equation contains ^x^—2x 

and also ^—2^ which is {\/x^—2xY, It can thus be 
solved like a quadratic. 



X^~-2X-\-2^/x^'-2X-\-l = 9, 



V^^— 2Jt:H-i = +3> 

V"^^— 2^ = —4 or 2, 
/, ic* — 2a: = 16 or 4. 

We have now brought the equation to two quadratics. 

1. X^'~2X = 16, 

x^—2x-{-i = 17, 

:r = i-f Viy- 

2. ^^— 2X = 4, 

Thus the four roots of the equation are obtained. 
It will be seen already that the methods to be employed 

L 2 
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with equations like these cannot be taught by any specific 
rules, but must be drawn from the student's own ingenuity, 
when he has cultivated it by the study of examples worked 
for his instruction. 

A few examples will accordingly be given here with the 
steps of the solution exhibited, though the purposes of this 
book do not allow or require an)rthing like a complete dis- 
play of the artifices which equations bring into use. 

267. 4Jc2+8^+?+4. = 37. 

Since (^H-^)' = *'+2+p. 
if 8 be added to each side of the equation, 

4(.+ l)V8(.+l) = 45, 

4(^+i)V8(^+^)+4 = 49, 

x+l = 4 or -f. 

X 

I. ;c+£=f. 

X 

If 2 be added to and subtracted from each side succes- 
sively, 

^+2 + 1 = f, 

X 

and jc— 2 + 1=^ 

X 

whence ^J-i--I= = i-i, 

^X /v/2 

and ^x = = ±— =* 

^/X \/2 
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By addition 



2^/X 


- + 4_ 

~a/2 


or + 


2 


4X 


= 8 or 2, 






X 


= 2 or ^. 






2. 


X 


-i. 





Under the same process, 



( 



*/X, 

y/'x — ^^ = -v^ 



or quantities which can never be negative for any real value 
of X are equal to negative quantities. Hence this subdivision 
of the solution gives no real value of x^ though it might 
lead to forms of solution called impossible roots, which are 
not here considered. 

268. ^^±4-^Zl* = 8. . . . (A) 

x—\ x+4 ^ ^ ' 

Suppose that the equation to be solved were 

*-|=l- . . • (B) 

X 

Then ^^— i = fr, 

;r = ^±-5-= 3 or '-\. 

Now this solution of (B) suggests the manner of solving 
(A), because (A) coincides in form with (B) if the fraction 

^^^ be regarded as occupying the place of x. 
X — 4 

If then the equation (A) be multiplied throughout by ^i4> 

«^"~4 
we have 



e 



(: 



x-^) ^ * x-\ 
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whence ^^ = 3 or — I. 
^—4 ^ ^ 



• • 



1. ^+4 = 3^—12, jc = 8, 

2. ^+4 = —^(^—4) :t: = — 2. 



269. :v2 + SJV+4 r= S-i/^Hs-^+aS. 

Let 24 be added to each side of the equation. 



/. ^2+5^^. ^8 = SA/ir2+5:xr+28 + 24. 

There is now an equation containing a quantity 

a/^^+5^H-28, and the square of the same. It falls there- 
fore under the treatment of a quadratic, the square being 
completed by the addition of (f)^. 



ic2 + 5^+28-5-v/^2^5^+28 + (|)2 = 24 + V =-4^- 
••• Vi2+S^+28 = ^^^ = 8 or -3, 

^2 + 5^+28 = 64 or 9, 
•^^+5'^ = 36 or —19. 

Two quadratics of the ordinary form are now presented : 

1. oc^-^^x = 36, 

.-. ^2+S-^H-¥ = 36 + V = ^» 

:» = — JL=k_^ = 4 or —9. 
2 

2. rv^ + S^r = —19. 

This equation under the test of (255) admits no real 
root. 
The numerical solutions of the equation are therefore 

^ = 4 and X = —9. 



270. X/x-^yix-i = 3/12(^-1). 

If each side of this equation be raised to the third 
power 

3-^-3+3>/(2.^-3)-^{n/^ + >/2.^— 3} = 12(^—1), 
3V (2^-3)-^{V^+>/ 2^-3} =9(^^-i)> 
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and by substitution from the given equation, 



3 



%/{2X'-i)x .\/i2{x^i) = 3(^-1). 



Since both sides of the equation are divisible by ^^— i. 
the equation is satisfied by, 







%/x—i = 0, 










/. x—i = 0, 










^ = I. 






If^ 


has 


any other value, 


3{^' 


2 




:y(2x^^)x^i2 = 


■i)^. 






12(2;^: ^3)^ = 
4(2^«-.3^) = 
x^—Sx+g = 


2^(X- 

0, 


-2«+l), 






x-s = 


0, 








X = 


3- 




271. 


Vi3^+37-Vi3*- 


-37 = 


VT 



If each side of the equation be cubed, 

i3^+37-3(i3'^+37r(i3'^-37r 

1 9 

+ 3(i3^-^37)^(i3-^-37r-i3^+37 = 2, 
1 If 1 

or 3(13^+37)^(13^-37)^ I (i3'^+37)^ 

-(i3«^-37)*| = 72. 

By substitution from the original equation, 
1 1 _ 

3(13^+37)^(13'^- 37)^?/ 2 = 72 = 3x24, (A) 

and by cubing each side, 

2(i3^+37)(i3^-37) = (24)^1 
(i3^)^-(37)' = 6912, 
(iZxY = 8281 = (91)2. 
.-. 13^ = +91, 

^ = ± 7- 
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On substitution for x it will be found that the value 7 
satisfies the equation, but the value —7 does not The 
latter is therefore to be rejected, but it is instructive to trace 
the cause of its appearance. It will be found that if the 
equation had been 



and if this equation had been treated like that before us, the 
result marked (A) would have been obtained in this case 
also. Now the values +7 both flow from equation (A). 
Thus equation (A) replaces two separate equations, and 
gives the values of x which belong to them, and it is neces- 
sary to test by substitution which value belongs to the 
equation presented. 



272. Examples for Practice, 

Obs, — Real roots only are given as solutions. 

1. 2P0^ = s:!!;*— 8^2— 306. 

2. ^—7^^ =8. 



3. x^ = 2I + a/a:2-9-(243) 

S. ^^i!- = ^+4- 

^/X—l 

^^2 

6. v'^2_2^+9 — — = 3— '^- 

273. Simultaneous equations also in two or more unknown 
quantities may be such as produce quadratics, or equations 
to be solved in the manner of quadratics. Nothing can be 
done to describe such methods of solution but to offer some 
examples with the work in detail. 
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(2)-j-(i) gives 



(3)+(i)gives 



2^ = l+a3 = ^+^ 
• • »* — — — ;^— , 



276. Ex. 3. 2x^+^xy = 26 

Let J/ = ^, 



= 261 

3y+2^j^ = 39J' 



.-. x\2 +3>^) = 26, 






Zk^k _ 39 _ 3 
2 + 3^ -^-T- 



} 



Ex. I. z{x+y) = ^{x^y) . . (i) 

^2+j;2 = 29 . . (2) 

From (i) yc-^zy = 7^-7J', 

2^ = SJ', 

From (2) 29 X 4 = 4^2 ^ 4j;2, 

= 25^+4^, 
= 29^^^^ 

••. y^ = 4, 
^ = ±2. 

Then ^ = + 5. 

•■•^ = 5'l or *=-5l 
y = 2i y=-2i 

are the two pairs of solutions. 
274. Ex. 2. o^-yi = a^ . , (i) 

^-y = ^«. . . (2) 



^+>' = p. '■ . (3) 
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6>i»+4/& 


= 6+9^, 










(>k^-tjt 


= 6, 








<J»- 


•«*+-Af? 


= i+fft = -HI. 






i& 


12 


= |or-f. 




••. (1) 


if/J = 


# 














26 
= ±2. 


_ 26 X 2 _ 
13 


4f 




and then y 


= f*=: 


±3- 




(2) 


if/i = 


2 

7» 












*» 


_ 26 


_ 26 





2 + 3^ 2 — 2 

.'. X ^xAy have no numerical values. (2$) 

276. Ex. 4. 0^.-/ =: 2882, . . (i) 

a:— j; =2. . . (2) 

Compatibly with (2) we may assume 

^ = 5-1 J 
.*. (i) becomes 

2882= (j5-|-l)«-(2-l)« 
= 2 (5^*+ 10^2^1}, 
=2 IOS^ + 2X IOjS^+2. 

/. (102:2)2 + 20 x(io«*) + 100 _ 28800+100, 

= 28900 = (170)2, 

.% IOJ82 =: —104-170 = 160, or -i8o, 
^2 = 16, or —18. 

Rejecting the latter value if we are to obtain numerical 
results (33) we have 

s2=:i6, 

^= ±4- 

.-. ^ = 5, or -^31 
;;==3, or ~sJ' 
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(I) 



277< Ex. 5. _1-|.^ = 5, 

x^ y^ 


I 


I 
=1. 


X 


y 


Consistently with (2) we 


may assume 


I s+i 


I __ jg — I 


^ 2 ' 


y 2 



the difference of these quantities being i. 
Then equation (i) gives 



4 


1 

4 




J> 






or ^'+^ 

2 


^ 


5, 






0«+I 


:= 


10, 






Z^ 


= 


9> 






z 


i^ 


±3. 




• 
• • 


I — i±3 
X 2 


^ 


2, or 


-I, 




X 


= 


i, or 


-I, 


I 

~y 


_±3-i 

2 


= 


I, or 


-2, 




y 


= 


I, or 


-f 



(2) 



278. Ex. 6. 4x^+4y^ = 17^^, . . (i) 

Vx'-Vy = 3' • • (2) 
Equation (i) will give the value of - , and then (2) will 

give the separate values of x and y. 
Equation (i) is 

whence - = ^^^ = 4, or J, 
7 ^ 
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V: 



I =±2, or ±\, 



Hence (2) gives 



/. ^ = 9, or I, /. X = 36, or 4. 

2. -L = ±i-i = — i, or -|. 

^ = 36, or 4, /. ^ = 9, or I. 



• • 



Hence the pairs of solutions are 

279. Ex.7. («*+W + (^^-^'^)' = 2g+|)*, 



^ I y a^'¥b'^ 
The former equation gives 

or.«+y = 2?^' • (^) 
The latter equation gives 

^ — 1?S^ 
2*^ = 2-^^ • • (3) 



• • 



(0+(3) gives 



«»+2:ry+y =^, 
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or x-\ry= +2. 

o 

(i) - (3) gives x^ - 2xy'^y^ = ^, 

or ^— V = +-. 
~« 

/. ^ = -f i+i. 
or the four pairs of solutions result 




m Ex.8. M^+l^ = 8 . . (I) 

^2^y = 2(a«+^*) . (2) 

Since 2{x^'\-y^) ^{x^yf + {x-yY 

the second equation may be replaced by the form 

{x +j;)« + {x ^yY = 4(^2 + ^2) . (3) 

It will now be seen that this new form of (2) and the 
equation (i) present us with two equations of simple form 
if {x-^yYi and {x^y)^ are regarded as the unknown 
quantities. 

(3)*^« gives (^V^^' = 4(1 +|;> 
and when this is subtracted from (i) 
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So {x-yY = /^. 

X'-y = +2^/* 

So that the following four pairs of solutions eventually 



anse 



y ^a—bi' 
X = « — ^"1 

X = — d5— 31 

>'= -a+bj' 

X :=■ — df+31 

j; = —a—bj' 



281. Ex. 9. vO'+^+ v>-^ = A/y-^^ (i) 

2(j^— ^) =s ^. (2) 

The first equation may be expected to give a relation 
between x and j^, and then the second will determine their 
separate values. 

If both Mdes of (i) be squared, 



2y'\'2^/y^'~x^ z=zy^^x\ 
y^-^x^—2^y'^'-x^'\-\ = 2^+1, 



But firom (2), 

2^^+! = a^-{-2X'^l = (jc+i)^, 



/. y/y'^—x'^ = i±("^+i) = -^+2 or — ^, 
y^'-a^ = jc*4-4Jp+4 or .r^. 



•2 



I. •?. = jc2_^2;c+i = (^+1)^. 

2 
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whence j^ = 2+\/6, ^ = ^i + (x'3± \/2)' 

Since a:2+2:v = 27, 

/. ^ = o, then ^ = o ; 
or (a;+2)2 = 8, 

* = —2 + 2 v''2. 

and y St 2 (i2+8v'2), 
4 (6+4a/2), 



y = ±2\/64-4V2. 
282. Ex. 10. i/^+7-V j^ = 3, (i) 

From (i) we have, 



\/ x-\-y '=. — 2%/ x—y. 
If both sides of this equation be cubed, 

x-^-y = -%(^-y\ 
or 9^; = 7;^, 



;; = 2?. 



Then in (2) 



x^H\?^ = 75, 

^^ = M X 49- 



Hence j^ = ±9>v/if, 
the double signs being used dependently, the upper and 
the lower being taken together, so that two pairs of values 
result. 
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283. Ex. II. t^^ = 

y X 

x_y ^5 
y X ^' 

The equations can be altered into the forms 

o^-y^ — ^-ixy, (i)"l 
■^^-y = \xy, (2) J 

.% (i)h-(2) gives ^^+>'^ = 13, 

.% 4xY+UxY = 169, 
i6Qji;*y2 >. 

-^ = ^69, 

xy = +6. 

I. Let xy = 6. 

/. o^^y^ = s, from (2) 
while x^-^-y*^ = i3- 

/. 2j;2 = 18^ ^v^ = 9, ^ = 4-3, 
2^ = 8, y =4, j; = +2. 

Although the double signs in the values of x and y 
appear to arise independently, they are governed by the 
condition that xy is positive, or that x and y have the same 
sign. Hence we may have 



^ = 3 
•^ or 

j^ = 2 



X- -3I 

y = — 2 J ' 



2. Let xy =. —6. 

;•. ^'-y = -5, 
while a:2+>'* =13* 

.% 2^^ = 8, ^ = +2, 

2y = 18, J/ = ±3. 
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Here the values to be selected must be such that x and y 
have contrary signs, since xy = —6, 

•••^= ^\ or ^=-^1. 

y = -3J y = 3J 

The solution of this equation supplies an important 
caution, because it shows how values may sometimes arise by 
the process of solution adopted, which are not admissible as 
roots of the proposed equation. Thus in the subdivision (i), 
the equations at which we have arrived, 

include the two pairs of solutions of the proposed equation, 
but include two other pairs besides, namely. 



^= 3l ^ = -3l 
X = —2 J ^ = 2 y 



which are not admissible ; the reason being tliat equations 
(A), as far as they represent the proposed equation, do so 
only under the limitation of xy being positive ; and by this 
limitation these latter pairs of values of x and y are re- 
jected. 

Thus four pairs of values of x and y result as solutions of 
the proposed equation. 

284. Ex. 12. ^-f^y+y = io8^^ . • (i)l 

x^-^xy -fy = i8^ . . . (2) J 

The key to these equations is the fact that 

x^-\-x'^y'^-\-y^ = {x'^''rxy-\'y^){x'^^xy-\-y^). 

(i)-5- (2)2 gives 

_i??_ or 1 = ^+-^y+y = ^ -^HvV* 
(i8)2 ^ {x^-\-xyJty^)^ x^-\-xy^'y^^ 
x^+xy+y^ = 3(-^'^— •^J'+y)* 
2{x^-j-y^) = 4xy, 
x^'~2xy'\-y^ = o, 
X'-y = o, 
X = y. 

M 
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Then from (2), 

whence either a: = o, 

or 5^ = 18, ^ s=s 6. 

are the solutions. 

The following is another example to which the same treat- 
ment will apply : 

^ + ^V+/ = 931/ 
285. Ex. 13. ^5=y (i)l 

^2+y + 22 = 9i . (3) J 

Since in (i) - =^, we may represent each of these frac 
y z 

tions by the symbol ^, so that 

x=^ky\^ 

y = kz} 

/. (2) becomes (^^ +^ 4- i)z = i3> 

whence (>^+^+ 1)^^^ = 169 ; 
and (3) becomes {k^+k^+i)z^ = 9^. 



• • 



6/^2_2o/&= —6. 

... >^ = S±4^3,ori. 
3 

/. i-\-k + k^ - 1 + 3 + 9 = i3» 
or i + i+^= V^. 
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.*. z = ,''— - = I, or o. 

J' = ^^ = 3» 

^ = ^j; = 9, or I. 

•*• the twro sets of values which satisfy the equations are 




5 =s oJ 



}• 



286. Ex. 14, ^2+y ^^2 ^50 , , (i) 

^—^—2: = —6 . . (2) 
^(J'^^) = 27 . . (3) 

Equations (2) and (3) are two equations in the two quan- 
tities X and y'\-z^ and will therefore suffice for determining 
these quantities. 

(2) gives j;+0 = ^+6. 

.•. (3) becomes ^(^+6) = 27, 

^^+6^ + 9 = 36, 
^= — 3±6 = 3> or —9. 
/. y^-z = 9, or —3. 
A y^-^-z^ = 50—^' = 41, or —41. 

The latter value is inadmissible if numerical results are 
required. 

/. 82 = 2(/ + 22)^ 

.-. (^-2)2 = 82-81, or 82-9, 
= I, or 73. 



• • 



y-z=- ±1, or + ^/73, 
and y-^z = (). 

2y=^9±h or 9±V73y 
^ = 5, or 4, or i(9±y 73)» 
20 = 9^1, or 9+ V73- 
^ = 4, or 5, or ^(9+^73)- 



M 2 
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287. Examples for Practice, 



mJk 

I. 



x^-^-xy = <3f^l 
y^-\-xy^b^]' 



.1 .1 

2. x-\'-^y-\'-'=' 

y X 

x^^y^^ 1 
^ y^+X= 10/ * 



4- 




m 


X ^ 


5- 


^^ = 12 J 


6. 


^2+/ = 25! 
xy ^ 12 J ' 


7- 


3^ + 2y= 13 1 
xy — d J ' 


8. 


3;c2- / = II y 



3^2+2/ = 30! 

^x^— y = II J * 



10. 



^+^=1 



£+3=4 



X y 






1\ 

2X 3^ 



12. ^^^=,(^±^>" 
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13. **+-^ = 337l 

x^+2ax+y^^{a+bf^ 



15- x+y^-z^x+y^^x^+j/^^io. 

16. y^^-^^" ^ 



x^ y X /- 

XV ^t J 



xy 

x-\-y _ 8 



17- 7 



= 12 J 



18. 



^2^2 — I ij,2 _ 5^2 = 45 J 



19. Prove that the following equations are incom- 
patible : 



^+ Vx^—y^ X— Vx^—y^ "^ 
^x'^-y^-hy ^/ x^'-y^^y _- y I ' 

V.X:^ — j;2 ^y ^ -p2 __^2 _|_^ J 

20. ^0^+^) = S, X^+^) = 8, -2;(a:+j;) = 9. 



J'^— JWC + 2^^= 13 >. 

x^y -{- z = 2^ 
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287. Examples far Practice, 



I. 



10. 



y^^xy^V^i' 



2. ^-f_=^ + - = f 

y^+x = 10 J * 




5- 
6. 

7. 



8 4^H7/ = i481 
3^:2— y = II J* 



3^2 

5^' 



+ 2/ = 301 

-y = iij* 




2x+sy = 4\ 
''• -L+JL^if- 

2X ^ J 

x+y = c 



12. 



^+7 = ^ 1 

^ J' ^ J 



Quadratics, Simultaneous Equations. 165 
13. **+^ = 337l 

IS- x+y+sVx+y = A;2+y =: 10. 

16. y2-»-^2-»-^ i""^^L 

ivy = 3 J 

x-\'y_ 8 



17- 7 



= — ^— 1 
= 12 J 



18. ^^'-ii+^/y-5 = 7 1 

19. Prove that the following equations are incom- 
patible : 



\/^2-y+y _ '^ x^-y'^^y — y I ' 
V^^ —^2 — j^ ^/x^ —y^ -^y J 

20. xiy-^-z) = s, X^+j&) = 8, z{x+y) = 9. 

^*-j^«+;82 = 6 

21. 2j^2;' 



yz^zx+2xy^ 13 >• 
x^y + js; = 2-* 



I 
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288. Problems producing Quadratic Equations. 

Problems may produce quadratic equations, either single 
or simultaneous, as it may be needful to assume one unknown 
quantity or more than one. The conditions of the prob- 
lem being thus expressed in Algebra, the solution of the 
equation or equations supplies the required answer in the 
manner which has been already exemplified. 

Since a quadratic equation has generally two distinct 
roots, two answers may thus appear to arise, but both will 
not always belong to the problem on which the equation is 
formed. 

Suppose the problem be this : What is the positive integer 
such that if it be squared and 12 be added to its square, the 
result is seven times the number 1. 

If ^be taken to represent the number, the property which 
is to distinguish and define it is expressed in Algebra by the 
equation 

From this we find a: = 3 or jc = 4. Two answers to 
the question are thus supplied, and it will be found on 
trial diat either of them fiilfils the condition expressed in the 
statement of the problem. 

289. Again : What is the number such that if it be squared 
and 9 be added to the square, the result is six times the 
number] The resulting equation is 

^^-1-9 = 6x, 

whence only one value arises, ^ =• 3, the equation having 
equal roots. 

290. If another instance be, What is the positive integral 
number such that if 12 be subtracted from the double of 
its square the result is five times the number ? the equation 
expressing this property is 

2^^—12 = 5JC, 
whence ^ = 4 or — ^. 

Hence 4 is the number answering the conditions of the 



^ 
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problem, the other root — f being inapplicable, because a 
positive integer is required 

It is obvious in this instance that — f is an answer 
which cannot be admitted, and that the other root is the 
only one to fulfil the conditions of the problem, but we have 
to account for the appearance of such an inadmissible result, 
if the reasoning from the premises has been correctly per- 
formed. The explanation of its appearance is this, that the 
algebraical statement of the question in the equation is more 
comprehensive than the verbal statement in the enunciation 
of the question. The problem asks for a positive integer. 
When X is taken as the symbol to represent it, x cannot be 
tied to mean nothing but a positive integer, and accordingly 
must mean every number positive or negative, integral or 
fractional, which has the property that 2^^—12 is equal to 
5^. There are two such numbers, it appears, 4 and— f, and 
the equation by its roots presents them both. 

291. To take another instance where the algebraic state- 
ment of a question expresses more than the fact of the 
question which immediately produces it, let this be the 
problem considered. 

Two rectangles have the same size, 18 square feet The 
length of one is 3 feet more than the length of the other, 
and their breadths together make 5 feet What are their 
dimensions 1 

Let X be the length of one of the rectangles in feet, and 

^+3 the length of the other. 

18 18 
Then — and are their respective breadths in feet 

X x-\-z 

Hence the condition of the question is that 

L8+^=S, (A) 

X x-tz 

when a; = 6 or — f . 

The former root gives the solution of the problem, 
making the lengths of the rectangles 6 and 9 feet, their 
breadths accordingly 3 and 2 feet The latter root — f gives 
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no result applicable to a rectangle, but it has arisen because 

the equation (A) expresses not only the condition of the 

particular problem before us, but expresses and includes all 

i8 i8 
values oix such that —^ and together make 5. Now 

- f is a value of x which makes these two fractions added 
together give 5, and accordingly rises before us out of the 
solution of the equation. 

292. Let the problem be this : What is the age of a child 
when, if the number of his years be squared and 81 added, 
the result will be thirty times the number of his years. 

Let the child be x years old, then 

x^-vZ^ = 30JC, 
when ^ = 3 or 27. 

The latter root is inadmissible, because the years of a 
chiliVs age are required, and 3 years accordingly is his age. 

Now the value jc: = 27 arises, because in taking x to 
represent the age, it is impossible to restrict the symbol to 
a MlcPs age. We must accept whatever numbers result 
fulfilling the terms of the equation, which is thus an ex- 
pression in Algebra of a fact respecting numbers more com- 
prehensive than the statement of the problem in words. 

293. The following problem is one which admits no solu- 
tion, and Algebra will declare for us that there is none. 

What is the number such that if it be squared and 5 
added to the square the result is four times the number 1 
When X is supposed to represent the number, 

a;2-|-5 = 4^. 

•*• X — 4^ "I" 4 ^ "~ '> 
{x-if = -I. 

Now no numerical value of x fulfils this condition, the 
equation having unreal roots, as the test of (255) would have 
shown before the solution was commenced. Hence no 
number fulfils the conditions of the problem. 

In this case it is not that there may be a number to fulfil 
the terms of the question, and that Algebra admits its inability 
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to discover what that number is, or whether there be one, 
but Algebra demonstrates that there is no such number. 
The reasoning is this : A number under the proposed 
condition does or does not exist If it exists let x repre- 
sent it. Correct reasoning thus leads to an impossibility. 
Therefore the supposition of the number existing is wrong. 

294. The length of a rectangular field exceeds the breadth 
by a yard, and the area is 10,100 square yards. Find the 
length of either side. 

Let the length be ^ 1 1 yards, and the breadth x yards. 
Hence the area is x{x-\- 1) square yards. 

A x(x-\-i) = 10,100. 

This equation may be solved by the ordinary method as 
a quadratic, and the results are j: = 100 and — loi. After 
the latter is rejected as incompatible with the meaning of 
the problem, the dimensions of the field are pronounced to 
be 1 01 yards in length and 100 yards in breadth. 

The following problems are similar : 

Find the length and breadth of a room of 195 square feet, 
where the length is 2 feet more than the breadth. 

Would the area be the same if the length were reduced 
I foot and the breadth enlarged i foot ? 

A brigade is marching in column with 5 men more in 
depth than in front, but if they form 5 deep they increase 
the front by 845 men. How many men were there in the 
brigade ? 

295. In a concert room 800 persons are seated on 
benches of equal length. If there were 20 fewer benches, 
it would be necessary that two persons more should sit on 
each bench. Find the number of benches. 

Suppose that x—i persons sit on each bench in the first 
case. 

Then there are benches. 

x—i 



I/O Algebra, 

In the second case .r + 1 persons sit on each bench, and 
there are accordingly — ^ benches. 

In the latter case, the question states, there are 20 fewer 
benches than in the former. 



= 20, 



. 800 

x—\ 


800 


r I 


^ \ 


L^— I 


X^l] 




80 



x^^i = 80, 
x^ = 81, 

X =z +9. 

The negative sign giving a negative number of persons is 
inadmissible, and therefore there are in the first case x^i 
or 8 persons on each bench and 100 benches, in the 
second case 10 on each bench and 80 benches. 

296. An article is sold for 9/. at a loss of as much per 
cent as it is worth. Find its value. 
Let xl. be the value. 
The loss on the sale is :r: - 9/. 

X 

Now this is X per cent, of its value, or — parts ofxl, 

100 



• * X — 


9 = 


x^ 

100' 




X = 


90 or 10, 


.*. 90/. 01 


■ 10/. 


is the value. 



The following problem is similar : 

An article is sold at a loss of as much per cent, as it is 
worth in pounds. Show that it cannot be sold for more 
than 25/. (255) 
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297. A wine merchant sold 7 dozen of sherry and 1 2 dozen 
of claret for 50/., and found that he had sold 3 dozen more 
of sherry for 10/. than of claret for 6/. What was the price 
of each ] 

Let a dozen of sherry be sold for xl, 
„ claret „ yi. 



10 



Then 10/. will purchase - dozen of sherry. 

X 

6/. „ - „ claret 

y 

Therefore the second condition gives 

— =-+3 ... (i) 

while the first condition gives 

^X'\-i2y = 50 

or 'jx^ 50— i2y . . (2) 
/. (i) X (2) gives 

7o = (So-i2j;)^^+3^, 

whence i)y^—2y = 75, 

Then ^ = 2 or ^^. 

The nature of the question excludes the negative root, 
and the solution of the question is that a dozen of sherry is 
sold for 2/. and a dozen of claret for 3/. 

298. A cask originally full of wine is filled up with water 
after three gallons of wine have been drawn from it Four 
gallons of the mixture are now drawn off, and when the 
cask has been again filled up with water it contains equal 
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quantities of wine and water. Find the contents of the 
cask. 

Let 2X gallons be the contents of the cask. Then at the 
end of the operations described there will be x gallons of 
wine in it 

After the first filling up there are in the cask 

2;c— 3 gallons of wine, 
3 „ water. 

Hence in every gallon of liquid that is drawn out there 

are ^^^^ gallons of wine. 

2X 

/. in drawing oflF 4 gallons of liquid 4 .. ^•^^3 gallons of 

2X 

wine are withdrawn. 

/. the wine finally left is 2;c— 3— 4 ^^""^ gallons, and 

2X 

this by the condition of the question is x gallons. 
/. 2^—3-4 ?^^ = x^ (A) 

2X 

2^*— 3^— 4^+6 = x^^ 

X = Ii-5 = 6 or I. 
2 

Hence 2^ = 12, or 2. 

The answer therefore to this question is that the cask 
contains 12 gallons. The value 20; = 2 is inconsistent with 
the drawing oflF of 3 gallons, but the equation (A) can em- 
body no such restriction upon the value of x, 

• 299. The sum of two numbers is 22, and the sum of their 
cubes 2926. Find them. 

If we were to suppose x to be one of these numbers, and 
22—^ the other, it will be found that more laborious num- 
bers arise than when the following is the assumption made. 

Let 11+^ and 11— ^ be the numbers, their sum accord- 
ingly being 22. 
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/. 2926 = (11 +^)*+(ii— ;r)', 
3^^ = 12, 

a: = +2. 

/. the numbers are 13 and 9, whichever sign x is allowed 
to take. 

300. What are the two numbers whose sum multipHed by 
the greater is 204, and whose difference multiplied by the 
less is 35. 

Let X be the greater and y the less of the two numbers. 
By the conditions of the question 

{x-\-y)x = 204 (i) 
{x-^y)y = 35 (2) 



Let J' = kx. 



/. {k-\-i)x^ = 204, 
(i->^)>{;^2 = 3S. 

• ' ^ 204 



•• k-k^ 



Hence k = /y, or -^, 
(i) lik^^,k^i = \1t, 



y2— 17X204 

24 ' 

X^-^^It, 



a/2 

Since integral numbers are supposed to be required, these 
values are inadmissible. 

(2) If^ = A 

;r= +12, J^= +5, 

.% 12 and 5 are the numbers required. 
The following problem is similar : 

The product of two numbers is 24, and their sum multi- 
plied by their difference is 20. What are the numbers ? 
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301. Problems for Practice, 

1. What are the two numbers whose difference is 5, and 
their sum multiplied by the greater is 228? 

2. Find three consecutive niunbers whose product is 
three times the middle number. 

3. A certain number consists of two digits. The left 
hand digit is double of the right hand digit, and if the digits 
be inverted the product of the number thus formed and the 
original number is 2268. Find the number. 

4. A farmer bought some sheep for 72/., and found that if 
he had received 6 more for the same money he would have 
paid i/. less for each. What was the number of sheep 
bought ? 

5. Two trains start at the same time to run 1200 miles. 
One runs 10 miles an hour faster than the other, and arrives 
10 hours sooner. What was the speed of each, supposing 
it to be uniform ? 

6. Goods are marked for sale at a price which gives a 
profit of « per cent, on the selling price and «+5o per cent 
on the cost price. Find n, 

7. The longest side or hypotenuse of a right-angled 
triangle is 10 yards, and of the other sides one is two yards 
longer than the other. Find the lengths of these sides. 

8. Two lengths of cloth are bought for 4/. 9^. One is 
three yards longer than the other, and each cost as many 
shillings the yard as it is yards in length. What are their 
lengths ? 

9. Two men run at uniform paces along a line, one from 
A to B, the other from B to A. Starting together from the 
points A and B respectively they meet after 6 minutes, and 
one performs the whole distance in 3^ minutes less than the 
other. Show that the pace of the slower one is J of the 
pace of the other. 
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CHAPTER VIIL 

RATIO AND PROPORTION. 



902. Def, — The fraction ^ is the expression and measure 

of the ratio which the quantity a has to the quantity b. 
This relation is expressed in symbol by the form a \ b, but 

the measure erf its value is the fraction -. 

b 

It will be observed that this definition agrees with, and in- 
cludes, the usual arithmetical conception of the ratio of t^vo 
quantities which admit of definite arithmetical expression to 
some common unit, or are, as it is termed, commensurable. 

For the fi*action - means a quantity which when multiplied 
by ^ makes a (27). Hisnce, when a and b are positive in- 
tegers, ^ is the number of times or parts of times that b has 

to be multiplied to make «, that is, the number of times or 

parts of times that b is contained in a. The fraction - is 

b 

also unaltered in value if a and b are both multiplied by or 

divided by the same factor (loi). It therefore agrees as a 

measure of ratio with the fundamental idea that the ratio of 

the same two quantities is unaltered whatever the unit be to 

which their magnitudes are expressed. The weights of two 

bodies, for instance, have the same ratio whether these 

weights are both expressed in tons, or in pounds, or in ounces. 

The algebraical measure of ratio now given thus includes 

the arithmetical conception of ratio, and embraces besides 

incommensurable quantities, or quantities with which we 

can only deal in arithmetic approximately, by taking their 

values to a specified number of decimal places^ 
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303. Two magnitudes cannot have a ratio unless the 
lesser of them can be multiplied so as to make it exceed the 
greater. Thus, for instance, time can have no ratio to 
weight or length, because no comparison of greater or less 
can be made between time and weight, or time and length. 
This is expressed by terming quantities between which ratio 
exists as quantities of the same kind, two lengths, for in- 
stance, two areas, two durations of time. 

Compound Ratio, 

304. If there be several magnitudes of the same kind, «i, 
^2> ^3,...^> it follows from (loi) and (113) that 

<jfi <i\ a^ ^3 ^«_i 

^n ^2 ^3 ^4 ^« 

In this case ai is said to have to a^ the ratio compounded 
of the ratios of ai to ^2, and of «2 to a^, and so on. The 
ratio ai I a„ is, we see, the product of the several ratios of 
which it is said to be compounded. 

305. Compounded ratio is exeiflplified in what is called 
the Chain Rule in arithmetic, where the value of one quantity 
is compared with that of another through intermediate links. 

Ex. If 3 oxen are worth as much as 10 calves, 
2 calves „ „ 3 sheep, 

4 sheep „ „ 7 pigs, 

to compare the value of an ox and that of a pig. 

If ^1 be the value of an ox, 
^2 » » c^lt, 

^3 » >> sheep, 

^4 >» » pig- 

/Zj : «2 = 10 : 3> 

^2 r ^3 = 3 .' 2, 

^3 ^ ^4 = 7^4- 

/, ?I = fl . ?2 ?^8 _ 1? , 3 7 - 75. _. 35^ 
a^ ^2 ^3 ^4 324 8 4' 

Here the value of an ox to that of a pig is a ratio com- 
pounded of the ratios of ox to calf, calf to sheep, sheep to 
pig, and this ratio is found to be \*. 
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Proportion, 

306. Def, — Four quantities are in proporticm when the 
ratios of the first to the second, and of the Uiird to the fourth, 
are equal. 

If a^ b, Cy d, be four quantities where a has a ratio to b, 
and c has a ratio to </, then the four are in proportion when 

?- = -. The quantities are then sometimes called propor- 
d 

tionals. 

Obs, — The two quantities meant by a and b in this state- 
ment are of the same kind one with the other (303), and c 
and d are also of the same kind one with the other, though 
of a different kind, it may be, from a and b, 

807. If the four quantities a^ b, c^ d^ are proportionals, 

when any three of them are known the equation -. = -■ will 

b d 



a c 
era are joiown ine equation 

determine the fourth. 



Thus, since ad =1 be, d := ^. 

a 

This is an algebraic statement of that which in arithmetic 
is known as the Rule of Three, whereby a fourth propor- 
tional is found to three given magnitudes, the process being 
that of multiplying together the numbers which express the 
second and third magnitudes, and dividing the product by 
the number expressing the first magnitude. 

808. Def. — Three quantities of the same kind are said to 
be in proportion when the ratios of the first to the second 
and of the second to the third are equal. 

Thus a^ by c, are in proportion, or proportionals, if ? = -. 

o c 

In this case b is called a mean proportional between a and c. 
This is nothing but a special case of the preceding more 
general statement, if the second and third of the four quan- 
tities therein considered are supposed to become equal to 
one another. 

N 



li 
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If a and b are two given quantities of the same kind, 
the third proportional to them is — , and the mean propor- 
tional is ^db, 

309. Any even number of magnitudes are called propor- 
tionals, or said to be in proportion, when, as they are taken 
two together in order, the ratios resulting are all equal. 
Thus a, b, c, dy ^,/,... are proportionals if 

%i -3i -j-i" ^^ ^^ equal fractions. 
oaf 

310. Def, — If three quantities are in proportion, the first 
is said to have to the third the duplicate ratio of that which 
it has to the second. 

If the quantities be a, b, c, so that 

11 (t b 

a : b = b : Cf or ^ z=z -^ 

o c 

then-^=:f. ^=^. 
c b c b^ 

It appears then that the ratio ^, the duplicate of the 

ratio ^, according to the definition, is the square of the 

ratio of a*^ to b^, 

311. Def, — In the ratio of a to ^, or ?, a and b are the 

terms of the ratio, and the first term a is called the antece- 
dent, and the second term b the consequent 

312. Def, — ^When four quantities, a^ b, c, dy are propor- 

tionals, or - = -., the antecedents, a and Cy in the ratios are 
o d 

said to be homologous to one another, and so are the con- i 

sequents, b and d. 



i' 
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313. Problems, 

1. A certain number is added to each term of the ratio 
3 : 10, and the same number is also subtracted from each 
term, and it is found that the resulting ratio in the first 
case is the duplicate of the resulting ratio in the second. 
What is the number % 

Let X be the number. By adding it to each term of the 

given ratio we have the ratio -^ , and by subtracting it 

from each term we have the ratio -^ . Now the former 

10— ;i? 

is the duplicate (310) of the latter. 

... i±^ = f_=£.y. 

\0'\-X \io—xJ 
/. (10— :r)2(34 ^) = (10+^X3 -jc)2, 
whence jc = 6, or — |^. 

If both terms of the ratio under the specified alterations are 
to continue positive, the latter is the only admissible answer. 

2. There are two amalgams of the same bulk, each com- 
posed of mercury and gold, in the ratios of 2 : 9 and 3 I 19, 
respectively. If they were fused together, what would be 
the ratio of mercury to gold in the resulting amalgam ? 

Let there be i ix cubic inches in the first, 

sothatthereare/"*°^'"^'f"'7' 

\ gx of gold. 

Let there be 22^ cubic inches in the second, 

so that there are ( a^ of mercury, 

ligy of gold. 
Since the amalgams have the same bulk, 

iix = 227, or ^ = 2y. 
Now after fusion, supposing no bulk to be lost, there are 

2^+ 3J = 4^+ 3l>' = 7y cubic inches of mercury, 
and 9^+ 19^ = i8j/+ igy = 37;; „ „ gold. 
.\ the ratio of the quantities of mercury and gold 

is 7 : 37. 

N 2 
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LOGARITHMS. 



1. Every positive quantity, integral or decimal, has a 
number belonging to it called its logarithm. These loga- 
rithms are so computed that they fulfil the following four 
remarkable laws : 

1. The logarithms of two numbers added together are the 
logarithm of the product of these numbers. 

2, The logarithm of one number subtracted from the 
logarithm of another is the logarithm of the quotient result- 
ing from dividing the latter number by the former. 

If ^, b be two numbers, and log a, log b mean their 
logarithms, these laws are thus algebraically expressed : 

loga^-logb =z\og{ab\ 



log flf-log ^ = log ^\ 



3. If the logarithm of a number be multiplied by any 
integer, the result is the logarithm of the power of the 
number of which power that integer is the exponent (30). 

If the logarithm of a number be divided by any integer, 
the result is the logarithm of that root of the number which 
the integer designates (32). 

If r be any integer, these two latter laws are thus jjgfe- 
braically expressed : 

rloga — log {a% 



-\oga-= log ((^\ 



Definitions. l8r 

2. No proof can here be offered that numbers must exist 
possessing the properties under which we call them logarithms, 
neither can any account be here given of the methods of 
computing such logarithms. The reader will accept the 
statement that if such numbers exist, bearing the properties 
aforesaid, they are called logarithms. He must also accept 
the tables which are pubHshed, recording logarithms for the 
several numbers to which they profess to belong, though 
he cannot at present verify the computation of these several 
logarithms, and he will be informed how he may use these 
tables to effect with comparative ease many calculations 
which would otherwise be most laborious. 

The truth is, though it requires for its demonstration 
higher algebra than this book introduces, that not only has 
every number a logarithm, but it has an infinite variety of 
logarithms, constructed, as the term is, on different scales or 
bases. The base of any system of logarithms is defined by 
the fact that in that system unity is its logarithm. The base 
in ordinary use is lo, and hence with this base log lo = i. 
Logarithms to this base are the only ones which will now be 
considered in their practical use. 

3. Whatever the base be, the logarithm of unity is zero. 

For since, by Art. i, log df+log ^ = log ab^ 

let ^ = I and .\ ab = a^ 

/. log df-flog I = log fl5, 

/• log I = o. 

4. Confining ourselves, as has been just premised, to lo 
as the base, we have by Art. i 

log TOO = log lo* = 2 log lO = 2, 
lo^ lOOO s= log lO* sss 3 log lo ^ 3, 

log loooo = 4 log lo = 4, 

and generally, if ;^ be any positive integer, 

log lo** = «. 
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Again, log ^ = log i— log lo = -log lo 

log tJtt = log I -log loo = -2, 
and generally, if n be any positive integer, 

log — = — «. 
^ io« 

6. The same number cannot have two different logarithms 
to the same base lo. For if it were possible that a had two 
different logarithms to the base lo, m and n suppose, then 

log \oa = log lo+log a = i + ;;/, 

also = 1+;?. 
.% m and n cannot be different 

6. The same logarithm to the base lo cannot belong to 
different numbers. For if it were possible that m were the 
logarithm of different numbers a and ^, 

log y~\ = log flj— log b = m^m = o. 
.-. \ must be I. 



or a and h are not different. 

Characteristics of Logarithms, 

7. It will be observed on inspection of the tables of 
logarithms to the base lo that the logarithms of numbers are 
larger as the numbers are larger. Since log i is zero and 
log lo is I, the logarithms of all numbers between i and lo 
are decimals between o and i. Since log loo = 2, the loga- 
rithms of all numbers between 10 and 100 are unity with a 
decimal part attached. So the logarithms of all numbers 
between 100 and 1000 are 2 with a decimal part attached, 
and generally the logarithm of an integer which has «+ 1 
digits is 11 with a decimal attached. 

A logarithm, consisting as it usually does of an integral 



Characteristics, 1 8 3 

and decimal part, is described by calling the integral part its 
characteristic, and the remaining decimal part its mantissa. 
Hence the preceeding results are expressed by stating that 
the characteristic of any number greater than unity is the 
number of integral digits lessened by i. Thus 3 is the 
characteristic of the logarithm of 3847*216, since this number 
has four integral digits ; while o is the characteristic of the 
logarithm of 3*847216, since this number has one integral 
digit. The logarithm in this last case is wholly decimal. 

8. Obs, — In a decimal where one or more zeros stand 
after the decimal point before the rest of the digits, these 
latter are called the significant digits. Thus, in '0013, 13 
are the significant digits, the two zeros non-significant. So 
also if an integer, as 51700, concludes with zeros, these are 
called non-significant. 

9. Since the logarithm of i is o, and logarithms decrease 
with their corresponding numbers, it follows that the loga- 
rithms of all numbers wholly decimal are negative. In using 
these logarithms an important alteration is made in them, 
for reasons hereafter to be given, whereby the decimal part 
is always positive, and the characteristic only is negative. 
Thus if —3*142657 be the logarithm of some number, the 
practice is to alter it to the form —4+ '857343, and then to 
write it 4*857343, the negative sign being placed over the 
digit 4 instead of before it, to express the circumstance that 
it affects that digit alone, and that the decimal part remains 
a positive quantity. 

With this convention in mind, it will be observed that 
when the number is a decimal with all its digits significant, 
in value therefore between i and ^, its logarithm is nega- 
tive, yet not so small as the logarithm of -^ which is — i. 
Its logarithm therefore will be something between o and — i, 
or -I with some positive decimal added. Hence — i is 
its characteristic 

When the number is a decimal with zero as its first digit, 
in value therefore below ^V but not so low as i^J^, its 
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logarithm is less than ^ i but not so small as -- 2, and so 
will be —2 with some positive decimal attached. Thus 2 
is the characteristic. And generally by following this reason- 
ing it will appear that the characteristic of the logarithm of 
a number less than unity is negative, and is the number of 
non-significant digits increased by i. Thus log. '00347 has 
3 for its characteristic, because there are two non-significant 
digits in the number. 

Ex. The characteristics of the logarithms of 

2i7> 217-35, 2-1756, -584, -00037, 
are respectively 2, 2, o, i, 4. 

10. Conversely, if we know the characteristic of a loga- 
rithm, we know the number of digits in the number and limits 
between which its value lies. If 5 is the characteristic, the 
number is one of 6 integral digits, and between 1 00000 and 
999999. If 2 is the characteristic, the number is less than 
-^ but not less than yJ^. 

11. As long as numbers have the same digits in the same 
order, whatever be the local value of those digits, the 
lo':;arithms of such numbers have the same decimal part, 
the characteristics only being different. 

For instance, 375 = 100 x 3-75, 

••• log 375 = log 100 + log 3-75, 

= 2 -flog 3-75. 

so that the logarithm of 3*75 is converted into the logarithm 
of 375 t)y adding 2 to the characteristic, the decimal part 
remaining the same. 

So log -00375 = log ^^, 

1000 

= log 375 -log 1000, 

= log375-3» 
and log 37500 = log 3*75 x loooo, 

= log 375 +4. 

Thus, whatever the number be in which 375 are the 
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significant digits, whether zeros be attached to the right, or 
the decimal point be made to take any proposed position, 
the logarithm of every number thus produced is known if 
we only know the logarithm of 375. 

To express this principle generally in algebraical symbols, 
if ^? = 10**^, n being any integer, 
log tz = ;? + log b. 

So that if there be two numbers, of which one results 
from multiplying or dividing the other by 10 or any power 
of 10, their logarithms have the same decimal part, the 
characteristics only being different 

This is the reason why the decimal parts of the logarithms 
of numbers less than unity are made positive (9). It is in 
order that these logarithms may have the same decimal parts 
as the logarithms of numbers greater than unity with the 
same significant digits. 

Logarithmic Tables, 

12. If the reader will open an ordinary table of the 
logarithms of numbers, he will find a vertical column on 
the left side of the page containing four digits, and ten 
columns of logarithms headed by the digits o, i, 2 . . . 9. 
These last are fifth digits to be attached to the former four, 
so that the table thus embraces numbers from 10,000 up to 
99,999. Opposite to every such number is a number with 
seven places of figures. This is a decimal, though to save 
printing the decimal point is not printed, and it is the decimal 
part of the logarithm of the number to which it corresponds. 
It will be observed that to save space the first three digits 
of the logarithm are not printed over and over again, but 
are printed once for all in the column headed by o, to be pre- 
fixed to the four remaining figures of the following records. 
The characteristics are never printed, but are to be prefixed 
according to the rules of (7) and (9). 

Hence from such a table we can take out the logarithm 
of any number with any five significant digits. 
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For instance, if 69754 be the number, we find in the 

interval horizontally on a level with 6975 and vertically 

under 4, the figures 5691. These are the last four figures 

of the logarithm, the former three being 843 printed only 

in the first column on the left. Thus the decimal part of the 

logarithm required is -8435691, and since the number has 

five integral digits, the characteristic of the logarithm is 4, 

and we have 

log 69754 = 4-8435691. 

Since the decimal part is the same whatever be the local 
value of the digits, and the characteristic alone is altered, 

log 69754000 = 7-8435691, 
log 697-54 = 2-8435691, 

log -0069754 = 3'843569i, 
and so on. 

13. Caution, — In some parts of the tables it will be ob- 
served that a horizontal bar is orinted over the fourth digit 
of a logarithm. The meaning of this is that for that loga- 
rithm, and those which follow in its horizontal line, the third 
digit is to be increased by unity. For instance, in the 
horizontal line of logarithms against 6934, we have such a bar 
printed in the fourth vertical column. It is thus expressed 
that whereas the decimal parts of the logarithms of 

69340 -8409838 

69341 are -8409901 

69342 -8409964, 

the decimal parts of the logarithms of 

69343 "8410026 

69344 -8410089 

69345 •84[oi52 

69346 are -84102 T4 

69347 -8410277 

69348 -8410339 

69349 -8410402. 
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The purpose of this contrivance is that the first three 
digits of the decimal part shall be printed only once for all 
the ten logarithms in the same horizontal line. 

Mr. Babbage in his Table of Logarithms prefers to print 
the fourth digit about half the usual size where the third 
digit has to be increased by unity, and not to use the hori- 
zontal bar which was adopted by Hutton. 

14. Although, as has been already stated, it requires Al- 
gebra beyond the limits of this book to show how loga- 
rithms are computed, and thus to enable the student to 
verify for himself the records of a published table, yet he 
may now satisfy himself by some instances that the numbers 
recorded as logarithms are logarithms according to the de- 
finition of (i). 

By reference to the tables, log 2, having the same deci- 
mal part as log 20000, with o as characteristic (7), is 
therefore "3010300, and log 3 for a similar reason is 
•477 12 13. These logarithms added together make 77815 13, 
which is the logarithm of 6 in the tables ; so that the loga- 
rithms of 2 and 3 added together are the logarithm of 6, 
the product of 2 and 3. 

So log T'5 = '1760913 
log '4 = 1*6020600 

the sum = 1 77815 13, 

and the corresponding logarithm in the tables is that of '6, 
so that the logarithms of 1*5 and '4 added together make the 
logarithm of '6 which is the product of 1*5 and '4. 

In these instances the law (i) of (i) is fulfilled, and now 
to exemplify law (2). 

log 9600 = 3-9822712 
log i'2 = '0791812 

difference = 3 '9030900, 
which from the tables is the logarithm of 8000. Thus the 
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logarithm of 1*2 subtracted from that of 9600 gives the 
logarithm of the number resulting from dividing 9600 by 1*2. 
Again, to exemplify law (3), 

log 200 = 2*30103 from the tables. 

If this logarithm be multiplied by 3, the result 6*90309 is 
from the tables the logarithm of 8000000, the cube of 200. 

Also log 160000 s= 5*2041200. 
If this logarithm be divided by 4, we have 

1*3010300 

which the tables give as the logarithm of 20, and 20 is 
known to be the fourth root of 160000. 

16. Suppose, however, that to exemplify law (i) in the 
instance of adding the logarithms of 15 and 3, the product 
of which two numbers is 45, we had taken from the tables 

log 15 = 1*1760913 
log 3 = *477i2i3 

the sum = 1*6532126, 

and this sum is not according to the tables the logarithm of 
45, that logarithm being 1*6532125. A fundamental cha- 
racter of logarithms therefore in this instance, as it appears, 
fails to be fulfilled. 

The explanation is this : The logarithms in the tables are 
not in general exact, but represent, as far as the seventh 
place, a decimal extending much further. Few numbers 
have their logarithms expressed by a terminating decimal. 
The logarithms of the rest are given to the seventh decimal 
place. Thus : 

the logarithm of 15 is 1*17609x259055 . . . 
and that of 3 is •477121254719 . . . 

their sum = 1*65321251377 . . . 
and the logarithm of 45 is i'6532i25i377 . . . 

so that the agreement is perfect of the logarithms of 15 and 3 



Proportional Parts. 1 89 

making together that of 45. In the tables, however, limited 
to seven places, the last digit of log 15 was made 3, with 
the error '000000041 ... in excess, and the last digit of 
log 3 was made 3 with an error '000000045 ... in excess 
also, and the addition of these logarithms consequently 
appears with an error in excess '000000086 . . . which re- 
presented to the seventh place is 'ooooooi. 

16. This instance may raise the question whether calcula- 
tions made by logarithms which are taken to a limited num- 
ber of places of decimals are exact and trustworthy, and the 
answer is, that in few instances are these calculations exact, 
but the results obtained are so very near exactness that they 
are practically of the same use to us as if they were, in cases 
where logarithms are commonly employed. Thus, to revert 
to the example just considered, 1*6532x26 is not, according 
to the tables, the logarithm of 45, but if by methods presently 
to be given we proceeded to find the number of which it is 
the logarithm, that number would prove to be 45*10526.... 
Since logarithms are generally used where the numbers in- 
troduced have many places of figures, an error affecting the 
last place only of the result is of less consequence in practice. 
It must not be disguised, however, that logarithms are a 
method of approximate computation, and are not sure to 
give results which are rigidly accurate. 

Proportional Parts, 

17. It has already been seen (12) how the tables and the 
law of characteristics enable us at once to write down the 
logarithm of any number of five digits, whatever be the local 
value of these digits. The case is now to be considered 
of the logarithms of numbers which have more than five 
significant digits, and we have to make the tables available 
for finding these logarithms. 

Since the decimal part of the logarithm, which alone there 
is any difficulty in determining, has no respect to the posi- 
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tion of the decimal point in the number, suppose that the 
number whose logarithm is required is 541 53 "4. Now if the 
page of logarithms be examined wherein are given the 
decimal parts for the numbers about 54153, it will be ob- 
served that for some extent on each side of 54153 an 
increase of unity in the number has the effect of increasing 
the logarithm by '000008. Since the logarithms; therefore, 
about this part of the tables are growing uniformly as the 
number increases by successive units, it is assumed that the 
law of uniform growth will apply to alterations of the number 
less than unity, and that an increase '4 of the number 54153 
will add to the logarithm -j^ of the addition whereby we step 
to the logarithm of 54154. Hence we find the logarithm of 
54153-4 if to the logarithm of 54153 we add t% of the 
difference 'oooooS, or •0000032. 

Thus log 54153 = 47336225 

•0000032 

log 54iS3'4 = 47336257. 

From this, by alteration of characteristics, come at once 
the logarithms of 54*1534, -0541534, and of all numbers with 
these same digits, whatever be the local value of the digits. 

18. The principle here explained is of extensive use with 
all tables wherein results are recorded at fixed intervals, and 
it enables us to obtain the proper record for other given 
points in the course of such intervals. The assumption is, 
that the quantity recorded is at the part of the table under 
consideration in a state of steady growth. The propor- 
tionate addition made to the record is called the proportional 
part, and the principle employed is called the method of 
proportional parts. 

The determination of the logarithm of a number of more 
than six significant digits is now only an extension of the 
method just given. For instance, if we were wanting the 
logarithm of 54i53'496> we should have to find the pro- 
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portionate addition for -496 by taking •4$6 of '000008 or 
•000003968, which to the seventh place of decimals is -000004, 

.-. log 54153 = 47336225, 
proportional part for '496 = '000004, 
log 541 53*496 == 47336265. 



• • 



19. Ex. Given log 6*1025 = 7855078, 

log 6-1026 = 7855149. 

find log 610-257. 

Science Examination 1869. 
From the given logarithms 

log 610-26 = 2-7855149 (11), 

log 610-25 = 27855078, 
difference = -0000071. 

Thus an increase of 'oi in the number produces an in- 
crease of -000007 1 in the logarithm. It is to be ascertained 
what, at the same assumed rate, will be the increase of the 
logarithm consequent on an increase of -007 in the number. 

If an increase -01 in tlie number gives an increase 
-000007 1 in the logarithm. 

/. an increase -001 in the number gives an increase 
•00000071 in the logarithm. 

.'. an increase -007 in the number gives an increase 
•00000497 in the logarithm. 

Hence log 610*257 = 2-7855078 

•00000497 

278551277 
= 27855128 

to seven places of decimals. 

20. To relieve computers from the trouble of calculating 
the proportional addition when more than five significant 
digits are in a number whose logarithm they require, the pro- 
portional parts are printed at the foot or the side of the page 
of logarithms, in what is called a table of proportional parts, 
as they correspond to each additional digit. Thus, in the 
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part of the table from which an example has just been taken, 
there is a table at the side thus printed : 

D P 

80 8 I 16 I 24 I 32 I 40 I 48 I 56 I 64 I 72 II 
and the meaning is that when '0000080 is the difference 
between two consecutive logarithms in the table, if there is 
an additional sixth digit in the number, then when the 
logarithm belonging to the five digits has been taken out, 
there must be added to this logarithm 

•0000008 when the sixth digit is i, 
•0000016 „ „ 2, 

•0000024 „ „ 3, 

and so on. 

When there is a seventh or eighth digit in the number, the 
additional proportional part in the tables is to be divided by 
10 or TOO. 

A table of proportional parts is to be used throughout that 
extent of the table of logarithms wherein the logarithms ad- 
vance by the prefixed diff*erence. In some pages of the 
table one table of proportional parts suffices. In other 
pages the differences vary, and two or more tables of pro- 
portional parts have accordingly to be constructed. 

The proportional parts are computed as decimals taken 
to the seventh place. Suppose at a part of the tables the 
difference is '0000078. The proportional parts for the digits 
I, 2, 3,... being tVj -A* fV>-- of this difference are conse- 
quently 

•00000078 = '0000008, 

•00000156 = '0000016, 
•00000234 = '0000023, 
•00000312 = '0000031, 
•0000039 = '0000039, 
•00000468 = '0000047, 
'00000546 = '0000055, 
•00000624 = '0000062, 
•00000702 = '0000070, 
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and the table therefore records as proportional parts 
8 I 16 I 23 I 31 I 39 I 47 I 55 I 62 I 70. 

21. It will be observed that at the earlier part of a table 
of logarithms the differences are larger in magnitude, and 
also change more frequently. As we advance in the table 
the differences grow less in magnitude, and the same diffe- 
rence applies to a larger number of recorded logarithms. 

22. The reader is now qualified to find, by means of the 
tables, the logarithm of any number whatever, the logarithm 
being correct to the seventh place of decimals, to which 
number of places it is supposed that the tables are con- 
structed. He will proceed according to the following 
method. 

Write down the characteristic by the rules of (7) and (9). 

If the number proposed has not more than five places of 
significant figures, write down its decimal part taken out 
of the tables, and the logarithm required is completed. 

But if the number has more than five places of significant 
figures, write down out of the tables the decimal part of the 
first five digits, add from the table of proportional parts the 
addition for the sixth digit, then the further addition for 
the seventh digit, and by summing up the whole the com- 
plete logarithm is found. 

23. Obs, — In operations of any length, wherein logarithms 
are used, it is a convenient practice, in order to secure the 
digits ranging one under another in their proper positions, 
to rule a vertical line down the paper and write on the right 
side of this the last four digits of tfie logarithm, and the rest 
of it on the left side. The last four digits of the logarithms 
are conveniently written down at the first inspection of the 
tables and then the remaining three. 

24. Ex- I. To find the logarithm of '00594. 
The tables at once give 3*7737864. 

o 
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Ex. 2. To find the logarithm of •3461171. 



log -34611 = 1-539 
prop, part for 7 



»> M 



2141 

83 



1*539223^ 
A log '3461 171 is i-S39223- 

Ex. 3. To find the logarithm of 295*8536. 

From the tables, after the characteristic 2 is prefixed, 

log 295-85 = 2-471:0716 (13) 



prop, part for 3 = 

9> » 6 = 



log 295-8536 = 2-471 



44 
9 



0769. 



Ohs, — 9 is taken as the proportional part for the seventh 
digit 6, because -00000088 is represented by -0000009 to 
seven places of decimals. 



26. Examples for Practice. 

1. log 57-0828 = 17565055 

2. log 2137775 = 6-3299621 

3. log 2-901793 = -4626665 

4. log -001977677 = 3*296i553- 

26. The converse process is now to be described. 

When a logarithm is presented, to find the number of 
which it is the logarithm. 

If the decimal part of the logarithm is found in the 
tables, the corresponding number is at once known, the 
number of its integral places being regulated by the charac- 
teristic of the given logarithm. 

Ex. 2-7500839 is die logarithm of 562*45 
5-7480717 „ „ 559850 

3-7490248 „ „ -056108 (13). 
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27. If the decimal part of the logarithm presented is not 
found in the tables, but lies between two successive records 
in the tables, the number is to be found by the method of 
proportional parts, on the supposition that between two 
successive records in the tables the number advances in 
proportion to the increase of the logarithm. 

Suppose the logarithm presented is 27480893. It is 
larger than the logarithm of 559*87, and less than the loga- 
rithm of 559*88. The difference of these two logarithms is 
•0000078. Since, then, as the logarithm receives this in- 
crease, the number has advanced by 'oi, a proportion is to 
give the advance of the number for an increase '0000015 in 
the logarithm. 

•0000078, increase of the log, increases the number by 'oi 

•000000015 
•0000015 » 



« » 



•0000078 
or '002. 

/. the number corresponding to the given logarithm is 
559*872. 

28. As in finding a logarithm, so also in finding the 
number indicated by a logarithm, the table of proportional 
parts dispenses with the necessity of computing the propor- 
tional addition. The following will exemplify the use of it : 
Required the number belonging to the logarithm 
•4626665. 
The next lower record in the tables gives 

log 2-9017 = '46265 25 
excess 140 

Now from the table of proportional parts for this part of 
the table, where '0000150 is die difference of two successive 
records, 

prop, part for 9 = 135 

leaving difference 5 

the proportional part which, when divided by 10, comes 

02 
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nearest to this is 45, the proportional part for 3, and 
thus the number so far determined is pronounced to be 
2-901793. 

SJ9. The reader can exercise himself in the following ex- 
amples, either by finding the logarithms of the numbers 
given, or by finding the numbers, supposing the logarithms 
given. 

1. log -0724658 = 2-8601331. 

2. log -0086598642 = 3-95 75 1 1 1. 

3. log 19743267 = 7'2954i9o- 

4. log 887-17777 = 2-9480106. 

5. log -0394068 = 2-5955712. 

6. log -5688975 = 17750340. 

7. log 158-8888 = 2-2010933. 

8. log 6*622894 = -8210478. 
9- ^og -05319876 = 2-7259015. 

10. log 3-37307 = -52017856. 

GO. The method being understood for finding 

(i) the logarithm of any proposed number, 

(2) the number belonging to any proposed logarithm, 

the reader is now qualified to use logarithms to perform 
the multiplication, division, involution and evolution of 
numbers, and to appreciate the power they give of effecting 
computations which would otherwise be almost unapproach- 
able from their complication and tediousness. 



Multiplication by Logarithms, 

81. By the definition of logarithms, when the logarithms 
of two numbers are added together, we have the logarithm 
of their product, and the product itself can then be deter- 
mined (26). 



Multiplication. 
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Ex. To multiply 598-6437 by •05462398. 

log 598*6437 = log 598-64 

H- prop, part for 3 

+ „ „ 7 

log -05462938 = log -054629 

4- prop, part for 3 



2-777 



2737 



+ 



8 



log of product 
Now log 32-703 = 

prop, part for 5 



I '5 14 
I '5 14 



» 



99 



1657 
22 

5 
4233 
24 
6 



5947 
5876 



71 
67 

4 
4 



/. the product is 32-70353. 



Since the numbers end in 7 and 8, the last digit of their 
product is 6, and the result obtained is not exact to the 
last digit. This is another instance to exemplify what was 
explained in (16) that logarithms taken to seven places 
are not in general exact values, and the results of working 
with them may not be trustworthy to the last place of 
figures. For the purposes where logarithms are employed 
such a departure firom exactness is not practically incon- 
venient. 

32. By extension of this method the logarithms of several 
numbers more than two give, when added together, the 
logarithm of their product. 

For log i^hc) = log (d5^)+log (i) 

= log^+log^+log^, 
and so if more factors. appear. 

Ex. To find the product of 8470, '053917, 48*306, -48309. 

It will be found in the tables that 
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log 8470 = 3-92718834 

log '053917 = 273117257 
log 48-306 = I -6841001 1 (13) 

log '48309 = 1-68410280 

.*. log of the product = 4-02716382 
Now log 10657 = 4-02716350 



j 320 
prop, part for 07 285 

350 
» » 9 366 

.% the product so far determined is 10657-079. 

33. Examples for Practice, 

1. 13-07564x13-7564 = 179*^738. 

2. -5684325x893 = 507-6. 

3- 47*3943 X "68974 = 32-68981. 

4. 167-75384 X -656247 = iio'o88. 

5- -647853 X •0712384x1-359865 = -0627605. 



Division by Logarithms, 

34. If one number, the dividend, is to be divided by any 
other, the divisor, the logarithm of the result or quotient is 
found by subtracting the logarithm of the divisor from that 
of the dividend, and then the quotient itself can be found 
from its logarithm. 

The only difficulty which division will raise is when the 
logarithm to be subtracted is greater than the logarithm 
from which it has to be subtracted, and when negative 
characteristics appear. The computer has to keep in mind 
in such cases the meaning of the quantities with which he is 
operating, that the decimal part of a logarithm is always 
positive, while its characteristic may be either positive or 
negative. 



Division, 
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For instance, to divide 30'48s by -052525. 

From log 30*485 = i •484:0862 
is to be subtracted 2720:3661 

and the result is 2763 7201 
Now log 580*39 = 2763 7199 



2 
2 



prop, part for 03 
A the quotient is 580*3903. 

It is to be remembered that the logarithm to be subtracted 
is —2 + '7203661, or the negative number —1*2796339. 

36. When the divisor has more than 5 places of signifi- 
cant figures, so that its logarithm cannot be written down 
by one reference to the tables, but has to be formed by the 
addition of a proportional part, it is a convenient arrange- 
ment to draw a distinct double line under the logarithm of 
the dividend, and when the logarithm of the divisor is formed 
which is to be subtracted fi"om the former logarithm, the 
eye is readily carried up to the proper line. 

Ex. To find the result of dividing 186*329 by *o6842973. 

log 186*32 = 2*270 2595 



2TO 



addition for 9 
log 186-329 = 2*2702805 (^) 

log *o68429 = 2*835 
addition for 7 

» » 3 



2402 

44 

2 



log *o6842973 = 2*835 2448 (b) 
/. log of quotient = 3'4350357 
log 2722*9 = 3*435 0317 



prop, part for 2 

» » 5 
whence the quotient is 2722*925. 



40 

32 
8 
8 
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The use of the double line enables the eye in subtracting 
the logarithm ip) readily to catch the successive figures of 
(df), from which the subtraction is made, and allows the 
numerical operation to stand in one column. 

[This arrangement, with other valuable suggestions, was 
brought to my notice by the Principal of the Normal School 
of the Royal Military Asylum, W. G. Reynolds, Esq., whose 
success in teaching the use of logarithms for practical com- 
putations gives value to his recommendations. — W. N. G.] 

Arithmetic Complement. 

36. To make the process of division less open to error 
from mistakes, when logarithms with negative characteristics 
would be subtracted, the arithmetic complement of a loga- 
rithm is used. The arithmetic complement of a logarithm is 
the logarithm subtracted from lo. It canine written down 
at sight by subtracting each digit of the logarithm from 9, 
except the last significant digit, and subtracting that from 10. 

Thus, the arithmetic complements of 

1*3987654 8-6012346 

2'4209876 are 1 1*5790124 
12-5980437 3*40i9563- 

Now, \ia is to be divided by by 
log|.=logdf-log^ 

= \oga-\- 10— log b— 10 

= log a + arithmetic complement of log^— 10. 

Hereby the rule for division may thus be modified. 

Add together the logarithm *of the dividend and the arith- 
metic complement of the logarithm of the divisor, subtract 
10 from the sum, and the logarithm of the quotient is found. 

The purpose for which the arithmetic complement is 
used is, that the subtraction of one logarithm from another 
shall be required. The student is recommended to exercise 
himself in performing division by both methods, with and 
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without the arithmetic complement, and practice will show 
him which method he will find the more easy and certain in 
any case which presents itself. 

Ex. To divide 32-906 by -004397623. 

log 32-906 



1-517 



log -0043976 
addition for 2 



3*643 



» 



3*643 



2180 
7820 ip) 



,, 3 
/. log -004397623 
of which the arithmetic complement is 12-356 

(a) and (ff) together give 13*874:0571 

10 

.% logarithm of quotient 
now log 7482*6 



3-874 
3-874 



prop, part for 7 



» 



99 



2751 (a) 



2157 
20 

3 



0571 
0525 



46 

41 

5 

5 



.*. the quotient required is 7482-679. 

37. Examples of Division for Practice. 



I. 



2. 



^^A- = -03827654. 



225-724 



3 

4 

5 



o^^V = 10175-87. 

•0849362 '^ ' 



to 7 places of decimals = -0000455. 



21979 



320 _ 



3-207693 

86^^ = -000039328. 

6. :5i74_63_ ^ 9.59. 
•0507925 



997602 to four places of decimals. 
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Involution by Logarithms, 

88. Involution presents no new difficulty. The logarithm 
of the number to be raised to a power is to be multiplied 
by the exponent of the power. 

To raise '0836 to the fifth power. 

log '0836 = 2*922 2063 

5 



6'6ii 



0315 



Obs, — ^The result of multiplying the decimal part, which is 
positive, by 5 is 4*6 11 03 15. To this is to be attached the 
product of —2 by 5, which is —10, and the result gives 6 
as the characteristic. 

Now log '0000040834 = 6*61102x9 



prop, part for 9 
/. the power is "00000408349. 



96 
96 



39. To find the whole number whose fifth root is nearest 
to 18*5. 

If iV represents the number whose fifth root is 18*5. 



N^ (i8-s) 
.-. log iV= 5 log 


5 
i8-5» 


= 6-335=8585 
log 2166900 = 6-335 8389 


prop, part for 9 


196 
180 




160 


>» w 8 


160 


,% N^ 2166998. 
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Although this result appears to be the exact fifth power of 
18*5, yet it is only this so far as the tables of logarithms re- 
present the logarithms. It is evident that the exact fifth 
power of 1 8 '5 must have 5 for its final digit, and cannot be 
a whole number. The result obtained, therefore, according 
to the terms of the question, is the nearest integer to the 
complete fifth power, as far as the tables of logarithms are to 
be trusted. 

40. Examples for Practice^ 

1. (-540968)* = -0463297. 

2. (-545124)* = -0481367. 

3. (4-8755)' = 6848386. (13) 

(34-762)* 

4. \o^lA — d_ = 32310. 

•0374 

- V 39 74 7 _ '00000015396. 
-00093624 

6. When x is 5, (f)' = 12-8. 



Evolution by Logarithms. 

41. Evolution is effected by dividing the logarithm of the 
number whose root is required by the number which desig- 
nates the root. It is only to be remembered that where the 
characteristic is negative the decimal part is still positive, 
and the logarithm requires a Httle alteration of form in order 
to divide it conveniently. If 3-1459684 were to be divided 
by 4, the number being really —2-8540316, the quotient is 
— -7135079, or in the usual form of a logarithm 1*2864921. 
This is conveniently obtained at once by placing 3-1459684 
under the form —4+1-1459684, whereby the quotient is 
at once seen to be —i + -2864921, or 1-2864921 in the 
usual manner of writing logarithms. So if the logarithm 
5-2189764 were to be divided by 3, it would be placed 
under the form 6 h 1-2189765, and give the result 2-4063255. 
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42. Ex. I. To extract the fifth root of 7. 

log 7 = -845 0980 

log 7* = '169 0196 

log 1-4757 = '1689981 



prop, part for 7 




215 
206 


99 99 3 




9 

8-8 


.% 7i = r47S773- 




Ex. 2. To extract the fourth root of -003624937. 


log -0036249 = 
prop, part for 3 

» » 7 


3-5592960 

36 
8 



• • 



log -003624937 = 3*S59l3004- 

log (-003624937)* = I •389:825 1. 
Now log -24537 = 1-389:8215 





1 36 


prop, part for 2 


i 35 


/. (-003624937)* = -545372. 




Ex. 3. Extract by logarithms the seventh root of -0047681. 




Science Examination 1864, 


log -0047681 = 


3*67813454 


= — 


7+4-678|3454 


.*, log Ij -0047681 = 


I -6681335 1 


log -46594 = 


1*668:3300 


prop, part for 5 


: 51 

1 47 




40 


» jj 4 


I 37 



/. V' -0047681 r?: -4659454. 
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43. Examples for Practice. 

I. ^v"^ = •sqtts- 

2. V *°3 = '49S93S *o six places of decimals. 

3. V*o34 = "SoS. 



4. V*o399o873 = '631179. 



5. *V '0456873 = 7732436. 

5 Vj3712_ _ .08689843. 
38-41513 ^ '^ 

7. "^ ^374 »- •000051605. 
3741 ^ ^^ 



8. ^L_44_^3 tQ six places of decimals = '006376. 
8263947 ^ '^' 

9. V '086 X 39*86427 = 21-5878. 

xo. ^/ 307x963 ^.6^ 
\/ 856x1042 ^'^ 



II 



. . V-^^^^-^^"^'^'^ "" '"^^--^^ = 3-860685. 

V 25-9683 X 47579 X -157296 



44. The student has now the principles before him on 
which, by aid of a table of logarithms, he can compute the 
value of any numerical expression of one term, since such 
an expression will be formed by no operations but multi- 
plication, division^ involution and evolution. Besides ex- 
amples formed from numbers taken at random, some expres- 
sions shall now be computed which arise in practice. 

45. If there be a solid wheel whose thickness is 4 inches, 
and its circumference 7-27 inches, it will have for its content 

^* ^*' cubic inches. [For this statement the reader 

3*14159 

is referred to books on Mensuration.] To compute this 

expression by logarithms : 
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log 7-27 = -86115344 

2 



• • 



1723:0688 

^ I ■ — ■■ f 111 ■ 

log 3'i4iS = '497iX37i 
prop, part for 9 | 124 

I , B , , _ _ .11 

•497^495 

i-225|9i93 

log 16-823 = I -22519034 

I 159 
prop, part for 5 i 130 

I 29 
» »» 9 ! 23 

content required is 16*82359 cubic inches. 

An instance like this will show that though logarithms are 
not instruments of exact computation (16), yet the results 
which they obtain are true as closely as in practice we require 
them to be. Suppose, for instance, that the last two figures 
of the result just obtained are not exact, the error does not 
amount to the thousandth part of a cubic inch. 

46. If the circumference of a spherical ball be measured 
and found to be 14-26 inches, it contains -016887 ^ (14*26)' 
cubic inches. [See books on Mensuration.] 

To compute this expression : 

log 14-26 = I -15411 19s 

i 3 

log (i4-26)« = 3-462J3585 
log -016887 = 2-227J5525 

sum = 1-689:9110 
log 48-967^= I -68919035 

i 75 
prop, part for 9 79 






the content of the ball is 48-9679 cubic inches. 
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47. Caution, — ^The logarithms of numbers do not by 
addition make the logarithm of the sum of those numbers. 

To compute the value of { a/3 '047 9 + ^347 9}'- 
In this example it will be our method first to find by 
separate operations the values of ^3*0479 and of V 3479- 
These values being added together, their sum is then, by aid 
of logarithms, to be raised to the third power. 

log 3;o479 = -48410007 (13) 

log a/3*o479 = '242:0004 
Now log 1745S = •241:9945 

I 59 
prop, part for 2 50 



/. a/3-0479 = 1-745^^' 

Again, log 3^7j9 = 3-541:4544 

log V 3479 = I -180:4848 
log 15*152 = 1-1804700 



prop, part for 5 

.'. V3479 = iS'i52S- 



148 
143 






^/3 -0479 + V 3479 = 16-89832. 
log 16-898 = 1-227:8353 
prop, part for 3 j 77 

» » 2 i 5 

:. log. 16-89832 = I -22718435 

log. (16-89832)3 = 3-683:5305 

log. 4825-3 = 3^68315243 

62 
prop, part for 7 63 

,% the result required is 4825-37. 



1 
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48. Sundry Examples, 

Ex. I. If log 2 = '30103, find, without the tables, the 
logarithm of 250. Science Examination 1866. 

1000 1000 

,% log. 250 = log 1000—2 log 2 
= 3 — '60206 
= 2-39794. 

Ex. 2. The logarithm of 2 is '30103, find, without the 
tables, the logarithm of '625. 

•6.5 = -- 

•% log '625 = log 10 — 4 log 2 

— 1*20412 
179588 

Science Examination 1868. 

Ex. 3. If log 2 = '30103, to find, without the tables, the 
logarithm of '0000025. 

log 4=2 log 2 = '60206 

•0000025 ^= i X 'OOOOT 

log '0000025 = log 'ooooi— log 4 

= —5 — '60206, 

or if the decimal part be positive in its usual manner, the 
logarithm required is 

6-39794- 

Ex. 4. If :v = 2'0946, to find the value oix^-zx—^. 



log 2*0946 = '321 
log (2*0946)^ = '963 



ion 
3033 



log9'i897 = '9633013 



prep, part for 4 



20 
19 
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/. ^3 «- 9'i8974, 
and 2:*:+4 = 8-1892. 
.*. o^—2x—^ = I '00054. 

Ex, 5. Calculate to four places of decimals I Q^ '3^416 

If the expression be represented by u^ 

Zu = L51?S. 
a/*93 
log 1-5708 = -196:1209 (13) 

log_;93 = T'968;4829 

log xr9Z = 1-98412415 

ar. comp. log ^7-93 = 10-015:7585 

log (8w) = ^18794' 
log 1-6288 = •211:8678 

I 116 
prop, part for 4 = 107 

/. Zu = 1-62884, « = -2036 to four places of decimals. 

Science Examination 1868. 



Ex. 6. To find the number of digits in 3 ^S'\ 

The expression presented is equivalent to ^ ^51. 

10" 

/. its log = 20 log 3-1-26 log 5 — II, 
= 15 + decimal. 
.*. the expression has 16 integral digits. 

Ex. 7. To compute T-^) . 

(I \*2 
— j =-12 log ro4= 1-7956604, 

whence T^ j = '62458. 
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Ex. 8. To find by logarithms the number of digits in 3**, 
and the number of ciphers between the decimal point 
and the first significant digit of the decimal which is equal 



to 



rr5* 



This question will be resolved by ascertaining what are the 

characteristics of the logarithms of 3** and 4^. 

3* 

Now from the tables log 3 = '4771213 

.% log 3** = 15 log 3 = 7-156 .... 

/. 3*« consists of 8 digit*. 



Again, 



= -7'iS6 • • • • 
= 8-843 • • • • 



.*. there are 7 ciphers between ffte decimal point and the 
fir^t significant digit of the decimal representing -\^, 

Ex. 9. Find a third proportional to -00063 ^tnd 8*795. 

Science Examinatum^ 1864. 

The third proportional required is '-^|^. (Algebra 308) 

-00063 



Now log 8-795 = *944 

log (8-795)* = 1-838 

log -00063 as 4*799 
its ar. compt. = 13-200 



.'. log of third proportional = 5*089 

log 122780 = 5-089 

prop, part i 
/. third proportional a» 1 22781. 



2358 
4716 



3405 
6595 
1311 
1276 



35 
35 
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Use of Logarithms in Computing Compound Interest. 

49. Logarithms are brought into use in computing com- 
pound interest of money, and in questions respecting an- 
nuities^ fines, and reversions, where compound interest is 
taken into account. 

Where interest is supposed to be paid yearly, the meaning 
of compound interest is that the amount at the end of any 
year becomes the principal for the year ensuing. If j/. be 
the principal at the beginning of any year, this amounts at 
the end of the year to i/., together with the interest on i/. 
at the rate per cent, supposed. Let R denote this sum unto 
which a principal of i/. grows at the end of one year. Com- 
pound interest therefore has the effect of multipl)ring the 
principal at the beginning of any year by this quantity R^ 
to make the principal at the beginning of the' next year. 

Hence if i/.be the principal placed at interest, it amounts 
at the end of i, 2, 3, . . . years to R^ R^, R^, , . , pounds. 

If j£F be the principal placed at interest, it amounts at 
the end of i, 2, 3, . . . years to /!/?, FR*, FR^, ... or 
in general terms, the amount of j£F at the end of n years 
is FR^, 

In calculating R^ logarithms come into use. 

50. Ex. To find the amount of i/..at 4 per cent, com- 
pound interest, when it has been at interest 24 years. 
Here R being i/., with the yearly interest thereon is i '04. 

The required amount then is (i '04)2*. 

log 1-04 = -01710333 
log (1*04)2* = •40817992 
log 2-5633 =?= -40817994 
,% the amount is 2*5633/. 

Ods. — This result, obtained by use of logarithms of seven 

places of decimals only, is not to be trusted beyond the 

third decimal place. 

p 2 
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61. Examples for Practice, 

I, The amount of i/. in 13 years at 5 per cent is 1*8857/. 

2» n » w » ^5 » 3 " » 1*55"^* 

3- w » w >, 16 „ 4| „ „ 202237/. 

4- » » >• ,» 37 9» 4i » » 4*805/. 

5. „ „ 125/.,, 10 „ 3i „ „ 176/. 6j. 6//. 

to the nearest penny. 

52. If J/" denote the amount of a principal FdX the end 
of n years, the equation M = PR^ enables us to determine 
the sum of money which has to be laid out at compound 
interest, that in a specified number of years it may reach a 
given amount. 

Ex. What sum of money at 6 per cent compound interer : 
irill amount to 1000/. in 12 years? 

p M 1000 

log 1000 = 3*0000000 



log i*o6 = '025 
log (i -06)^2 — .303 



log P = 2*696 
log 496*97 = 2*696 



3059 
6708 



3292 

3302 



/. the sum required is 496*97/. or 496/. 19J. 5//. 

53. The number of years can also be found after which a 
^sum placed at compound interest will exceed a given amount. 

Since MI^ = M, 

« log -/? + log Z' = log -^ 

• n — log ^ - l og ^ 

Ex. After how many years will 100/. exceed 1000/. at 6 
per cent. 9ompound interest ? 
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«_ log 1000 — log 100 
log I "06 



•0253059 
= 39' • • • 

Hence at the end of the 39th year the amount will be short 
of 1000/. ; at the end of the 40th year the amount will 
exceed looo/. 



64. Examples for Practice, 

1. At 4^ per cent compound interest a sum of money 
will first amount to more than double itself after 16 years. 

2. After how many years, at 5 per cent, compound interest, 
will 100/. amount to more than 600/. ) 



56. If interest is payable half yearly, or at other divisions 
of a year, R must be taken as i/. widi the interest which it 
bears in such interval of a half-year, or other assigned term, 
and n must be, not the number of years, but the number of 
payments of interest which fall due. 



Reversions, 

66. The value of a reversion, or of a sum of money to be 
paid after a specified time, is the sum which at compound 
interest will amount in that time to the sum of which the 
reversion is secured. 

If a reversion of 1000/. after 10 years have elapsed is pur- 
chased, the price to be paid now is the sum which in 10 
years will amount to 1000/. Supposing the rate of interest 

, , ^ ^i.' • 1000 1000 

to be 4 per cent, this sum is -, . .^ = - _, 

^ (1*04)*" 1-48024 

= 675/. I ox. 



J 
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Annuities. 

67. An annuity is a defined sum of money payable year 
by year on the same given day. The money required to 
purchase an annuity is the sum of the present values of the 
several expected payments to which the claim is thus ob- 
tained. 

I^ A be the annuity or sum to be paid at the end of 
each year, i.e. at each recurrence of the day of purchase. 
Let i?, as before, be i/. with the year's interest upon it 

The sum A is expected at the end of a year. The right 

A A 

to this is now worth —, because the sum — placed at in- 

terest will amount in a year to A. 

Another sum A is expected at the end of two years. The 

A A 

right to this is now worth -=7 , because, s will amount to A 

in two years. 

Another sum A is expected at the end of three years. 

A 
The right to this is now worth .=55. 

Thus the present value of each payment is estimated ; and 
the present value of the annuity, or money required to pur- 
chase it, if it is to last n years, or be paid n times, is 

Let /'represent the present worth of such an annuity, or 
the sum which paid now will purchase the annuitj^, so that 
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58. Ex* !• If the annuity is 300/. yearly, to continue 20 
years, interest being taken to be 3 per cent, per annum. 

The purchase money is 2?? si — ( -7— ) \^ 

which will be found by use of logarithms to be 4463*23/. 

Ex. 2. Find the sum which will purchase 15 annual pay- 
ments of 20/. each, the first payment to be made at the end 
of a year aftet the purchase, and money being considered to 
bear 3J per cent, compound interest. 

89. The purchase money of a perpetual annuity or free- 
hold is the sum which, at the supposed rate of interest of 
money, gives a yearly interest equal to the annuity or ex- 
pected rent of the freehold. The purchase money, divided 
by the annual income, gives what is called the number of 
years' purchase for which the property is obtained. 

Ex. If aii annuity, or other source of perpetual guaranteed 
income, is 60/. yearly, and money is supposed to command 
4 per cent interest, the property would be purchased by 
that smn of money whose annual interest is 60/., namely, 
1,500/. This would be called 25 years' purchase, since 
1,500/. is 25 times the yearly income. 

Fifiesfor Leases, 

60. If property is leased at any rent below its annual 
value, the fine to be paid for the lease is the present value 
of all such abatements of rent. 

If property is leased for n years at AL yearly below its 
value, the fine to be paid for the lease is the value of these 
n several abatements of rent of AL each, and is therefore 

Ex. I. An estate worth 200/. a year is leased for 10 years 
at a yearly rent of 100/. a year, money bearing 4 per cent 
interest The abatement A is here 100/., and the sum to be 
paid for the lease is 811/.. 
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Ex. 2. If an estate worth loo/. yearly is leased for 20 
years without any rent being received, the fine to be paid 
for the lease is, at 3 per cent interest, 1487/. 15J. 

The same principle applies to determine the fine for 
renewal of an existing lease, since this is no more than pur- 
chasing a fi-esh lease for a prescribed period. 

61. The following question on the increase of population 
is very similar to a question of compound interest. . 

One person out of 46 is said to die every year in Eng- 
land, and one out of 33 to be bom. If there were no 
emigration, in how many years would the population double 
itself] 

Consider 46 x 33 or 15 18 persons living at the beginning 
of any year. Of these, by the statement of the question, 33 
die and 46 are bom, so that 15 18 at the beginning of the 
year, in the course of the year advances to 1531. Thus 

population in every year increases by the multiplier - ^^ 

In n years then it is increased by the multiplier ( ^^^^ ) . 
Wherefore if in « years the population is doubled, 

/i53iV=:2 « = ___M-^— = 8r^ 
U518/ ' log 1531 -log 1518 ^' 

Hence in 81 years the population will not be doubled, in 
82 years it will be more than doubled. 

62. The exposition which has here been given of loga- 
rithms has been adopted in order to make them intelligible 
to readers who have not viewed exponents in their full gene- 
rality, and want to use logarithms in their practical applica- 
tions. Hereafler it may be needful to consider logarithms 
from a different point of view, in. which, if a*= « be an 
equation, x is defined to be the logarithm of « to the base a. 
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CHAPTER I. 

1. An angle, the inclination of two straight lines to one 
another which meet but are not in the same direction, has 
its size expressed by a measurement derived from the right 
angle. Since all right angles are equal in size, the right 
angle thus furnishes a standard of reference whereby other 
angles may be compared. The ninetieth part of a right 
angle is called a degree. A degree is subdivided into sixty 
equal parts called minutes. A minute is subdivided into 
sixty equal parts called seconds. Then the size of an angle is 
expressed by the number of degrees, minutes, and seconds 
which it contains. The signs **, ', ", are used to denote, 
for brevity, degrees, minutes, and seconds respectively. 
Thus 2<f 1 8' 53" means an angle containing 29 degrees, 
18 minutes, and 53 seconds. 

2. Angles thus represented may be added, subtracted, 
multiplied, or divided, like any other concrete quantities in 
Arithmetic. 

If to 23^ 17' S3" 
there be added 14^ 56' 28^^ 

the result is 38° 14' 21". 

If from 23*^ 17' 53" 
there be taken 14** 56' 28" 

there remains 8° 21' 25". 

7° 15' 32" multiplied by 13 gives 94*^ 21' 56", 
94** 21' 56" divided by 13 gives 7° 15' 32". 
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S. Angles may also be measured by a decimal division. 
A right angle being made the starting-point, the hundredth 
part of it is called a grade, and this unit of angular measure 
is divided into tenths, hundredths, &c. The superior con- 
venience is obvious when the addition, subtraction, multi- 
plication, or division of angles is effected by operations in 
decimals. 

The representative of an angle in one measure is easily 
converted into its representative in the other. 

Ex. I. If an angle is 23° 18', what is its representative in 
grades to the hundredth part of a grade 1 

Since 90° correspond to 100 grades 
ro 10 



I 






18' 



» 



'333 « 



/. 23° 18' „ 25-89 grades to the 

second place of decimals. 

Ex. 2. If an angle contain 56-84 grades, how is it ex- 
pressed in degrees, minutes, and seconds ? 

I grade being -9 degrees 
/. 56-84 grades is 51-156 „ 

60 

9-36 minutes 
60 

21-6 seconds. 

.% the angle is represented to the nearest second by 

51" 9' "''. 

4. Though angles, as will be seen hereafter, admit of un- 
limited magnitude by the opening of the straight lines which 
form them, in the present elementary course angles will 
never be supposed to exceed two right angles or i8o^ 



f 

I 
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From o* up to this size angles will be supposed to admit 
every degree of magnitude. 

6. Def, — ^The complement of an angle is the result when 
the angle is subtracted from 90^ In other words, an angle 
and its complement added together make 90% or a right 
angle. 

Thus 23° 18' 56" is the complement of 66® 41' 4", and 
66° 41' 4" is the complement of 23° 18' 56." If an angle 
exceeds 90° its complement is negative. Thus 109° 27' has 
— 19° 27' for its complement. . 

The angle 45°, or half a right angle, is equal to its com- 
plement. 

The angle 30° has 60® for its complement, and 60° has 
30° for its complement. 

6. Def. — The supplement of an angle is the result when 
the angle is subtracted from 180°. In other words, an 
angle and its supplement togetlier make 180°, or two right 
angles. 

Thus 23° 18' 58" is the supplement of 156° 41' 2", and 
156° 41' 2" is the supplement of 23° 18' 58". 
The angle 90°, a right angle, is equal to its supplement. 

7. In measurement by grades the complement and sup- 
plement of an angle are found by subtracting the represen- 
tative of the angle from 100 or 200 grades respectively. 

Thus 34*27 grades is the complement of 6573 grades, 
134*27 „ „ supplement 





8. JDef, — UFA Q be any angle formed by the straight lines 
AF^ AQmtoAvig in A^ in either of these lines take any point 
B^ and from B draw BC perpendicular to the other line 



220 



Trigonometry. 



produced if necessary. The ratio of the length of BC to 
the length of AB is the sine of the angle PAQ, 

Since a ratio can be expressed by a quotient or fraction, 
it may therefore be stated that the sine of the angle PAQ 

BC 



IS 



'aB 



If when AB^ for instance, is taken lo inches in length, 
BC'\% found to be 3*46 inches, the sine oi FAQ is '346. 

Since the greater angle of a triangle has the greater side 
opposite to it, and the angle BAC is less than the right 
angle BCA, BC is less than AB, and the sine is always a 
proper fraction, or less than unity. 

9. The point B in the definition is stated to be *any 
point,' yet the value of the sine of FAQ is the same, 





B« Q 



whatever point in either of the containing lines be made 
the point from which the perpendicular is dropped upon 
the other. For if any other point B had been taken in 
AFy and the perpendicular B'C dropped on AQ or QA 
produced, or if the point -5'' were taken in AQ and the 
perpendicular dropped on AF or FA produced, all the 
triangles thus formed, BAC, B'AC, B"AO', having the 
angle at A the same in all, and having another angle a 
right angle, are equiangular. Therefore they are all similar 
{Euclidy vi. 4), and the sides opposite to the equal angles in 
them are proportionals. 

AB^ AB AB" ' 



• • 
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Now any one of these ratios is the sine of the angle 
PAQj, Therefore an angle has one and only one sine, 

10. For brevity an angle is often denoted by the single 
letter which marks the point where the containing lines 
meet. Thus the angle PAQ would be called the angle A. 
The abbreviation * sin ' is also used for * the sine of angle/ 
The sine ofPAQ would therefore be written sin A. 

11. While an angle has but one sine, the same proper 
fraction has more than one angle of which it is the sine. 




p B 




If PA Q be an angle, and -^ be its sine formed by the 

dfefinition of (8), with centre A and radius AP describe a 
circle. Through P draw PD parallel to AQ, meeting the 
circle again in P>. From £> draw i?^ perpendicular to AQ 
or QA produced. 

Now since AP = AD^ 
.\ the angle APJD = the angle ADP. 

But since PD is parallel to AQ, 
the angle APP> = the angle PA CI 
and „ ADP =: „ DAE}^ 
.\ the angle PAC ^ „ DAP. 

Hence from the angles at £ and C being right angles, 

the triangles PA C, DAE, have two angles in the one equal 

to two angles in the other, each to each, and a side AP in 

one equal to a side AD in the other, therefore the other 

sides of the triangle are equal, each to each, or PC—DE, 

PC JDP 

Hence -r^, the sine ofPAQ, is equal to -r^, the sine of 
AP ^ ^ AD 

DAQ ; or the two angles PAQ, DAQ, have the same sine. 



^ I 
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These two angles, which have the same sine, are supple- 
mentary each to the other. For since the angle BA C is 
equal to the angle DAE^ PA Q and JDA Q are together equal 
to two right angles. 

12. When angles are considered to extend beyond two 
right angles, it will be found that the same sine belongs to 
a wider range of angles than the two here considered. As 
far as Trigonometry is now treated, it will suffice for the 
reader to know this faxi, that an angle and its supplement 
have the same sine. 

18. Hence when an angle is given, it will have a certain 
determinate proper fraction which is its sine, and when any 
proper fraction is presented there will be two angles, sup- 
plementary each to the other, of which it is the sine. 

14. If the angle PA Q is a right angle, BA 
is itself perpendicular to AQ and the ratio 

B C 

— -, which is by definition the sine, becomes 

AB 

equal to unity, or sin 90*^ = i. 

If the angle FAQ shrinks down to zero, 
j^C becomes zero while AB may remain finite. 

BO 

= o, or sin o® = o,and sin 180® = o. (12) 



B-. 



Hence the ratio 



AB 




15. If PAQ be any angle, with 
centre A and any radius AB^ de- 
scribe a semicircle having AQmiXs 
bounding diameter, and by drop- 
ping the perpendicular BC on this 
bounding diameter the sine of the 

angle PA Q will be ^^ . Suppose AB to move round gradu- 

ally, and thus to form various angles fi-om A Q. Since in all 
of them AB is the same in length, the magnitude of the 
sine is in this view made to depend on the length of BC 
alone. Hence as the angle increases towards a right angle, 
the sine gradually increases and = i when the angle becomes 



BC 
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a right angle. As the angle increases beyond a right angle, 
BC decreases and the sine decreases down to zero. 

16. If ABC be a triangle wherein ACB is a right angle, 
the two remaining angles BAC, ABC, 

are together equal to a right angle {Euclid, 
i. 32), and each is therefore the comple- 
ment of the other. 

BC 

Now -j- is the sine of the angle BAC, 
AB 

AB " " ^^^' 

Also BC^^AC* = BA\ {Euclid, I 47.) 

••• (S)'- (^r = •• 

Hence the square of the sine of an angle, and the square 
of the sine of its complement, together make i. 

17. Def. — ^The sine of the complement of an angle is 
called the cosine of the angl^ and is written in the abbre- 
viated fonn * COS.* Hence this last result m^y be written 

Sin ^A -f cos ^A = i. 

18. Obs. — Sin M or (sin A)^ expresses the result of 
squaring the sine of A, It is not to be confused with the 
sine of the angle A^. 

19. Let the triangle ABC be one wherein ACB is a 
right angle and BA C is 45% or half a right angle. Hence 
ABC, its complement, is 45° also, or the angle BAC and 
its complement are equal and their sines are the same. 

Hence sm ^BAC-^^m ^BAC^i (16), 

sin BAC =s -^-s i^'J 

= 707 to three places of decimals, 
in the case, therefore, where BA C is 45% 

sin BAC or sin 45** = — rr = 707. 

V2 
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20. In the case where BAC is 30®, and consequently 
ABCy its complement, is 60° (5), produce BC to Z>, 

making CD equal to CBy and join A£>, 
Then, since the two sides BCy CAy are 
equal to the two sides ZPC, CA, each to 
each, and they contain equal angles, viz. 
right angles, therefore the angle DA C is 
equal to BAC. Therefore BAD is 
double of BAC or is 60°. Also AB is 
equal to AD^ whereby the angle ABD 
is equal to the angle ADBy and each of them is therefore 
60**. The triangle being equiangular is consequently equi- 
lateral, and AB being equal to BD is double oiBC. 

.% sin BAC = -j^ = ^, 

or sin 30® = ^ = '5. 

21. Since 60® is the complement of 30*^ (5), 

sin *6o° = I— sin ^30 (16),' 

/. sin 60 =s>/3 = '866 to three places of decimals. 
2 

22. The sine of an angle and that of its supplement being 
the same, it follows from the preceding results that 

sin 135° = sin 45** = -1= (19) = 707, 

a/2 

sin 150** = sin 30° = J = -5, 

sin 120° = sin 60*^ = :^ = -866. 

2 

23. Caution, — ^These instances will suffice to guard the 
reader from supposing that the sines of angles are propor- 
tional to the angles themselves. Thus while the sine of 30® 

is J, the sine of its double 60** is "^ , the sine of its triple 

2 

90° is unity, the sine of 120° is J. 

2 
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24. Def, — Let the same construction be made which was 
adopted in defining a sine (8). The ratio of the length of 
BC to AC '\% the tangent of the angle PAQ^ AC being 
affected with the algebraical sign + or — , as the point C 
lies va AQox QA produced respectively. 

This use of the negative sign accords with the explana- 
tion of its meaning in {Algebra, 7), whereby if a distance 
taken in one direction from a point is accounted positive, a 
distance taken in the contrary direction from the same point 
may be accounted negative. 

The point C will lie in -^Q if PAQ is less than a right 
angle, but in QA produced if PAQ exceeds a right angle. 
Hence the tangent of an angle less than a right angle is 
positive, but the tangent of an angle between one and two 
right angles is negative. 

Since there is no restriction. on the relative magnitude of 
BC and AC^ the tangents of angles admit all degrees of 
magnitude. As was explained in the case of the sine (9), 
the tangent of the angle PA Q has the same value whatever 
point B in one of the containing lines be adopted for the 
purpose of defining it, since though various right-angled tri- 
angles may be formed they will all be similar, and the ratio 
of corresponding sides in them will be the same. Thus, an 
angle has one and only one tangent. For brevity the term 
* tan ' is used to mean the tangent, and the tangent ofPAQ 
is written tan A, 

26. An angle and its supplement have tangents of the 
same magnitude but contrary in sign. 

If the construction in (11) be made, since ^C is equal 
to I?E and AC to AJS, BC has to AC the same ratio as to 
length that Z>JS has to AB, But since A C and A£ are oppo- 

BC DE 

site in sign, the ratios -^ and -^ are of the sanje magni- 
tude but contrary in sign. These are the tangents of the 
angles /14Q and DAQ, These angles, it has been seen, 
are supplementary one to the other. 

Q 
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Regarding then at present angles as not extended beyond 
two right angles, we see that an angle and its supplement 
have tangents the same in magnitude but opposite in sign. 

26. Hence when an angle is given it will have a certain 
determinate number which is its tangent, and when any 
number affected with either algebraic sign is presented there 
will be a certain determinate angle less than two right angles, 
of which it is the tangent 

27. If the angle FAQ is a right angle, AC disappears, 
and the tangent of PA Q would be the ratio of a finite line 
AB to one of no magnitude. The tangent, therefore, of a 
right angle is beyond numerical representation {Algebra^ 29). 

If the angle FAQ shrinks down to zero, FC becomes 

zero along with it while AC may remain finite, and the 

FC ' 
ratio - - is o, or tan 0° = o. Also tan 180° = o. 
AF 

28. If FA Q be any angle, with centre A and any radius 
AC, describe a semicircle having AQ'm its bounding dia- 
meter. At C and (7, the ends of 
this diameter, draw tangents to the 
circle, perpendicular to AC or 
AC, and let AF meet one of 
these tangents in F. Then the 

FO 

tangent of the angle FAQ is -^ 

Let AF move round gradually 
and form various angles from A Q. 
Since in all of them AC has the 
same length, the magnitude of the tangent depends on FC 
alone, its algebraic sign on the direction A Cot AC. Hence 
as the angle increases towards a right angle, the tangent 
gradually increases and is estimated as positive. When 
FAQ becomes a right angle, FCis beyond measurement in 
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comparison with AC^ and the tangent of a right angle 
cannot be numerically represented. 

As the angle increases beyond a right angle, BC decreases, 
and the tangent decreases in magnitude, while it is negative 
in sign by reason of AC being accounted negative after AC 
is made positive. 

29. If as in (19) the angle ^^Cis 45^ ^^Cis 45° like- 
wise, and AC = BC, and the tangent of 45'' being —^ is 
unity. Hence also tan 135° = — i. (25) 

30. In the case of (20), where the angle BAC is 30^, 
BAj we have seen, is double of BC, 

.\ AC^ = AB^-BC^ = 4BC^-BC^ = 3^C^ 
••• tan 30^=:—^=--^ = i,/3 = -5773503, 

to seven places of decimals. 

Also BAC being 30"^, ABC is 60°, and 4>! being the 

BC 

tangent of ABC, tan 60** = v'3 = 17320508, to seven 
places of decimals. 

31. The tangent of an angle and its supplement being the 
same with contrary signs, 

tan 150** = -iA/3 = -•5773503, 
tan 120® = — ^^3 = —17320508. 

32. As was observed of the sine, the tangent does not 
increase in proportion to the angle. 

33. The tangent of the complement of an angle is called 
its cotangent, and is written * cot' Thus cot A means the 
tangent of the angle which is the complement of ^. 

Q2 
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34 The tangent of an angle and the tangent of its com- 
plement are reciprocals each of the other. 

B If ABC be a triangle wherein C is a 
right angle, BAC and ABC are comple- 

BC 

mentaiy, and tan BAC =^ -^^, 

tan ABC ^-^^ 

Hence tan ^ = — ?— r, or tan A cot A = i. 

cot -4' 

Ex. ^/tan ^sf tan 53** = V'tan^sT^ 

= tan 37^ 

86. Though these definitions of the cosine and the co- 
tangent are given, no calculations will be introduced in 
this book which require them to be used. There are other 
ratios also among the sides of the right-angled triangle used 
in (8), called the secant and the cosecant of the angle A, 
but no attention will be called to them now, because the 
object of this book is to conduct the reader in the most 
easy and direct way to the power of performing calculations 
by trigonometry. 

These quantities, sin Ay cos A, tan A, &c, are called 
goniometrical or trigonometrical fiinctions of the angle A. 
The word goniometrical is derived from two Greek words 
which mean * the measure or size of an angle.' 



1 
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CHAPTER 11. 

TABLES OF GONIOMETRICAL FTJNCTIONS. 

86. The sine and the tangent are the two principal of 
those several ratios between the sides of the right-angled 
triangle ABC, which are called * Goniometrical or Trigono- 
metrical functions' of the angle CAB, Tables are con- 
structed by methods which cannot be explained now, wherein 
the sines and tangents of all angles, at intervals of minutes, 
are recorded from o to 90**. Hereby the sine and tangent 
of any angle less than a right angle, given in degrees and 
minutes, is written down from the tables at once. The sine 
or tangent of any angle between one and two right angles 
is known from the recorded sine or tangent of its supple- 
ment, which is an angle less than a right angle. 

Thus, for example, the tables give 

sin 23** 18' = •39SS45S> 
tan 54** 18' = 1*3916473, 

whence also 

sin 156° 42' = •39SS4S5> 
tan 125** 42' = — I '39 1 6473* 

Generally the sines and tangents of angles are intermin- 
able decimals, as it has been seen that the sin of 60® and 
the tangent of 30** are. The fcibles usually give these deci- 
mals to the seventh placed To save space in the tables, 
where the sine or tangent is wholly a decimal, the decimal 
point is not printed. 

87. When the table of sines and tangents is constructed 
at intervals of minutes, and an angle less than 90** is pre- 
sented which does not contain an exact number of minutes, 
but is expressed with seconds besides degrees and minutes, 
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then its sine or tangent is to be found by the method of pro- 
portional parts, just as that method is used with logarithms 
{Log, 17). If the table of sines or tangents be examined, 
it will be observed that throughout the greater part of it the 
difference between successive records is nearly the same 
through several lines, or the function is growing in propor- 
tion to the angle. It is assumed therefore that throughout 
the interval of a minute, the growth of the function is 
likewise at a uniform rate. Suppose now sin 23° 18' 35'' is 
required. We have in the tables, 

sin 23° 19' = -3958127 

sin 23** 18 = •3955455- 
Between these, which differ by '0002672, the required sine lies. 
At this part of the tables then when the angle is increased 
by a minute, or 60", the sine is increased by '0002672. We 
have to find the proportionate increase of the sine when the 
angle is increased by 35". This increase will be 

|5x'ooo2672 = '0001559. 

.-. sin 23** 18' being •395545S> 

and the addition for 35" „ '0001559, 

sin 23** 18' 35" = -3957014. 

This is likewise the sine of 156'' 41' 25" (11). 

88. The same method is applicable to find the tangent of 
an angle which has seconds besides degrees and minutes. 

Thus, if tan 52° 13' 29" be required, 

since tan 52° 13' = 1*2899669, 
and the difference for 60" is '0007752, 

.*. difference for 29" = '0003747. 
.% tan 52° 13' 29" = 1-29003416. 
Hence tan 127** 46' 31" = — 1-2903416. 

Exceptions to the application of proportioned parts. 

89. It is the foundation of the method of proportional parts 
that the differences in the tables between several successive 
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records are nearly the same. When this is not the case, the 
rule of proportional parts cannot be safely applied. Now, 
if the table of tangents be examined, it will be seen that 
when the angle approaches a right angle, the differences of 
the tangents not only become large, but vary rapidly from 
line to line. Under these circumstances the rule of propor- 
tional parts cannot be safely applied, the tangents of angles 
containing seconds cannot be found with certainty from the 
tables, and recourse must be had to methods which cannot 
at present be given. Where a method of computation brings 
in such an angle, and requires that its tangent is to be found 
from the tables, it will be necessary to take some other 
process wherein this difficulty shall not appear. 

Again, whenever the angle is such that the sine changes 
with extreme slowness for a change of the angle, the sine of 
an angle containing seconds cannot be safely found, when a 
limited number of decimals is used. This is the case when 
the angle is nearly a right angle. If the table be examined 
it will be seen that from 

sin 89° 42' = '9999863, 

to sin 89® 43' = -9999878, 

the rise is only '0000015. 

Hence 'ooooooi, the smallest recognisea quantity when 
we work to seven places, corresponds to a change of 4" in 
the angle, and the sines of angles differing by less than 4" 
cannot be distinguished one from another. Thus when the 
angle is close upon a right angle, angles differing by two or 
three seconds will have to seven places of decimals no diffe- 
rence in their sines. 

40. If a number less than unity, to seven places of deci- 
mals, is given as a sine, or any number with a decimal to 
seven places is given as a tangent, the corresponding angle 
can generally be found. If the number given is a record in 
the tables, the angle is known at once. If, as is more com- 
monly the case, the number given is between two successive 



•0004937) '00047 ^ (9 
44433 
2667 
•*• 39** 51' ^^" ^s the angle required. 
41. From the remarks of (39) and (40) it will be seen 
that when an angle is nearly a right angle it cannot be safely 
found from its sine or tangent ; not from its tangent because 
the principle of proportional parts cannot be then trusted ; 
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records in the table, its value is found by the method of 
proportional parts. 

Ex. I. Let '3007932 be a sine proposed. 

The corresponding angle required is between 17** 30' and 

17° 31'. 

Since the given number is '3007932 

and sin 17® 30' = '3007058 

there is an excess over the last record '0000874. 1 

Now the angle advances a minute, or 60", by an increase 
of '0002774 in the sine. 

/. required advance = '— x 60 seconds 

•0002774 

= 19 seconds. 

,% the angle required is 17° 30' 19". 

This is one of the two angles belonging to the given sine. 
The angle 162® 29' 41'' belongs to it as well 

The method may be expressed in the form of a rule. 
Subtract from the given number the one next below it in the 
tables. Multiply the result by 60 and divide by the differ- 
ence in the tables. The quotient is the additional number 
of seconds to the angle in the tables next below that required. 

Ex. 2. To find the angle whose tangent is '8347266, 

•8347266 
tan 39^ 51^=^834648^ 

•0000785 
60 
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not from its sine, because the sine is then changing so slowly 
that when taken only to seven places of decimals it cannot 
express minute differences in the angle. 

42. Examples for Practice, 

1. sin 28° 13' 15" rr -4728712. 

2. sin 156** 14' 24" = -4029064. 

3. tan 12° 16' 5" = -2124856. 

4. tan 132** 17' 51" = — 1-0990821. 

Each of these examples may be reversed, and be made an 
exercise in finding the value of an angle from its given 
sine or tangent 

48. Tables of the Logarithms of Goniometrical Functions, 

Since, in computations into which goniometrical functions 
enter logarithms are very often brought into use, tables are 
therefore constructed which oive the logarithms of the 
functions at intervals of minutes. But in these tables there 
is this alteration made in the logarithms : every one of them 
is increased by 10 before it is printed. The motive for this 
is twofold. 

(i.) Since all sines are less than i, and the tangents like- 
wise of angles up to 45® (8, 29), the logarithms of those sines 
and tangents have negative characteristics. By adding 10 
the characteristics are all made positive, and the tables look 
more compact in print than they would look if so many 
negative characteristics appeared in them. 

(2.) There is a more important object in this, that if 
several logarithms have to be combined by addition or 
subtraction, some with positive and some with negative 
characteristics, there is more time taken, and more liability 
to make a mistake than there would be when all the charac- 
teristics are positive. 

This excess of the tabular above the true logarithm of a 
function has to be kept in mind, and allowed for at a proper 
stage of the computation. 
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44. The tabular logarithm of a trigonometrical function 
is distinguished by the capital letter L, while the true loga- 
rithm is written with the small initial letter. 

Thus L sin 20*' 15' = 10+log sin 20® 15'. 

The table of sines gives 

sin 20° 15' = -3461 171. 

If the logarithm of this number be taken, it is found to be 

i"S39223- 
The table accordingly gives 

L sin 20° 15' = 9539223. 

45. When an angle is presented in degrees and minutes, 
the tabular logarithm of its sine or tangent can be written 
down at once from the tables. If it has any additional 
seconds the addition for them is calculated by the method 
of proportional parts, unless it be at a part of the tables 
where the logarithms vary bjr differences which change 
rapidly. It will be observed that this is the case for the 
logarithmic tangents of angles which are near to a right 
angle, and for the logarithmic sines and tangents of very 
small angles. Hence it is inconvenient to have recourse to 
methods of calculation which introduce the logarithmic 
functions of any such angles. 

46. Again, if a number is presented as the tabular loga- 
rithmic sine or tangent of an angle, and the very number 
appears in the tables, the angle can at once be assigned, 
with the reservation in the case of the sine, that an angle 
and its supplement are equally admissible. If the number 
lies between two successive records in the tables, the 
additional seconds of the angle are found by the method 
of proportional parts, unless it be at a part of the table 
where the principle on which proportional parts rest is not 
satisfied, viz. that the logarithm is increasing by differences 
which are nearly the same for some successive records, or if 
it be at a part of the table where the logarithm is changing 
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so slowly that it fails to discriminate seconds. These cases 
of exception are when the angle is very small or very nearly 
a right angle. 

47. Ex. I. To find the L sin 37^ 18' 34''. 



L sin 37° 18' = 9782 
Difference for 60" = •0001658 

34 

6632 
4974 



4643 



60) '005 63 7 2 = 'OOO 



0940 

5583 



A L sin 37° 18' 34" = 9782 

48. Ex. 2. To find the angle whose L sin is 9*583 4276. 

In this table the record imme- 
diately below this is 

L sin 22° 31' = 9-583 1 1445 

difference •000:2831 

' 60 

•0003046) •0016986 (55 
15230 
17560 

15230 

2330 
/. the required angle to the nearest second is 

22*^ 31' 56" or 157° 28' 4" (11). 

49. To exemplify the manner in which the true loga- 
rithms of the sines and tangents are altered into the tabular 
logarithms, and the alteration afterwards recognised, sup- 
pose it is requisite in some computation to find the numerical 
value of 



^ = // tan 44° 11' 53" X (sin 63'' 18')*. 
First log X = ^{log tan 44° 11' 53" +3 log sin 63*^ 18'}. 
= ^[Ltan44° ii'53"-io 

+ 3 L sin 63° 18'- 30). 
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Now L sin 63° 18' = 9*951:0320 

I 3 

29'853i096o 
L tan 44** 11' S3 = 9-98718400 

39*840j936o 
- 40 

i '84019360 
/. \o%x = 1-920=4680 
.% X = -83266. 
60. The following example is to show the method of 
dealing with the tangents of obtuse angles. 

To find the value of tan' 127° 18' x -^^sin 134® 15'. 
The required value being denoted by x^ 

X = tan' 127** 18' . A/sin 134® 15', 
— ^ = tan' 52** 42' X ^/sm 45® 45', 
log (r-x) = 3 log tan 52** 42'+^ log sin 45° 45' 

= 3 L tan 52° 42'-3o+iLsin 45** 4S'— 5- 
L tan 52** 42' = io'ii8;i6i4 

I 3 

30'354 j 4^42 

L sin 45*^ 43' = 9'855i096i 
\ L sin 45° 45' 4-927J5481 

3Ltan52**42'+^Lsm45°45'= 35-28210323 

35 I * 

log ( — x) = -28210323 
.% — ^ = 1-914398 
X = —I -914398. 

61. Examples, 

I. The following examples may be used for practice, 
either to find the L sin or L tan of the angles presented, 
or to find the angles on supposition of the L sin or L tan 
being given. 
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L sin 23*^ 23' 23" = 9-5987722. 

L sin 64° 24' 18" = 9-9551449. 

Ltan 62° 18' 11" = io*2798872. 

L tan 55** 36' 9" = 10-1645321. 

L sin 57** 30' 6" = 9-9260372. 

L sin 126° 37' 30" = 9-9044761. 

L tan 84** 37' 23" = 11-0263094. 

L tan 36'' 6' 17" = 9*8629290. 

The angle whose L sin is 9*9938045 is 80° 20' 42" 

or 99° 39' 18". 
n V V 97706640 is 36° 8' 20" 

or 143° 51' 40''. 
jy „ L tan is 10-0629627 is 49° 8' 19" 

9> » » 98694731 is 36° 31'. 

2. The angle whose tangent is 3*21976 to the nearest 
minute is 72° 45'. 

3. The angle whose sine is ^ is to the nearest second 
14^ 28' 39". 

4. The angle whose sine is ^ to the nearest second is 
19° 28^ 16". 

5. Find by the tables to the nearest second the angle 
whose sine is ^. 

6. Find to the nearest second the angle whose tangent 

isH- _ 

7. Find by the tables the angle whose sine is V^* 

8. Sin 36** X tan 54° = '809. 

9. If the angle -4 is 72** 16' 52", 1/ (sin A) = '98393. 

10. Compute to the fourth place of decimals the value of 

I 



sin* 79® 36' {1+ sin 10° 24'). 

11. Compute the value of ^ /- 1- 

^ tan 15** 

12. KA = 129** 18', (tan A)^ = — 1*0409. 
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CHAPTER III. 

SOLUTION OF RIGHT-ANGLED TRIANGLES. 

02. The student being now qualified to find from the tables 
the sine and tangent of any angle, with a few exceptions, 
between o and 180®, as well as the logarithms of these 
sines and tangents, also to determine an angle from its 
given sine, tangent, log sine or log tangent, he is now to see 
the utility of these trigonometrical functions in computing 
the size of the remaining parts of a right-angled triangle 
from certain of its parts whose size is given. This process 
is called the solving, or the solution of the triangle. 

03. In a right-angled triangle, the right angle being a 
fixed determinate angle, there remain two angles and the 
three sides, which are open to variation in magnitude under 
these restrictions, viz. that 

(i) The two angles together make a right angle, 

(2) Of the three sides, any two are together greater than 

the third. {Euclid^ i. 20, 32). 
Now, if there be given either 
(i) Two sides of the triangle, or 
(2) One side and one of the acute angles, 

the triangle with these given parts can be constructed on 

paper by use of a scale and protractor, and one triangle only 

can be formed. 

It will now be our object not to draw on paper, but to 

compute in numbers, the size of those remaining parts of a 

right-angled triangle from two given parts. 
We may either have given 
(i) two sides of the triangle, 

and then there are to be found the third side and the 

angles, or 
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(2) one side and one of the acute angles, 
and then there are to be found the two remaining sides and 
the remaining acute angle. 

64. The principle of the calculations which are now to be 
explained will be readily grasped, if it is observed that a 
table of sines or tangents is in fact a tabulation of one side 
of a right-angled triangle in terms of another. If C be the 
right angle in the triangle ABC^ the tangent of ^^C being 

—- is an exhibition of the length oi BC in parts of -4 C as 

JSC 
a unit; the sine oiBAC, or - . is an exhibition of the length 

of -^C in parts of AB as a unit. 

66. I. The two sides given may be either 
(i) the two shorter sides, 

(2) a shorter side and the longest side, or hypotenuse 
as it is called. 

Ex. I. The angle A CB being the right . ngle, let AC = $ 
feet, BC = 4 feet 



• • 



AB = VAC^+BC^ 

=s \/4i = 6*403 feet, 

tan ^ = — = 4 = -8. 
AC 5 

.-. A = 38^ 39' 59" (40), 

^ =- 51° 20' i", 

and the parts of the triangle are completely computed. 

In this example the numbers are so small that logarithms 
have not been called into use. In this next example the 
larger numbers will make logarithms an assistance. 

68. Ex. 2. Let AC = 3297 feet, BC = 5463 feet 

AB = A/(3^H"r5463)^" 

= v/ 40914578 = 6380-8 feet, 

tan ^ == 5463. 
3297 
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Log tan -r4 =s log 5463— log 3297 
L tan^ = lo+log 5463— log 3297 
= 10 

log 5463 3737 : 43" 

I3737|43" 

log 3297 3'SiS:"^9 

io-2i9'3i23 

Ltan 58^*53' = 10-2192253 

•000087 

60 



•0002856) -ooo 



0522 (18 

2856 

23640 
22848 

792 

.-. A = 58^ 53' 18''. 
Hence ABC = 31° 6' 42''. 

If the angle A had been first found, it would have been 
possible to deduce from it the side^^ in manner following : 

Sin ^ = ^. 
AB 

... AB = ^. 

sm A 

.% log AB = log ^C— log sin A 

= log BC^■ 10 — Log sin A 
lo+log BC = i3737j43Jg 

L sin 58** S3' = 9'932iS33o 
addition for 18'' = *ooo;o229 

9'93g5559 

/. log^^= 38048753 

log 6380-8 3-8048751 

/. AB = 6380-8 feet. 
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This latter method of finding ^-5 may look less laborious, 
but in computation it is always preferable to deduce results, 
where it is possible, from the given elements directly, instead 
of making one result a stepping-stone for obtaining another. 
The reason of this preference is obvious, because in the 
latter method a mistake made in the first result is propagated 
into the second. The values of all the logarithms and 
trigonometrical functions which we employ are not exact 
but approximate (36), and this want of exactness may 
enlarge the error when one result is obtained through a 
preceding one, and not independently from the original 
given parts. 

67. Ex. 3. The shorter sides of a right-angled triangle 
are 10, 12, respectively. Find the third side or hypote- 
nuse, and the sines of the two acute angles. 

Science Examination 1867. 

Let ABC be the triangle wherein C is the right angle, 
AC =i 10, CB =12, the two given sides. 



.% -4-5 the hypotenuse = ^/AC^-k-BC^ 

> = A/ioo-fi44 

= \/244 
= 15*62 feet 
12 



sin^^C = 
sin ABC = 



15-62' 

10 
15*62* 



Ex. 4. When the hypotenuse and one of the shorter sides 
are given, let 

AB the hypotenuse = 20 feet, AC = 14 feet 
.% BC = VAB^-AC^ = a/34 X 6 

= ^/204 = 14-29, 
to two places of decimals. 

R 
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sin ABC = ^^^ = '7. 
AB 

Now sin 44® 25' = '6998711 

'0001289 
60 



•0002078)007734 (37 
6234 
15000 
X4546 

454 
.-. ABC = 44" 25' 37". 
•. ^^C = 45" 34' 23". 



• • 



88. Ex. 5. In the /ollowing example the numbers are 
larger, and logarithms are an assistance. 

Given AB the hypotenuse = 8437*62 yards, 

AC =^ 5627*06 yards. 

BC = VAW^^C^ = J(^'BTAC){AB -AC) 

= ^^14064 '68 X 28io*56. 

log 14064 = 4*148; 1089 

prop, part for 6 P^^S 

„ „ 8 10025 

log 2810*5 = 3*44817836 

prop, part for 6 i 92 

7*596:9227 

logBC^ 3*79814614 

log 6287*2 = 379%573 

I 41 
prop, part for 6 I 41 

/. BC = 6287*26 yards. 

sin A£C=4i= l^^- 
AB 8437*62 

L sin ABC = 10 + log 5627*06— log 8437*62. 
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lo+log 5627 = 13750.2769 
prop, part for 6 47 

3750 I 2816 

log 8437*6 = 3*926:2189 
prop, part for 2 ! 10 

3*926:2199 

.'. L sin ABC = 9*324:0617 
Now L sin 41° 49' = 9*823:9626 

•ooo;o99i 
60 



•000 1 4 19) 005946 (41 

2700 
1419 

1 281 

•. ABC = 41° 49' 42". 
•. CAB = 48° 10' 18". 



• • 



• • 



59. II. When an angle and a shorter side are given, this 
side may be either the side adjacent to the given angle or 
the side opposite to it. But in reality these two apparently 
different cases are but one. For if the angle A be given 
and the adjacent side A C, since the angle B^ the comple- 
ment of A is known at once, we are started with what are 
practically the same given parts, whether it be that AC and 
the angle A ^ or AC and the angle B, are given. 

Ex. I. Let AC ^ S feet, and the angle A = 38° 40'. 

t^ = tan ^. 
AC 

^C= ^(7tan38°4o' 

= 5 X *8ooii963 

= 4 feet. 

The angle ABC =51° 20'. 

R 2 
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AC = AB . sin ABQ 




sin ABC ~ 780794 
= 67 feet, 

whereby all the parts of the triangle are determined. 

00. Ex. 2. In a triangle ACB where ACB is a right 
angle let AC ^ 89646 yards; and the angle BAC be 
aS^'as'as". To find ^C 

BC = 89646 X tan 35"* 25' 25". 

L tan 35** 25' = 9-8si:93i2 

addition for 25" = jms 

log 89646 = 4'95g : 5309 

log-^C= 4'8o4;5736 
log 63763 = 4-804 1 5687 

I 49 
prop, part for 7 i 48 

/. BC = 637637 yards. 

61. Ex. 3. Given the hypotenuse AB = 29745 feet, and 

the angle -4 = 31** 4' 18". 

The angle ABC = 58^ 55' 42". 

BC . . 
-^ = sinA 

/. BC = AB sin A. 

log ^C = log AB+\og sin -<4 

= log AB'{' L sin A-^io, 



■1 



Now log -<^^ = 4*473 
L sin 31** 4' = 9712 
prop, part for 18" 

log BC = 4-186 
Now log 1 535 1 = 4-186 



4140 
6792 
0627 



1559 
1367 

! 192 

prop, part for 6 j 169 

i ■ 

I 23 
» » 8 I 23 



• • 



BC^ 15351-68 feet. 



i 
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Again ^-^ = sin ABC. 
° A£ 

.\ log AC = log ^^+L sin ABC- lo. 



log AB == 4473 
L sin 58° 55' ^ 9-932 
prop, part for 42" 



4140 
16854 

0533 



log ^ C = 4'4o6 
Now log 25477 = 4*406 



prop, part for 2 



» 



» 



1527 

1483 



44 
34 



100 
103 






AC = 25477-26 feet 



62. Examples for Practice, 

In these examples no results will be exact (36), but true to 
the decimal place or to the subdivision of the angle to which 
they are presented. 

I. (i) When the two shorter sides are given. 

1. These sides being 3584*63 and 3301*75 feet in length, 
the opposite angles of the triangle are 42° 38' 51" and 
47° 21' 8'', the hypotenuse is 4873*5 feet. 

2. The sides being 328 and 388 yards long, the opposite 
angles of the triangle are 40° 12' 36" and 49® 47' 24", and 
the hypotenuse is 508 yards. 

(2) When the hypotenuse and another side are given. 

3. The hypotenuse being 278*469 yards, and another 
side 217*496 yards, the angles of the triangle are 51® 21' 22", 
38'' 38' 38", and the third side 173*898 yards. 

II. (i) When an acute angle and one of the shorter 
sides are given. 

4. If the given angle be 41** 42' 43" and the adjacent 
side 2934 feet, the other sides of the triangle are 2615*74 
and 393^^1 '33 feet. 



246 Trigonometry. 

5. If the given angle be 48° 41' 53" and the side oppo- 
site to it 345689 yards, the other sides of the triangle are 
3037*46 and 460177 yards. 

(2) When an acute angle, and the hypotenuse are given. 

6. The given angle being 35° 29' 52" and the hypote- 
nuse 165 feet, the lengths of the other sides are 96 and 134 
feet. 

7. If an acute angle be given, 37° 18' and the hypotenuse 
573*8 feet, the shorter sides of the triangle are 347 and 456*5 
feet 

The reader will have it in his power to make from these 
examples more exercises for himself, if this be his desire, by- 
taking in any one of the triangles just presented two parts 
as the data, and computing from these the other parts of 
the triangle. 

63. Although the calculations of Trigonometry are the 
means whereby a triangle is solved with exactness, it is 
nevertheless a good practice to lay down the triangle on 
paper by drawing instruments, and the required parts can 
then roughly be found by measuring them with the scale or 
protractor. This is a convenient practice with a view to 
check the trigonometrical determinations, because if the 
computer should find his results seriously at variance with 
his measures of the figure, he may be warned to review his 
work, and detect the mistake which has caused the dis- 
agreement. 

64. Area of a Right-angled Triangle, 

The area of a right-angled triangle, being half the area of 
a rectangle of the same base and altitude (Euclid^ i. 41), is 
half the product of the sides which are at right angles to one 
another. If these two sides are given the area is known at 
once. If other two parts are given, either one of the acute 
angles and the h}'potenuse, or one of the acute angles and 
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a side, in either case the perpendicular sides become known, 
and the area can be found. 

66. To find the perpendicular distance of 
the right angle C in the triangle ABC fi:om 
the opposite side AB, 

Let CD be this distance. 

If the sides AC and CB are given. 

Twice the area of the triangle is the 
rectangle AC^ CB, and also the rectangle AB, CD. 

CD AB = AC. CB, 
AC, CB 




• • 



CD=^ 



AB 
AC. CB 



vAC^+CB^ 

If the hypotenuse AB and one other side ^C is given, 

^^ _ ^C. (7^ _ ACVAB'^-AC'^ 
^^ AB IB • 

If the hypotenuse AB and the angle A be given, the 
angle B its complement being at once also known, 

CD z=^AC%mA 

= AB . sin B . sin A. 
If a side A C and the angle A be given, 

CD = AC sm A, 

68. Examples for Practice, 

1. If an angle of a right-angled triangle is 28° 13' 54" and 
the side opposite to it is 27 yards long, the area is 679 
square yards. 

2. If the hypotenuse of a right-angled triangle is 16 feet 
in length, and one of the angles of the triangle is 36° 18', 
the area is 61 square feet. 

3. If the hypotenuse of a right-angled triangle is 73 yards 
and its area is 968 yards, its acute angles are 23° 18' and 
66° 42'. 
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87. Solution of an Isosceles Triaagk. 

An isosceles txiaog^e is reducible to two rigfat-azig^ed 
^ triangleSy and can be solved if an ang^e 

and a side, or if two unequal sides be 
given in magnitude. 

If y^^Cbe an isosceles triangle vrhere 
the sides AB^ AC are equal to one 
another, and consequendy the angles 
ABQ ACB are equal to one anothei:. 
If AD be drawn perpendicular to 
BC^ it win bisect this side £C at light 
angles. 

1. AVhen an angle is given, the other angles are also at 
once known, since the three angles of a triangle are two 
right angles. 

Then^C= zBD = zABsin— = 2AB sin (90**—^, 

and BC is known from AB, or AB from BC, 

2. When two unequal sides are given 

-.:-,. A ^ • / o n\ BIj BC 
sm — or sm ioo^—B) = — - = — -^^ 

2 ^^ ' AB 2A£' 

and the angles can be found. 

68. Area of an Isosceles Triangle, 
The area of the isosceles triangle is J AI> . BC 

= \. AB . BC sin B, 
or i£ a perpendicular BE be drawn upon ACy 

the area ^ ^ AC . BE, 

^ i AC . AB sin Ay 
= \ AB^ sin A. 

69. Examples for Practice, 

1. If the lengths of the sides of an isosceles triangle are 
183, 183, and 197 yards, its angles are 65** 6' and 57*^ 27' 

2. The equal sides of an isosceles triangle being ekch 
'T ^^,^^^^f .^^,^^^1 ^^gles each 30O 15', the remaining 
side of the tnangle is 345*534 feet in length. ^ 
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CHAPTER IV. 



OBLIQUE-ANGLED TRIANGLES. 



70. We proceed now with triangles wherein it is not a 
given fact that any angle is a right angle. Such angles are 
for distinction sometimes called oblique-angled triangles. 
For their treatment the following two propositions are re- 
quired. 






I. Let ABC be a triangle. Since two at least of its 
angles are acute, let CAB be one of them, and let CBA be 
either acute as in Figure i, or obtuse as in Figure 2, or a right 
angle as in Figure 3. In Figures i and 2 draw CD perpen- 
dicular to ABy meeting it, produced if necessary, in D. 
In Figure i or 2, 

CZ> = ^C sin ^, 
also = BC sin B, 
/, AC %vci A => BC sin B^ 
_ sin A BC 





"■ sin^ AC 


In Figure 3, 






BC^ AC sin A, 




and sin B = i. 




. sin A BC 




•• sin^ AC 



Hence, in any triangle the sines of any two angles have the 
same ratio which the sides opposite to them have, whether 
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the angles be both acute, or one be obtuse, or one be a right 
angle. This is expressed by the equations 

sin A __%\xi B _^ sin C 
13 C "" ~AC~ " ~AB ' 

71. II. If -^j^Cbe a triangle wherein A and B are acute 
angles (Fig. i, 70), and if from the point C a straight line be 
drawn perpendicular to AB, meeting it in Z>, and if -4 C be 
greater than BC, to prove that 

AB __ AC-BC 
AC-\'CB AjD-jDB' 
Since BC^-BD^ = AC^-^AB\ 
each being equal to CIJ^ (Euclid^ i. 47), 

/. AD^-BD^^AC^-BC\ 
.\ {AD-^DB)(AD^DB) = (AC-\-BC){AC-BC), 
or AB . (AD^DB) = (AC+BC){AC-BC). 

AB AC-BC 






AC-\-BC AD'-DS 



This proposition is expressed sometimes in words, calling 
the side AB the base of the triangle, that the base has to 
the sum of the other sides the same ratio which the differ- 
ence of these sides has to the difference of the segments of 
the base. 

72, If the angles A and B are not both acute, so that the 
perpendicular CD falls on AB produced (Fig. 2, 70), if ^C 
be greater than BC\X. may be similarly proved that 

AB AC-CB 



AC-^CB AD+BD' 

but this proposition will not at present be called into use. 

73. Hence, if the sides of the triangle be given, the 
lengths of the two segments into which the perpendicula 
divides the base can be computed. 

Ex. Let the base be 24 feet and the sides 23 and 25 feet 



4ir 



• • 
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AD^BD = ^^^^ = 4, 

24 
while ^Z)+^Z>= 24. 

2^Z> = 28, AD = 14 feet, 
2BD = 20, ^Z> = 10 feet. 
74. Obs, — ^The sides of a triangle ABC usually have their 
lengths designated by the symbols a^ b, c, in the order of the 
angles to which they are opposite, viz. BC =^ a, AC^^b, 
AB = c. Then the last propositions may be stated in the 
forms 

sin A __s\n B ^ sin C 

a b c ^ 

€ a—b 



a^rb AD-BB 

75. Methods shall now be given for solving any oblique- 
angled triangle, by reducing it if need be to two right-angled 
triangles, and then making its solution result from the solu- 
tion of these right-angled triangles by the methods already 
set forth. 

76. A triangle has six parts, three angles and three sides. 
The three aligles together make two right angles {Euclid, i. 
32), and of the sides no one must be so great as the sum of 
the other two {Euclid, i. 20). If, in compliance with these 
conditions, any values be given at random to any three of 
the parts, it will be found that, with two exceptions, it is 
always possible to lay down on paper one, and only one, 
triangle which has these parts. Thus the assignment of 
three parts in general makes the triangle determinate. 

The three parts may be ; 

I. Three angles. 

II. Two angles and one side, which side may be either : 

(i) the side between the two angles, or 
(2) a side opposite one of the two angles. 

III. An angle and two sides, which sides may be either : 
(i) the sides containing the angle between them, or 
(2) sides not containing the angle between them. 
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IV. Three sides. 

Each of these four cases and their sub-cases are now to 
be considered. 

77. I. Let three angles be given, together two right angles. 
This is one of the two cases where three given parts do not 

fix and determine the triangle, because an endless number of 
. triangles can be formed all equiangular and similar, any one 
therefore having the three given parts. In all these triangles 
the sides have the same ratios among themselves, but there 
is nothing to fix the actual lengths of any of them. The 
shape of the triangle is known, but not its magnitude. 

78. II. (i) Let two angles be given and the side between 
them. 

Let A and B be the angles given ; then the angle 

C = i8o®— (-^+-5) is at once known. Also, let c denote 

the given side ; then 

sin A 

sm C 

jr ^ sin ^ 

^ss, C -. -^. 

sm C 
.\ log a = log ^+log sin -4— log sin C 
= log ^+L sin -4— L sin C (43). 
log b = log r+L sin -5— L'sin C. 
Thus the sides a and b can be found, and they complete 
^ the solution of the triangle. 

79. Ex. I. In the triangle ABC 
let the angle CAB = 60** 15', 
„ C^^ = S4^3o', 
and the side AB = i yard- 
To find the side -4 C 
The angle ACB — i8o*»-ii4*' 45' 

= 6s- 15', 
^C_sin54^3o^ 
AB sin 65° 15" 

^^_ sin 54° 30' 
sm 65° 15' 
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L sin 54® 30' = 9*910:6860 

L sin 65° 15' = 9*95 8| 1 543 
and its arithmetic complement = -041:8457 

9*9S2|53i7 
/. \ogAC = T-952|53i7 (Log 3^) 
log -89646 i-952i5309 
/. AC =^ -89646 yards. 

(2) Let the two angles A and B be given, the third angle 
C= 180— (-4 +-5) being thereby also known, and let the 
side a opoosite to one of the angles be also given. 

Then b = a ^!°_f . 
sm A 

^ _ ^ sin 6* 

smA 

log d = log «+L sin -5— L sin A, 
log c = log a+L, sin C—L, sin Ay 
and the sides d and c are determined. 

80. Ex. 2. Let the angle A =s 6f 58' 50''. 

„ ^ = 59° /44^ 
and the side BC = 1468 feet. To find the side AC. 
A = 67° 58' 50" 

^ = 59° 7' 44'' 180° o' o" 
A+B = 127° 6' 34" 

0= 52° 53' 26". 
log a = 3-166:7261 

L sin 59*^ 7' = 9"933;5957 
addition for 44" = -000:0554 

13-1003772 



L sin 67° 58' = 9*96710637 
addition for 50'^ = •ooo;o426 

9-967:1063 

,% log d = 3'i33;2709 
log 1359-16 = 3'i33;2705 



2S4 
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.•, h or the side AC is 1359*2 feet, 

to the first place of decimals. 
81. III. (i) Let the angle A be given and the two sides 
by c which contain it 

If the angle A is acute, firom (7, the end of the shorter of 





the containing sides, drop a perpendicular CD on AB the 
longer of them (Fig. i). 

If the angle A is obtuse, from (7, the end of either of the 
containing sides, drop a perpendicular CD on the other side 
£A produced (Fig. 2). 

Then the angle A CD, being 90°-^ (Fig. i), 

or A^^o^ (Fig. 2) is known. 

Hence AD = ^C sin A CD, 

and CD = -^ C sin A, are known. 

Then BD = c-AD (Fig. i), 

or c^-AD (Fig. 2), is known also. 

Hence, in the right-angled triangle CDB, there are the 
two perpendicular sides known in length, from which the 
remaining parts are to be found by the following formulae : 



taxiB = 



CD 
DB" 



CD 



CB = VCD^+DB^ or-— ij, 

sin -^ 

angle C= 180^— (^-h^). 

82. The inconvenience of this process lies in its consisting 
of several steps, so that an accidental error in one of the 
earlier ones is propagated into those which follow, and also 
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in its requiring at last the hypotenuse of a right-angled 
triangle to be found from the two sides, which, when these 
sides have any large numerical values, is laborious. The 
following proposition leads to a more ready determination 
of the two angles, and then of the remaining side. 

83. In any triangle the tan- 
gent of the semi- difference of 
any two angles is to the tangent 
of the semi-sum of these angles 
as the difference of the sides 
respectively opposite to them 
is to the sum of the same 
sides. 

If a^ b, c designate the sides 
of a triangle opposite to the 
angles A^ B, C respectively, 
this proposition is expressed 
by the statement : 

\zn^{A-B) 
tan^(^-f^) 




a-^b 



a-\-b' 

With C the angular point of the triangle ABC as centre, 
and with radius CB the longer of the two sides which con- 
tain the angle C, describe a circle BFDE. Produce BA to 
meet the circle in 2?, and produce A C both ways to meet 
the circle in i^and E, Join DC^ BF. 



F'y CFIf 

From £ f draw \ EG perpendicular to BD. 

cJ Icz 



Then ECB being the sum of the angles A and B {Etic, L 32), 
EDB is the semi-sum ^(A+B) (Euc. iii. 20) ; 
and DC A being the difference of the angles A and CD A 
or A and B (i. 32), 
DBFis the semi-difference ^{A'-B) (Euc, iii. 20). 
Now FE being bisected in C, 
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HL = LG, 
.\ BH^DG, 

and tan ^"^ = tan DBF = ?^ , 
2 BH' 

2 _ FH^AF^ C F-^AC ^ CB^AC 

•*• tlir?±? ^^ ^^ CS+^C CB-^AC 

2 

Since ^i±^ = 90°--, 
2 2 

the proposition thus demonstrated may take the form 

A—B a-b ._„ / _„ O 



tan = ; . tan ( 90® — J. 



[I have not hesitated to offer this proof because I made 
it myself, although I have lately learned that a proof similar 
in substance is given by Mr. Todhunter in his * Trigonometry 
for Beginners/ — ^W. N. G.] 

84. When this proposition is employed to solve a triangle 

fi-om the given parts «, ^, C, we obtain from this equation the 

A—B A-\-B 

value of . But — -^- — being known also from its being 

2 2 

r 

the complement of—, the angles A and B are determined. 

2 

Then ^= 5j5_^, 
a sm A 

sin C 

or c = a -. — ., 

sm A 
is an equation which gives the length c. 

86. To exemplify and contrast the two methods of solu* 




Oblique-angled Triangles, 257 

tion, take the case where the given parts are the angle 
A = 56** 28', and the containing sides 
^ = 327 feet, c s= 256 feet 

From By the end of the shorter of 
the containing sides, drop a perpendicular 
BD on AC. The angle ABD = 33<> 32'. ^ 

Now BD = AB sin 56** 28'. 
log AB = 2 •408:2400 
L sin 56** 28' = 9'92o:9393 

/. logBD = 2-329:1793. 

A£> = AB sin 33° 32'. 
log AB = 2 •408:2400 
L sin 33** 32' = 9-742127 10 

logAI? = 2-150:5110 
log 141-42 2-150:5108 
/• AZ> = 141-42 feet, 
/. CJD = 185-58 „ 

Again tan C = J^. 

L tan C = 12-329:1793 
2-268:5312 

10*060:6481 
L Un 48^ 59' = 10-060:5818 

60 



2551)39980(16 
/. C = 48^ 59' 16". 

Then^C= -:^. 
sin C 

10 -I- log BI? = 12-329:1793 
L sin C = 9-87810821 

— :— * 

log^C= 2*451:0972 

log 282-55 = 2-451:0953 

/. BC=i 282-55 feet 
s 
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If the formula of (83) be employed, 

= -^ tan 61° 46', 
log 71 = 1-851 2583 
L tan 61° 46' = 10-2700705 

12-12113288 
log 583 = 27656686 

A L tan ^''- = 9'3SSi66o2 
2 

Now L tan 12^ 46' = 9'355 :2267 

'4335 
60 



5859)260100(44-3 

/. ^^ = 12^ 46' 44-3", 

2 

^-C= 25° 33' 29", 

also i?+C= 123^32', 

.\2B^ lACf" 5' 29", 

^ = 74** 32' 44", 

2C= 97°58'3i"» 

c ^ 48° 59' 15"- -i 

■ 
We can now find BChy either of the following methods : 1 

BC sin -4 J 

AB sin C 
log BA = 2 -408; 2400 
L sin -4 = 9-920:9393 

i2-329ii793 
L sin C = 9-877:6847 



log^C= 2-451:4946, 
log 282-81 = 2-451:4948, 
:.BC^ 282-81 feet; 

BC _ %\nA 
^^'AC sin B\ 
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log^C== 
L sin A = 

L sin J5 = 

log BC = 
log 282*8 



2*514:5478 
9-920J9393 

1 2 -435 487 1 
9*9840061 



2*451 
2-451 



4810, 
4794 



/. BC =. 282*8 feet 

Different methods of solution will give results with small 
discrepancies like these, because logarithms are used, not in 
their exact values, but to a limited number of places of 
decimals. 

86. (2) Let the angle A be given and also the sides ^, b^ 
which do not contain it. 






A D 



B A 



»t i> ^ 



From the point C wherein the two given sides meet 
draw CD perpendicular to AB or AB produced. 



Now sin jff = - sin A. 

a 

Since CDB is a right angle, CBD is less than a right 
angle, 

/. CD is less than CB {Euc, i. 19.), 

or b sin A ^^ a^ 

^ , ^ sin -4 . ci, ^' 

and is a proper fraction. 

a 

There are therefore two angles, supplementary one to the 
other, which have this fraction for their sine (13), and they 

s 2 



^A 
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appear as values of the angle CBA of the triangle. The 
question arises, which is to be adopted, the acute or the 
obtuse value ? 

Now, '\iA is obtuse as in Fig. i, B must be acute. 

Or if A is .acute and b less than a, as in Fig. 2, ^ is less 
than A (Euc, i. 18), and therefore acute. 

But if ^ is acute and h greater than d^, as in Fig. 3, the 
condition of B being greater than A does not settle the 
difficulty, because either the acute or obtuse value of B 
satisfies this condition. 

Now this is an ambiguity which would have shown itself if 
we had attempted to lay down a triangle on paper from a 
given value of the acute angle A and given lengths of 
the sides AC^ CB^ where AC \% the greater of the two. 
For when the acute angle BAC is laid down, and AC 
measured off, then with centre Cand radius CB we should 
proceed to describe a circle whose intersection with AB 
would fix the point B, But since CB is less than CA this 
circle intersects AB in two points which lie on the same 
side of A, Thus two triangles are formed with the given 
parts, and the angles B in them are supplemental For if 
Bi and B^ be the points of intersection, since CBy^ = CB^^ 
the angle CByB^ equals the angle CB^B^, But CBiAiy 
CB1B2 are two right angles. Therefore CBiA, CB^ are 
two right angles or supplemental one to the other. 

In constructing Fig. i or 2 the ambiguity does not arise, 
because the circle from centre C would cut AB or AB 
produced on diflferent sides of A^ and produce only one tri- 
angle with the given angle A. 

Supposing the acute angle B determined in Fig. i 

BD = a sin DCB = a sin (90° - B), 
AD = b sin ACD = b sin (^—90), 

are known, and thence 

< as BD-^AD is found 
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In Fig. 2 

BD = a sin (90— u^) 
AD = ^ sin (90—^) 
and ^ = BD-irAD is found. 
In Fig. 3, where two values of B are obtained, when the 
smaller value is taken, 

AD = b sin (90—-^), 
BD = a sin (90— -5), 
and r = BD+AD is found. 
When the larger or obtuse value is taken, 

AD = b sin (90— -4), 
BD = dJ sin (^—90), 
and c = AD—BD is known. 
87. The following is an example of the ambiguous case. 
Let the angle A = 24° 17', 
BC or a =z 300 feet, 
^Cor^ = 326 feet, 
log ^ = 2 '5 13:2 1 76 
L sin ^ = 9-614:1051 







I2'I2' 


713227 


log^ 


=s 


2-477:1213 


L sin B 


= 


9-65< 


D:20I4 


L sin 26° 32' 




9-65< 


^33^ 

II676 
60 






2530) 


100560(39 








7590 








24660 
22770 

1890 


.•. the angle B is either 








26° 


32' 


40" 




or iSS"" 


27' 


20". 




.\ C= 129° 


10' 


20'' 




or 2** 


15' 40''. 
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In the former of these two cases 

L sin C = 9S89 3736 

i 687 
\oga=^ 2-477:1213 

i2-366;5636 
L sin ^ = 9*614:1051 

log^:= 275214585 

log 565*53 = 275214556 

/. AB or r = 56553 feet 

In the second case 

L sin C e= 8-593J9483 

211356 
loga= 2-477ii2i3 

1 1 •073:2052 
L sin ^ = 9'6i4;io5i 

I •459:1001 
log 28^78 = 1^459 0908 
/. AB or ^ = 28*79 f*^^^ 
88. In the following example there is a condition intro- 
duced which relieves the question from ambiguity. 

The base of a triangle is 100 feet The angle opposite 
the base is 34° 18', and the longer of the two sides which 
contain this angle is 150 feet- «What are the other angles of 

the triangle ? 

Let AB be the base of the tri- 
angle, 100 feet in length, ACB the 
opposite angle 34** 18', AC the 
longer of the containing sides, 150 
feet 




Now 


sin 


B^ 


^^-^ 








r= 


1^5 sin 34** ] 


18' 






= 


•8452890. 






• 
• • 


B^ 

or 


57^=* 42' 10" 
121° 7' 50". 
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If ^ = 57^ 42' 10'', then A = 87° 59' 50". 
If ^ = i2i« 7' 50", then ^ = 24^ 34' 10". 

Now -^C is the longer of the two sides AC, BC, Hence 
tlie angle CBA is larger than the angle CAB (Euc, i. i8), 
and the latter solution is to be adopted, inasmuch as the 
former presents the angle A larger than the angle B, Then 
the given circumstance of the longer side which contains the 
given angle being 150 feet disposes of the ambiguity, and 
the other angles of the triangle can be pronounced to be 
121° 7' 50" and 24** 34' 10". 

The ambiguity which arises in this problem and the 
condition which clears it away will be illustrated by con- 
structing the triangle by measurement. 

On AB describe a seg- 
ment of a circle, the angle 
of the segment being 34® 18'. 
Then the vertex of the tri- 
angle lies on the circum- 
ference of this segment. 
With centre A^ and radius 
150 feet on the scale on 
which AB is 100 feet, de- 
scribe a circle. This circle, 
it will be found, cuts the 
former circumference in two points C and C. Join A C, 
A Q BC, BC. Then two triangles A CB, A CB have been 
constructed with these common properties : 

the base AB is 100 feet, 

the vertical angle is 34° 18', 

a side containing this angle is 150 feet 

In one of them ACy 150 feet, is longer than the other 
side CB\ in the other triangle AC is shorter than BC\ 
Since then the question prescribes that 150 feet is the length 
of the longer of the two sides which contain the given angle, 
it follows that ACB and not ACB is the triangle intended. 
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►. IV. Let the three sides a^b^che given. Of the three 

sides let AB be that which is not 
less than either of the other two, 
and upon this side drop a perpen- 
dicular from the opposite angle 
^ meeting AB in D. Suppose that 
of the two segments AD, ABy the greater is AD, 

then AD^DB ^ (^"^X^-^^) (71), 

while AD-\^DB = r, 

gives the lengths of AD and DB. 

Hence sin ^C2? = ~Ji, 

sin BCD = |g, 

determine the angles A CD, BCD, since each of these 
angles, being an angle of a right-angled triangle, is acute. 

Then A = 90° -^CT?, 
B = ^d'^BCD, 
become known, 
and thence C = 180**— (^+-^), 

which completes the solution of the triangle. 

90. Ex. In the triangle ABC let the lengths of the sides 
be AB = 1056, AC = 924, CB = 1716 yards. 

To find the angle C 

Upon BCj the longest side, drop a perpendicular AD 
from A, 

Then £B-CD - {AB+AC){AB-AC) ^ r^ 

BC 13 

while BD^t CD = 1716. 




• • 



13 



sin C^Z> = ^ = 151^. 
AC 12012 
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- 4*079 



9*927,4494 



L sin S7*» 47' = 9-927 



6153 



3899 



595 
60 



796)35700(44 
3184 

3860 

3184 



ACD=^ 



676 



Sf 47' 45", 
32^ 12' 15". 



91. When the numbers are large which express the 
lengths of the sides of the triangle, the computation of the 
lengths of the segments of the base is laborious, and the fol- 
lowing method is easier. It will depend on an expression 
for the tangent of half an angle of a triangle in terms of 
the sides, which shall now be obtained. 

In the triangle ABC of the two sides AC, AB which 
include the angle A, let AC 
be the greater, and with 
centre-^ and distance AC 
describe a circle cutting AB 
produced each way in the 
points D and E, Draw 
CH perpendicular to ED, 
and join CD, EC Then designating the sides of the tri- 
angle by a, b^ c, we have EA = AD =. AC -=' b, 

BD =1 b-c, EB = b-^c. 

Also the angle CEA = \A {Euc, iii. 20). 

Now since ECD is a right angle, 

CZ?2 = ED . Dff {Euc, vi. 8) 
EC^ = ED . EH. 




• • 
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2d(b'^c)-^2C, BH' 

Now in the triangle ABC 

^^^^a^-^2C,BH. {Euc.'± 12,) 
or 2r. ^Zr=^-'^-fl«, 

_ g«-^-^ + 2^^: 
^*+^ + 2Af— a* 

"" {a+b-\-c){b'tC'-a) 
tan ^ = ^ / {a-\-b^c)(a^c^b) ^ ' 

the value of tan — being necessarily positive, since A is 

less than i8o^ 

If the angle B is acute, B lies between jff and £>, and the 
same result arises, £uc. ii. 13 being employed. 

92. For practice this formula is most readily employed 
by introducing the symbol S for the semiperimeter of the 
triangle, or 2S = « +^+r. 

Thentan^= ./I^EMEi 

93. Since with the figure of (89), 

AD-BD = - — - , 

c 

AD-^-DB = c. 
Also 4CZ?» = 4^-(2^Z))» 
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= {^b-Vcf-a''\{a^'^(p-cY\ 

If a+^+r, the perimeter of the triangle, be designated 
by 25, 

4<^, CZ^ = i65. (5-a)(5-^)(S-4 
Now CC>2 = b^ sin 2^, 

.% ^^ sin 2-^ = 4 5(5-.d5)(5-^)(5-^), 
sii^ ^ = ^ ./5(5-tf)(5-^)(5-^). 

The positive sign is taken because sin A is positive. 

Hence !5^ = ^^^S{S-a){S-b)(S-c) , 
and ^ = ^i^ = 5il^ (70) 

_ 2 



4^5(5-a)(5-d)(5-4 



By these formulae the angles A^ JB, C are found by the 
assistance of logarithms when the sides are given, but they 
are not so convenient as that of (92) because more separate 
logarithms are to be taken out of the tables. 

dli Let it be given that the sides are 

a or BC = 533*946 feet 
b or AC ^ 791^854 „ 
^: or ^B = 465-387 „ 

/. 2S — 1832*187 

S = 916*094, S = 916*094, S = 916*094 

a = 583*946 b = 79i'354 ^ = 465'3§7 

/. S^a = 322*148, S—b = 124*24 , S—c = 459*707. 
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L tan ^ = i{log (5-^)+log (5-r)-log 5-log(5-ij) 

* +IO 

log (5—^) = 2*094:2614 

log (S-i) = 2-662U74S 

I 66 

• 

4756I7425 

log S = 2-96119381 

I ^9 
log (5— tf) = 2-S2i::32i2 

I 105 

S'483 i 27iy 

log (5-*)+log (S-r)-log 5-log(5-d5) = 1-273:4708 

A 

L tan - = 9-636:7354 

2 
L tan 23** 25' = 9-636:5722 

1632 
prop, part for 27" = 1639 

.-. 4. = 230 25' 27", A = 46^ 50' S4". 

2 

So ^ = 98*^ 23' 26", 
C = 34° 45' 40". 



95. Examples for Practice. 

The following examples may produce other exercises by 
alteration of the data, as was suggested in (62). 

I. (i) Given two angles and the side between them. 

1. The angles being 38° 19' 5" and 44** 18' 6", and the 
side between them being 43825 feet, the other sides are 
308-6 and 274 feet. 

2. The angles being 56** 35' 18" and 59"* 42' 17", and the 
side between them being 3279 feet, the other sides are 
3053 and 3158 feet. 
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3. Two angles of a triangle being 47° 18' 39" and 98® 7', 
and the length of the side between them being 864 feet, the 
longest side of the triangle is 1507 feet 

4. Two angles of a triangle being 46° 18' 37", 59® 12' 41", 
and the side between them being 161 yards, tiie shortest 
side of the triangle is 121 yards. 

(2) Given two angles and an opposite side. 

5. The angles being 42° 18' 17", 47-* 16' i8", and the side 
opposite to the former 2220*37 feet, the other sides are 329877 
and 2432*27 feet. This triangle is nearly right-angled. 

6. The angles being 59° 15' 18", 57*^ 16' 25", and the 
side opposite to the former 684*937 feet, the other sides are 
670-44 and 713 feet. 

7. Two angles of a triangle being 86® 17', 47** 29' 47", 
and the side opposite the latter being 242 feet, the side 
opposite the third angle of the triangle is 237 feet 

8. Two angles of a triangle are 29® 22' 34", 89® 54' 10", 
and the side opposite to the latter is 501 feet long, find the 
length of that side of the triangle which is neither the 
longest nor the shortest of the three. 

III. (i) Given an angle and the sides which contain it 

9. If the sides 678*924 and 783*888 feet in length include 
the angle 62° 18', the remaining side is 772*79 feet, and 
the other angles are 65° 38' 8" and 51° 3' 52". 

10. If the sides 689*536 and 574*927 feet include the 
angle 53° 53' 53", the remaining side is 798 feet and the 
other angles are 73® 9' 34" and 52® 56' 33". 

11. If in a triangle two sides 23 and 56 yards in length 
include the angle 143** 29', the smallest angle of the triangle 
is 10** 24' 44". 

12. Find the smallest angle of the triangle wherein sides 
347 and 296 feet in length include the angle 108® 17'. 

13. Find the third side of a triangle wherein sides 827 and 
83a feet in length include the angle 109*" 17' 53". 
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14. In a triangle where the sides 3270 and 5456 yards in 
length include the angle 46^ 18', the largest angle is 97^ z j'. 

(2) Given an angle and two sides which do not cont^un it 

15. The sides being 3157*881, 3278*946, and the angle 
opposite the latter 63^ 42' 25'', the triangle is not ambigu- 
ous, the third side being 3052*915, and the other angles j 
59° 42' 17" and 56° 35' 18". 1 

16. The sides being 426*893 feet, 249*873 feet, and the 
angle opposite the former being 105** 44' 49", the triangle is 
not ambiguous, the third side being 284*9 ^^^i ^^^ ^^ other 
angles 39** 57' 42" and. 34° 17' 19". 

17. In a triangle ABC^ the side AB is 345 feet, AC is 
174 feet, and the angle Cis 115** 36' 58", The angle A is 

18. In a triangle ^jffCthe angle A is 28® 17' 32", AB is 
12 feet and BC is 15 feet The remaining side -^C is 

24*45 ^^^^• 

19. The sides being 1249*688, 397*356 feet, and the 
angle opposite to the latter being 9° 19' 38", the triangle is 
ambiguous and the two solutions are — 

(i) The remaining side 1575*2 feet, the angles 30'' 38' 42", 
140° i' 40". 
(2) The remaining side 891*3 feet, the angles 149° 21' 18", 

21 19 4 • 

20. The sides being 5798629, 4^2*7538 feet, and the 
angle opposite to the latter 48® 17' 23", the two solutions 

are — 

(i) The remaining side 599*5 24» the angles 63** 43' 31", 

ef 59' 6". 

(2) The remaining side 172*116, the angles 116** 16' 29", 
15° 26' 8". 
IV. Three sides being given. 

21. If the sides be 1654, 1664, 2706 feet, the largest 

angle is 109** 17'. 

22. The sides of a triangle being 384, 279 and 609 yards, 
the largest angle is 132° 46' 44". 
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23. If the sides are 5284763, 7399*841 and 6873-986 
yards in length, the angles of the triangle are 73° 40' 48", 

63" 4', 43*^ IS' 12'^ 

24. If the sides of a triangle are 387, 516 and 650 yards, 
its largest angle is 90° 55' 44". 

25. The sides of a triangle being 397, 426 and 368 feet 
in length. Find the angle which is neither the least nor 
the greatest 

96. Area of an oblique-angled triangle. 

To find the area of a triangle of which three parts are 
given, one at least being a side. 

If AB be a side of the triangle 
ABC which is not less than either 
of the others, and CD be a perpen- 
dicular on AB^ then with the notation 
hitherto used, 

2 area of triangle = AB . CD = be sin Ay 

, . sin A sin B sin C* / v 

and since = — =— = (70), 

a b c ^ ' 

this expression has for its equivalents <u sin B or ab sin C 

Hence, if an angle and the including sides are given, the 
area of the triangle can be computed. If an angle and other 
sides are given, or two angles and a side, the second of the 
including sides can be computed, and thus the area of the 
triangle can be found. 
When three sides are given, since 




c.CD= 2VS{S-a)(S^b){S'-c) (93) 



.*. the area of the triangle = y/S{S^a)(S'-b){S^c). 

97. Ex. I. Given two angles of a triangle 56° 27' and 
73^ 17' 29", and the side between them 1200 feet, to find 
the area of the triangle. 

If ^ and B be the given angles of the triangle ABC, the 
remaining angle Cis 50*^ 15' 31", and AB = 1200 feet 
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2 area = AB . AC sin A (96) 

= AB* . ^ld±^ (70) 
sm C 

^ ^ ^ ^xTi A sin B Cm. 

area = 72cx>oo . — ^ — square feet 

sm C 

log 720000 = 5'S57:3325 
L sin ^ = 9-92018555 
L sin -5 = 9*98i;247i 

I 184 

L sin C = 9-885:8370 

I 543 

ar. comp. L sin C = •11411087 

log (area) = 5-873:5622 
log 747416 = 5-87315624 

/. area = 747416 square feet 

98. Ex. 2. If in a triangle ABC, AC =$20 feet, 
BC = 196 feet, and the angle CAB is 29° 13' 36", to 
find the area of the smaller of the two triangles which 

have those given parts. 

Of the two triangles which 
these given parts present we are 
to confine our attention to the 
smaller one. In this from B 
draw BI? perpendicular to AC. Then the area required 
is i^C. BI> = 1 AC. BC sin ACB. 

Now sin B = fff sin A, 
whence B = 52** 51' 37" or 127** 8' 23". 

The condition of regarding the smaller tnangle decides 
that 127** 8' 23" is the value of the angle ABC, and thence 
^C5is23*'38'i". 
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Then log (2 area) ^^ 2*505 

2*292 
T'6o3 



1500 
2561 
0214 



4-400:4275, 
whence 2 area = 25143, 
and the area = 12572 square feet. 

99. Ex. 3. If the three sides of a triangle are given, 
S364, 6753, 7483 feet in length, to find the area. 

8364 = a suppose, 
6753 = b 
7483 = c 



2 5= 22600, 

S = 1 1300. 

5 = 1 1300 5 = 

a = 8364 b = 


1 1300 
6753 


5 = 11300 
c= 7483 


3^a= 2936 5—^ = 

log 5 = 
log (5-^) = 
log (5-^) = 
log(5-r) = 


4547 S- 

4-05310784 
3'467l756i 
3*657i725o 
3-581J7222 


-c= 3817 


.*. log area = 


14-76012817 
7-380:1409 





/. area = 239961 10 square feet 



100. Examples for Practice, 

1. In a triangle where two sides 39 and 27 feet in lengt?i 
include the angle 112° 18', the area is 487*18 square feet. 

2. If the sides of an equilateral triangle are each 17 
chains 4 links, the area is 12*57 acres. 

3. The area of a triangle in which sides of the lengths 
86 and 94 feet include the angle 127° 16' 43" is 3216 
square feet. 

T 
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4. The area of a triangle wherein sides 84 and 73 feet 
in length include the angle 48'' 27' 53'' is 2295 square 
feet. 

$. Xftfaesidesof a triangle are 826, 753 and 684 3rards, 
its area is 24197 square yards. 

6. The area of a quadrilateral whose diagonals 637 and 
598 feet in length include the angle 37° 18' is 115418-6 
square feet 

101. If tf, b^ B had been given to solve a triangle when 
b is less than a, and if r, r, be the values found for determin- 
ing the third side, prove that l^-^cc^ = d;*. 

Sciaice Examination, 1864. 

Let CBA, CBA be the two tri- 
angles with the given parts, JBA and 
BA* being represented by r, c*. 
From Cdraw CD perpendicular to 
AA^ and therefore bisecting it. 

Then since AA is bisected in D 
and produced to B 

cc'-^t AD^ = BD^. {Euc. ii. 6.) 
/. c c' + Ajy^ -k- Cn^ = BD^-\-CD\ 

102. In the ambiguous case where the given sides are 
8 and 12 feet and the given angle 30°, find the difference 
of the areas of the two triangles which belong to these given 
elements. 

103. Find the area of a parallelogram whose sides (8 and 
12 feet respectively) include an angle of 30®. 

Science Examination. 1867. 

If A BCD be the parallelogram 
wherein -^C is 8 feet and CD is 12 
feet, from A draw AE perpendi- 
cular to CD, 
Then AE = AC sin 30** = 4 feet, 
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and the area of the parallelogram = AE x CD {Euclid, i. 35) 

= 48 square feet. 

Generally if a, b be the lengths of the adjacent sides CD, 
AC of 3i parallelogram and C the angle A CD which they 
include, since the perpendicular AE = b sin C, the area of 
the parallelogram is ab sin C. 

104. Each side of a rhombus is 50 feet, and one diagonal 
is double the other. Find the length in feet of either of the 
diagonals, and the angles of the figure. 

Let A Cy BD be the diagonals 
intersecting at right angles in 
E,AC being double BD, Then 
AB, BC, CD, DA are each 50 
feet. Also AE the half oi AC 
is double BE, 

Now, 2500 = AB^ = AE^+EB^ = 5 BE^. 

/. BE^ = 500, BE = 22*36 feet. 

,% AC = 89-44 feet. 

BE 

Again tan BAE = ^-g = ^ = -5, 

A BAE = 26° 33' 54". 
.% the angle BAD is 53° 7' 48" and ^^Cis 126'' 52' 12". 

106. Find the side of a square that shall be equal to a 
triangle whose sides are 7, 10, 12 feet respectively. 

Science Examination 1867. 

Let ^ be a side of the square in feet and x^ accordingly 
the area of the square in square feet Since then x^ is the 
area of the triangle, 

x^ = ^/ 14-5 X 2*5 X4*5x 7*5 (96) 

X = V 14-5 X 2-5 X4'5x 7*5 = S'979> 
or 72 inches, to the nearest inch. 
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CHAPTER V. 

HEIGHTS AND DISTANCES. 

106. An important application of Trigonometry is to de- 
termine heights or distances which it is not convenient or 
possible to obtain by direct measurement By measuring 
certain other lines and certain angles connected with these 
required heights or distances, triangles are formed, and by 
the solution of these triangles the required lengths are as- 
certained. 

107. Some technical terms have first to be defined* 

JDef. — If Py Q be two points, and A some other point, 
and if AP, AQht joined, the angle PAQ is 
called the angular bearing of P and Q from 
one another, or their angular distance, as they 
are seen at A, The same two points, therefore, 
have different angular bearings as they are seen 
from different points, and the angular distance 
is quite different from the linear distance, the line PQ. 

If AP is the direction towards the north of the meridian 
at the point A, the angle QAP is the bearing of Q from 
the meridian, east or west as the position of Q may be. 

108. Bef. — The plane made by the surface of standing 
water at any place is called the plane of the horizon, or the 
horizontal plane at that point, and a straight line drawn per- 
pendicular to this horizontal plane is said to be vertical. 
Any plane through this vertical line is a vertical plane. There 
are thus at any place innumerable vertical planes, but only 
one horizontal plane and one vertical line. 
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109. Def,-^\i ^ be a place of observation, /*, Q two points, 
and if PM^ QN be perpendiculars 
drawn on the horizontal plane at A^ 
when MA^ NA are joined the angle 
MAN is called the horizontal angu- 
lar distance 2X A oi P and Q, their 
angular distance being the angle PA Q, 

110. Def, — If ^ be any place, -Pa point, and if the verti- 
cal plane at A which passes through P cuts the horizontal 
plane at A^ the angle PAB is called the 
angular elevation of P above the horizon, 
as P is seen at A, Similarly, if ^ be a 
point below the horizon and QAB be a 
vertical plane, the angle QAB is called 
the angular depression of Q, below the 
horizon, as Q is seen at A, 

In strictness, at every point on the earth's surface there will 
be a vertical line and a horizontal plane belonging to that par- 
ticular point, but about the same place on the earth this vari- 
ation from point to point is inappreciable, and vertical lines 
may be considered all parallel, and so may horizontal planes. 
Also when heavenly bodies are viewed, by reason of their 
great distance lines drawn to them from different points 
on the earth about the same place may be all considered 
parallel, inasmuch as, although they meet, they meet only at 
such a very great distance Thus, if 
A^ C be two points nearly at the 
same place on the earth, PACB the 
vertical plane through P some hea- 
venly body, the angular elevations of P above the horizon 
as seen at A and C are PAB and PCB respectively, and 
these differ by the angle APC^ which is inappreciable by 
reason of the great lengtii of PA or PC in comparison 
with A C. 

111. The distance of points on the earth's surface when 
the ground between them is flat, be it horizontal or of uni- 
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form slope, can be measured by a Guntefs chain, or by a 
cord whose length is known by means of standard measures 
of yards or feet 

For measuring angles the principal instruments axe the 
sextant or quadrant (different names for that which is sub- 
stantially the same instrument) and the theodolite. 

The powers of these instruments, however, are different. 

The sextant or quadrant measures the angular distance 
between any two points, as these points are seen at the 
place of observation. 

By the use, in addition, of an artificial reflecting horizon, 
the sextant can measure the angular elevation of a point 
above the observer's horizon. 

The theodolite measures 

(i) The horizontal angle between two points (109), 
(2) The angular elevation or depression of any point 
from the horizon (no). 

Thus if -Pand Q (figure of Art. 109) be two points, I^Af^ 
QiV perpendiculars from them on the horizontal plane at Aj 
the angle PA Q is measured by the sextant or quadrant only, 

the angle MANis measured by the theodolite, 
the angles FAM, QAN are measured by the theodolite, or 
by the sextant with an artificial horizon. 

The construction and purpose of these instruments will 
be learned much better by an inspection of them than by 
the descriptions which are given in books. 

The reader is now aware of the nature of the angles 
which it is in our power to measure readily, and in the fol- 
lowing articles angles will be taken as measurable without 
stating in every case what is the instniment used. 

112. Def, — The hearing of an object expresses the direc- 
tion in which it is seen with respect to the points of the 
compass. 

\{ A be any place of observation, ANiht. direction to the 
north, AS in the opposite direction is to the south, AE to 
the right hand, when an observer looks northward, is the 
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east direction, and A W to the left hand is the west direc- 
tion. NAS is the meridian at the 
point A which the sun's centre 
crosses at the apparent noon every 
day. Objects seen in the lines 
ANy AS, AE, A W, are said to be 
due north, south, east, west, of A 
respectively. If a line BAC is 
drawn bisecting the angle NAE, 
objects seen along the line AB 
are said to be to the north-east, 
and objects along -^ C to the south- 
west ; while if DAF bisects the angle NA IV, AD is the 
direction to the north-west and AF to the south-east 
Intermediate directions are defined by their angular dis- 
tances from the four principal directions. Thus if the angle 
NAG is 20°, objects seen in the line AG are said to bear 
20° east of north. If WAH is 16*^, objects seen in the line 
AHhtdx 16** south of west. 

113. To find the height of a visible object above the 
horizontal plane when the foot of it can be approached. 

Let TWbe a vertical object, a wall or pillar for instance, 
whose height is required from the hori- ^. 

zontal plane AM, 

Suppose the base Mto be accessible, a 
measure a distance MA along the hori- 
zontal plane, and at A let the angle PAAfhe observed (i 1 1). 

Then BM = MA tan BAM, 

whereby /Wean be computed, logarithms if necessary being 
called into use. 

Ex. Let AM be 100 yards, and the angle BAM be 
12° 18', the tangent of which is known from the tables to be 
•2180353. 

/. BM^= 21*80353 yards 

= 21 yards 2 feet 5 inches to the nearest inch. 
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If the height PM were known, and the horizontal distance 
of a certain point A from it were required at which the 
angle PAM\% measured, 

tan PAM" 

and the distance MA would then be known. 

Obs, — ^The point A is in practice the observer's eye, and 
the height of the object from the ground on which he stands 
is to be ascertained by adding to PM the height of the 
observer's eye from the ground. 

114. Examples for Practice. 

1. A and B are the tops of two poles, each 30 feet high. 
An observer at C in the same horizontal plane with the bases 
of these poles knows that CAB is a right angle, and 
measures the angular elevations (no) of ^ and -^ which are 
34° 18' and 28® 14' respectively. Find AB the distance 
between the poles. 

2. From the summit of a tower an object on the groimd 
known to be 325 yards from its base has a depression (no) 
8° 16'. Find the height of the tower. 

3. If the highest and lowest points of a vertical elevated 
line have the elevations 49® 27' and 38° 5 1' at a place at the 
horizontal distance 400 yards from it, find the length of the 
line. 

[Find separately the heights above the horizontal plane of 
the ends of the line, and their difference is the length of the 
line.] 

115. Suppose that M^ the foot of the object PM whose 

p height is required, cannot be ap- 
proached. Let the angular elevation 
of P be first measured at a point Ay 
and then at another point -5, also on 
the horizon and in the same vertical plane PAMB, and let 
the length AB be measured. Then in the triangle PAB, 
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the angles PBA^ PAB are known, and aJso the side AB^ 
and from these AP can be computed (78). 

Then PM = PA sin PAM. 

116. Ex. Let PAM be 30°, and PBM be 24° 17', and 
the length AB 200 yards. 

A n sin 24° 17' 
^-P = 200 -^ 3^ — ^, . 

sm 5 43' 
/'Jf = ^/'sin 3o« = I ^P 

log 200 = 2*301:0300 
L sin 24® 17' = 9*6 14: 105 1 

■ ■ ■ - I ■ ■ ■ I I ,M— 

ii'9i5|i35i 
L sin 5° 43' = 8-99812994 

• 

2-9i6|8357 
log 82572 = 2-916:8328 
.". AP = 825*72 yards, 
PM= 412-86 yards. 

117. To find the height of an accessible object which 
stands upon sloping ground. 

Suppose the ground on which 
the vertical object PM stands has 
a uniform slope, its inclination 
to the horizon being a known 
angle which shall be called a. 

Let MA be measured along the sloping ground in the 
vertical plane PAM, and the angular elevation of P, the 
angle PAB, be there observed. Then PAM =^ PAB —a 
is known; also AMP = 90^+0. Hence in the triangle 
APM we have two angles known, PAM and AMP, as 
well as the side AM between them, and PM can then be 
computed (78). 

Ex. Let a = 5^ MA = 80 yards, PAB = 25'='. The 
angle APM = 65°. 

PM ^ sin 20° 
AM sin 65^' 
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log PM = log AM^ L sin 20° - L sin 65^ 

= I •90310900 

9'534;o5^7 

"•437:1417 

9'9S7i27S7 

1*4798660 

log 30-190 = i-479;863i 

prop, part for 2 j 29 

.•. PM = 30*1902 yards. 

118. To find the distance of two points, of which one is 

inaccessible. 

Let AP be a known line, and Q, an 
inaccessible point, whose distance from 
Py an accessible point, is required. 

At A let the angle PA Q be measured. 
Take a distance in AP to -5, and mea- 
sure the length AB, At P let the 
angle PBQ be measured. 
Then in the triangle QAB, there are known the angles 
QBA and QAB, as well as the side AB between them. 
QB can therefore be computed (78). Then PB, the differ- 
ence of the known lengths PA, BA being known, and QB, 
and also the angle PBQ, QP can be computed as a side of 
the triangle PBQ (81). 

119. Let P, Q be two inaccessible points whose distance 

is required, and A, B two known points 
in the same plane with them, whose 
distance AB is known. 

At A let the angles PAB, QAB be 
measured, and at B let the angles 
PBA, QBA be measured. Then 
(i) In the triangle PAB there are known the angles 
PAB, PBA, and the side AB between them, 

/. AP can be computed (78). 
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(2) In the triangle QAB there are known the angles 
QBA, QAB, and the side AB, 

/. AQ can be computed. 

. (3) In the triangle PAQ there are now known the sides 
APy AQ, and the angle PAQ which they contain. 

/. PQ can be computed (81). 

120. Let P, Q be two points whose distance is to be 
ascertained, while they are known to be 
at the same given distance from the 
point A, At A let flie angle PAQ be 
measured. 

Now a straight line AN bisecting the 
angle PAQ will also bisect PQ at right 
angles. 

.•. PQ— 2 PN^ 2 PA . sin 

2 

Ex. AP = AQ = 500 yards, 

PAQ^ S8« 29'. 

/. ^ = 29° 14', whose sine is •4883674.- 

2 

.% PQ = 488-3674 yards. 

121. Though some of the most obvious cases of deter- 
mining heights and distances have thus been considered, 
yet problems of this class have such wide variety that the 
treatment of them can hardly be reduced to a few compre- 
hensive cases, and several examples are therefore now 
offered with the working of them detailed. 

122, Ex. I. AB, AC are two straight railroads inclined 
at an angle 50*^ 20'. A locomotive engine starts from A 
along AB at the rate of 30 miles an hour. After an interval 
of an hour, another locomotive starts along AC at the rate 
of 45 miles an hour. Find the distance of the engines from 
each other three hours after the starting of the first. 
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If B and C be the position of the engines at the time pre- 
scribed, AB the length run by the first in 
three hours is 90 miles, and AC the length run 
by the second in two hours b also 90 miles, 
so that AB and ^ C are equal. 

Join BCj and draw AD perpendicular to it. 
Then AD will bisect BC at right angles, and 
will also bisect the angle BAC, 

.\ BAD = 25'' 10', 

BD = 90 . sin 25° 10' 
= 90 X -4252528 
= 38'272752 miles. 
••. ^Cthe required distance is 76-545504, 

or 76^ miles nearly. 
123. Ex. 2. At the foot of a hill a visible object has an 
elevation of 35° 19' 18", and when the observer has walked 
350 yards up the hill, away from the object, he finds himself 
on a level with it The slope of the hill being 16® and the 
places of observation in the same vertical plane with the 
object, find the distance of the object from the first place 
of observation. Science Examination 1864. 

In questions like this the computer is recommended to 
take some i>ains in drawing his figures with exactness. The 
geometrical relations of the parts will then more readily oflfer 
themselves to him, and his rough results, which measurement 
on his constructed figure gives, may check the more precise 
results of computation. 

The construction in the present case will be this. After 
drawing BAE as the representative of a horizontal line, 

measure off" the angle BAC =16** 
the slope of the hill, and AC= 350 
— on some adopted scale, so that C 
is the observer's second position. 
From the opposite side of the horizontal line measure off 
the angle EAD = 35° 19' 18', and then if CD is drawn 
parallel to BE^ and therefore horizontal, D is the place of 




Heights and Distances. 28$ 

the object Then AD on the scale will give the distance 
required, with accuracy depending on the exactness of the 
drawing. 

In computation we have in the triangle ACD the three 
parts, 

angle ACD ^ angle CAB = i6% 
angle ADC = angle DAE = 35** 19' 18", 
and the side ^C= 350. 

The case therefore is that considered in (80), and by the 
method of that article the side AD can be computed. 

AD _ sin 16^ 
AC sm 35*^ 19' 1 8"* 
log AD = 2-2223534 
.-. AD = 1 66 -86 feet. 

124. Ex. 3. The elevations of two mountains in the same 
line with the observer are 9° 30' and 1 8® 20'. On approaching 
four miles nearer they both have an elevation of 37®. Find 
the heights of the mountains in yards. 

To construct an accurate figure, along a line ABMN, 
supposed to be horizontal, take on any scale AB to repre- 
sent 4 miles, or 7040 
yards. At B make the 

^.nglt MBFQ=^Zf' At 

A make the angles 

^^i' =9° 30' and ^^Q ^^^ T"^ 

= 18® 20'. Then P and Q, the intersections of the lines 

thus drawn, represent the mountain tops, and if PM^ QN 

be drawn perpendicular to the horizontal line these are the 

heights required. 

To compute these heights, 

(i) in the triangle ABP we have 

the angles PAB = 9° 30', 
PBA = 1430, 
the side AB = 7040, 
whence BP will be found to have for its logarithm 3*4007763. 
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Then (2) PM = BPsva 37°, 

L sin 37*^ = 9779I4630 
\ogBP^ 3 '40017 763 

■ 

log PM^ss^ 3'i8o|2393 



• • 



• • 



log I5i4'4 = 3-i8o|24o6 
PM = 1 5 1 4'4 yards. 

In the same manner, by solution of the triangle A QPy 
the logarithm of AQ, and thence QJV, are found. 

125. The following question may be similarly treated. 

A person walking along a straight road observes a tall 
tree standing in front of a tower, both being in the road 
before him. The elevation of the top of the tower is 34** 15' 
and of the top of the tree 25® 10'. On advancing 400 feet 
he finds the tower and the tree to have the same elevation 
60® 15'. Find the height of the tower. 

126. Ex. 4. From a window on one side of a street, which 
window was 30 feet above the horizontal ground, the height 
of a house on the opposite side of the street subtended an 
angle of 75®. The elevation of the top of this opposite 
house, as seen from the window, was 55°. Find the height 
of the house and the breadth of the street. 

Let AB be the elevation of the house, C the place of 
observation. Draw CD perpendicular to AB, Then the 
observations are that the angle ACB is 75°, and the angle 
A CI? is 55**, while DB, the height of C is 30 feet. Hence 
are to be determined AB the height of the house, and CD 
the breadth of the street 

Since DCB = ACB -A CD = 20°, CBD = 70% 

CD — BD . tan 70° 

= 30x27475 

=5 82*42 feet, ; 

AD = CD tan 55^ 

= 1 1 77 feet 
AB = 1477 feet 




• • 
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12T. Ex. 5. To determine the height of the top C of a 
mountain a base AB of 2700 feet was measured in the 
horizontal plane, the angle subtended by CB at A was ob- 
served to be 50° 20', the angle subtended \iy AC zX B was 
observed to be no® 12', and the angle of elevation of C 
from B was observed to be lo*' 7'. Find the height of the 
mountain. 

Let BD be the height of the mountain, the angle CBD 
being 10® 7'. 

Our object will be 3 - ^ q^ 

first to find CB fi-om 

the given parts of the 

triangle CBA which 

the conditions of the problem present, where AB is 900 

yards. 

Then the angle BCA being 180®— 50"* 20'— no*' 12' 
or 19® 28', 

CB _ sin 50^ 20 ^ 
BA sin 19° 28" 
^r. sin 50** 20' 

CB = 900 - . ^ o Q/ > 

sm 19 28 
CD =c CB tan 10** 7', 
CD _ sin 50® 20'. tan 10^ / 
900 sin 19** 28' ' 

/. log — = 1-6150417, 
900 

. CD 



• • 



= '41213, and CD = 370*92 yards. 
900 

128. Ex. 6. From a ship at sea a rock and a headland 
are observed to be m the same straight line, which line has 
a bearing 18® east of north of the ship. After the ship has 
sailed six miles on its own course, which is north-west, the 
rock is observed from the ship to be due east, to the head- 
land north-east Find the distance of the rock firom the 
headland. 

Let S be the first position of the ship, *SJI^^the hne in 
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direction due north. Then if the angle NSR be constructed 

to be 1 8°, SR is the direction in which 
rock and headland are seen from S, 

Now take NSS' = 45°. Then SS' 
being north-west from S is the ship's 
direction, and if SS' be measured on 
some scale to represent six miles, S' 
is the ship's second position. If then 
(i) S'MR be drawn due east, and there- 
fore perpendicular to SN^ and meets 
SRHxn R, R is the position of the rock ; 

(2) if MS'Ifbe made 45® giving the north-east direction 
from 5', and if 5'-^ meets SIf in If, If is the headland, 
and RHis the distance to be found. 
From this construction SS'R and -^^'-^ being each 45°, 
SS'If is a right angle ; and SS' and the angle S'SIf being 
known, SIf can be computed. 

Also MS 'If and MSS' being each 45**, MS and MS' are 
equal and are known from SS', 

Then MSR being 18°, SR can be computed, and R/f 
the excess of SIf over SR can be found. 
This being the outline of the method to be adopted, we have 

5'5^= 45"+ 18° = 63^ 
/. S'IfS = 2f. 

SS' 6 



SIf=^ 



sin S'l/S 
6 



sm 27" 
== 13*2 1 6 miles. 



•45399 
Again, 36 = (SSy = 5J/2+ MS 2 = 2SM^, 

and angle SRM ^ 72°, 

/. SR = .^^, = -^'A = 4.46 miles, 
sm 72° *95io6 

/. Zfi? = SH-SR = 8756 miles. 
129. Ex. 6. A ship at sea observes a rock and a head- 
land botli to bear in the direction south-east. The ship 
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sails for six miles in a direction 30° west of south, and it is 
then found that the rock bears due east of the ship and the 
headland 15° south of east. Find 
the distance of the rock from the 
headland. 

Let S be the first position of the 
ship, SA the south direction, SRH 
the line south-east, in which the rock 
and the headland are seen. Draw 
SS' making the angle ASS' = 30®, and if SS' represents 
six miles in length, S' is the ship's second place. From S' 
draw S'ER cutting SA perpendicularly in E, This line is 
due east of S'^ and R^ where it meets SH^ is the rock. Draw 
^'ZT making the angle RS'If= 15° and ZTis the headland. 

Since ESR = ERS = 45^ 
SR = SEx/2, 

Since^6'5' = 45"+3o° = 75% 
and IfS'S = 60°+ 15° = 75°, 

/. US = US', 

and \i HD is drawn perpendicular to SS' it will bisect SS\ 

and make SD — three miles. _ 

Now SE = SS' . sin 60® = 3^/3 miles, 

SR =^ SEy/2 — 7-3485 miles. 
Again, Z>*SZr being 75°, 
DIfS\% is^ 

sn _ 3 



• • 






SII^ 



sm 15 sm IS 
= 3 X 3'S637 
= 11-5911 miles. 
/. Rir =■ 4*2426 miles. 
130. Ex. 7. A man in surveying a triangular field finds 
the base to be 100 yards long, and the 
perpendiculars from its extremities on the 
opposite sides respectively 58 and 60 
.yards long. Find the lengths of the 
sides. 

u 
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If ABC be the triangle, AB its base of loo yatds, Ali 
the perpendicular on BC = 6 yards, BE the perpendicular 
on -^C = 58 yards. 

Since sin ^ = ^ = -58 and sin ^ = 4? = -6, 

BA ^ AB 

the angles A and B can be found, and the angle C be conse- 
quently known. Then the sides of the triangle may be found. 

Since sin A = -58, A = 35® 27'. 

5ince sin B =^ -6, ^ = 36° 52' 11". 
/. C= 107^ 40' 49". 

Now AC — 100 . ^! — - . 

sm C 

/. ^C SET 62-974 yards. 
In a similar manner BC may be found. 

131. Ex. & A^B, C are three objects at known distances 
apart, namely, AB = 1056 yards, AC =^ 924 
yards, BC =■ 17 16 yards. An observer 
places himself at a station D from which C 
appears directly in front of A, and observes 
the angle CDB = 14® 24'. Find the distance 
CD, 

First, in the triangle ACB where the sides 
are given the angle A CB can be computed (89). 

Then in the triangle DCB\ all the angles 
are known and also the side CB, Then DC 
^ can be computed (78) and will be found to 
be 21 10 yards. 

132. Ex. 9. C is a station and CA^ CB are two directions 
at sea, including the angle 30* ^o^ In the line CA^ 3 miles 

from C a steamer is seen to 
start at the rate of 9 miles an 
hour. In what cUrecdon, rela- 
tively to CA^ must the steamer 
start to be seen from C in the line CB after 40 minutes. 

If D be the first and E the second position of the steamer, 
then CD is 3 miles, and from the given speed of the steamer 
and the time occupied in the passage, DE must be 6 miles. 
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The angle DCK being also known to be 30° 20', the angle 
CDE is to be determined to give the direction of the steamer 
relatively to CA, This angle will be known if the angle 
DEC is found. 

Now sin DEC = ^ sin DCE 

DE 

= \ sin DCE = •2525149. 
.-. DEC = h" 37' 35". 
/. CDE = i8o«-(i4° 37' 3S'+3o" 20') 
= 135° 2' 25". 
133. Ex. 10. During war a steam privateer was watching 
a harbour from a distance of 13^ miles, and in a position 
south-west of the harbour. A merchantman sails from the 
harbour in a direction south-east at the rate of 9 miles an 
hour. In what direction and at what rate must the privateer 
steam to come up with the merchantman in two hours ? 

Let H be the harbour, HS the direction due south. If 
SHP and SHM be each 45% they will be the south-west 
and south-east directions respectively. 
Then if Misrepresent 13^ miles, -Pwill 
be the original position of the privateer, 
and if HM represent 18 miles, the 
distance sailed by the merchantman in 
two hours, M will be the position of the 
merchantman when the privateer comes up with her» so that 
FMis the distance steamed by the privateer in two hours, 
and marks also the direction taken by the privateer. 

If 4^ miles be made the unit of length, HM ^ 4 and 
HP^=> 3. Hence EHM being a right angle, 

PM = VEH^'+HM^ = ^/^T76 = s, 
or -/Wis 22^ miles, 
and the privateer must steam 11^ miles an hour. 

Again sin HPM — % — -8. 
.-. angle HPM = 53*^ 7' 48", 

or the direction /Wis 8° 7' 48'' south of east 

u 2 
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134. Ex. II. A lighthouse is 12 miles distant from a ship 
and has a bearing north-east from the ship. The ship sails 
in a direction due east at the rate of 4 miles an hour. After 
what time will the distance of the ship from the lighthouse 
be 9 miles ? 

This problem exemplifies the ambiguous case (86) of 
oblique-angled triangles. 

Let A be the first positien of the ship, and ADE the line 
due east in which she is sailing. If the angle DAC be made 
45°, AC \^ the direction north-east in which the lighthouse 

is seen, and if on some scale A C 
represents 12 miles, Cwill be the 
position of the lighthouse. If now 
E on the scale of length used in mea- 
suring AC z. distance 9 miles be 
taken, and a circle described from centre C with this radius, 
the circle will cut the line ADE in two points B^ B' and these 
will mark the positions of the ship when it is at the distance 
of 9 miles from the lighthouse. We have now to find the 
distances AB and AB\ and thence obtain the answer to the 
question by finding the times in which the ship sails from A 
to B and from A to B' at her assigned rate of 4 miles an 
hour. 

From C draw CD perpendicular to AE^ bisecting the line 
BB' at right angles. 

Since CAD is 45°, so is ACD, :. AD = DC. 
.\ 144 ^. AC^ - AD^-^DC^ = 2AD\ 

/. AD = v'72 = DC 
Again 81 = (7^^ = CD^-^BD^ 
.\ BD^ = 81-72 = 9. 
/. BD = 3 miles = B'D. 

.\ AB = AD^BD = a/72^-3 = 5*485 miles, 



AB' = ADj^B'D = V72+3 = 11-485 miles. 
Then dividing these distances by 4 we have 

time of the ship from A to B s= 1*371 hours, 
)» „ » -B' = 2871 „ 
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186. Ex. 12. The following problem oflfers another illus- 
tration of the ambiguous case. 

Two railways intersect at the angle 35** 20'. From the 
point of intersection two trains start together, one at the rate 
of 30 miles an hour. Find the rate of the other train so that 
after 2^ hours the trains may be 50 miles apart. 

If we can determine the distance travelled in 2^ hours by 
the latter train, its speed is then known. Let A be the 
point of departure, AB = 75 miles 
the distance travelled by the first J^ 

train. Let BA C = 35° 20', so that a ^^ 
A CD is the second railroad. If ^ 

with centre B and radius 50 a circle be described it will cut 
A CD in two points C and D^ and if the second train travels 
so as to be either at C or at ^ when the first train is at B, 
it will fulfil the condition of the distance of the two being 
then 50 miles. 

By the process of solution used in {^6), 

AD = 86*05 miles, 

If these spaces be described in 2 J hours, the speed of the 
train is 34*4 or 14*52 miles an hour respectively. 

136. Ex. 13. A captain marching on the left of his com- 
pany observes another company of equal strength with his 
own, advancing from the right in a direction cutting his own 
line of march at right angles. He observes the angle sub- 
tended by this company at his eye to be 7° 30', and the 
angle between his own line of march and the line joining 
himself with the other captain, who is also at the left of his 
company, to be 60°. Find the distance of each captain from 

the line of march of the other, the breadth a 

of each company being 52 feet. 

Let A be the observing captain, AB ^\ 
his company, and AC perpendicular to 
AB the direction in which he is marching, 

A' the captain of the other company 
A'B\ and A'C the line in which he is 




294 



TrigonofHctry, 



advancing. Produce AB and B'A' to meet at right angles 
in D and join AA'y AB', 
Then the facts before us are 

AB = A'B = 52 feet, 
angle CAA' = AA'D = 6o^ 
angle A'AB' = 7** 30', 

and the distances to be computed are A'D and AD, 

These distances will result from the right-angled triangle 

AA'D when AA' has been computed in the triangle 

AA'B*, 

The angle AB'A' = 60°— 7** 30' 

= 52" 30'. 



AA 
AB 



■^r^, or 



A A' _ sin 52° 30' 



t • 



52 sin 7° 30' 

log 31606 = 24997695 
A A' = 316 feet, 
A'D = A A sin 30° = 158 feet, 
AD = A A sin 60° = 273 feet 

187. Ex. 14. An observer measures a base AB^ 500 feet, 
in the same horizontal plane on which a tower CD stands, 

but not in the vertical plane 
passing through CD, At A he 
finds the elevation of C, the 
top of the tower, to be 30° 15', 
He also observes the angle 
CAB^ CBA to be respectively 
60® 20' and 56*^ 30'. Find the height of the tower. 

Since CD = CA sin 30° 15', the height of the tower will 
be known if CA be known. Now in the triangle CAB there 
are three given parts from which CA can be found. 

The angle ACB being 63° 10', 




AC^AB, 



sin 56^ 30' 



o — > » 

10' 



sin 63* 

CD^AB. 5i!LS6! Solxsin 30^' . 

sm 63® "^' 



10' 
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Now log 500 = 2*698 9700 
L sin 56° 30' =s 9.921:1066 
L sin 30"* is' = 9702i2357 

22-322:3123 
L sin 63° 10' = 9'9So;5223 

log CD = 2371J7900 

log 23539 = 2-371:7880 

/. CD = 235 39 feet. 

138. Ex. 15. A is the top of a vertical column AB 
standing on a hill. BC is perpendicular 
to the horizontal plane on which a base 
DE^ 380 feet, is measured. Find the 
height oi ABixoiCi the following measured 
angles, 

ADC = 59^ ADB = 26^ 

ADE = 70° 20', AED = 65'' 30'. 

In the triangle ADE we have adequate ^e 

given parts for finding the side AD. Then AC and BC 
will be separately known. 

In the triangle ADE 

AD _ sin 65^ 30^ 
DE sin 44° 10' 
log^Z>= 2-6957308, 
^C=^Z>tan59° 

BC = DC tan 33^ 

= AD . sin 31° . tan 33**. 

:. AC =^ 825-95, 

BC = 165-99, 
AB = 660 feet, if decimals be disregarded. 

139. Ex. 16. A length being measured on a given uniform 
slope inclined at 3® to the horizon, ,8 

to find the corresponding horizontal 1 — ^ 

distance. 

Let AB be a given distance measured along the slope^i 
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ACdL horizontal line, BC perpendicular to AC, The length 
oiAC'\% required. 

Since BAC ^ 3% ABC = 87^ 

^ = sin 87^ = -9986295, 

AC^ AB-'ooi^'jos.AB. 

Hence any length such as AB is to be reduced by 
•0013705 parts of itself to give the horizontal length AC 

If an incline is i in 100, what is the angle which the 
incline makes with the horizon ? 

In the figure just used, if AB is 100 units of length, ^C 
is I unit 

•% sin BAC = TTTT = '^h 
L sin BAC=: 8. 
This is an instance where the angle cannot be safely de- 
termined to seconds by a table which gives sines at intervals 
of minutes (39). To meet this difficulty tables are con- 
structed of logarithmic sines at intervals of seconds for the 
first two or three degrees. When such a table is at hand 
we find that to the nearest second the angle BAC i& 

34' 23". 
140. Ex. i*j. A and B are two stations a mile apart, A 

due north of B, At the same instant a balloon is seen from 

A to bear 60° 15' west of south, and as seen from B to bear 

54° 30' west of north ; also the angle of elevation of the 

balloon as seen from A at the same time was 35** 25' 25". 





Find the perpendicular height of the balloon above the 
horizontal plane passing through A and B, 

Let F be the position of the balloon. Draw ^iVperpen- 
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dicular to the horizontal plane meeting that plane in N, 

Join AN, BN, AB, AF. 

Then in the triangle ANB the conditions of the question 

give 

the angle NAB = 60° 15', 

„ NBA = 54° 30', 
and the side AB = i mile, 

whence it may be computed that 

AN = -89646 miles. 

Then in the triangle FAN, where the angle FAN is 

35' 25' 25", 

FN= -637 miles. 

111. Ex. 18. If the length of the shadow of a vertical rod 
can be measured, and also the length of the rod, a right- 
angled triangle will give the direction in 
which the light is falling on the rod. 

If AB be the vertical rod, BC its ^ 
shadow, AC is the direction in which 
light is falling, and ACB is the angle which this direction 
makes with the horizon. 




B 



Ex. AB 
tan A CB 

.\ ACB 



3 feet 4 inches, CB = 5 feet, 
33" 41'. 



142. Ex. 19. If the altitude of the sun be known, and 
the aspect of a wall be also known, 
the size of the shadow of the wall at 
a given time of the day can be calcu- 
lated. 

. Suppose that the sun be south-east, 
and AB be the base of a wall at a 
known inclination to the meridian. 
Let al? be the termination of its shadow. Let the altitude 
of the sun be 62°, and let the wall be 20 feet high. 
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Since a is the end of the shadow of one vertical edge of 
the wall 



Aa =■ 



20 



= io'634 feet 



tan 62° 

Then the area of the shadow AabB is the area of a paral- 
lelogram whose sides are 

AB the length of the wall, 
Aa = 10-634 feet, 

while the angle aAB = ACS =^ 45° +^(7^ is known from 
the given aspect of the wall. 

Suppose that the position of this wall were required which 
would make this shadow have an area one-fourth of the area 
of the &ce of the wall. 

Then Aa . sin aAB = 5, 

sin aAB = - 5 > 
10*634 

whence aAB is 61° 57', 

and ^C^ is 16° 57'. 

143. Ex. 20. A tower 120 feet high stands in the middle 
of a field which is an equilateral triangle. From the top of 
the tower each side of the field subtends an angle of loo^ 
Find a side of the field. 






Figure i shows the field BBC in plan, and O the base of 
the tower. If £0 be joined and produced to meet BC in 
Dy BC is bisected in Z>, and if OB be joined the angle BBC 
is bisected by OB. If then x be the required length of a 

side of the field, BB> = ^ ; and each angle of the triangle 
being 60V OBD is 30°. 
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Figure 2 is the plane through ^C and A the highest point 
of the tower, wherein AB and AC are equal and the angle 
^-^Cis loo^ 

Figure 3 is the elevation in a vertical plane through the 
points A^ (?, the top and bottom of the tower, and the 
point D. 

Now OD = BD tan ^o** = — =■» 

^ 2n/3 

AL^ = AO^^OD^ = A0^-\-^\ 

12 

But the angle ^-4 C being 100°, and AJ^y -4 C* being equal 
to one another, ABD is 40**, and 

AD = BD tan 40° = ? tan 40° 



2 



\ •^tan«4o'* = ^<^H-, 
4 12 



• • 



^« = 4^^ 



tan ^40—^ 

4^(9^ 



(tan 4o"+^^/3)(tan 40"*- J ^/s) 
Now tan 40** = 8390996 

iv^l = '5773503. 

240 



• • 



;r = — _ 



a/ I '4164499 X '2617493, 
When the value of this fraction is computed by logarithms 

•^ = 394*15 feet. 

144. Ex. 21. In a pyramid on a square base each of the 
edges meeting in the vertex is double the length of a side 
of the base. Find the inclination to one another of two 
contiguous triangular faces. Navigation Examination 1864. 

Let ABDE be the square base, C the intersection of its 
diameters, F the vertex of the pyramid, FB an edge wherein 
the two triangular faces FAB^ FAD intersect. Through 
AD let a plane pass perpendicular to FB and cutting it in 
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C, Then if AG, DG be joined, the angle AGD is the incli- 
nation required of two triangular 
faces. 

The triangle AGD in its own 
plane is represented in Figure 
2, and the angle AGD will be 
known if the angle AGC, the 
half of it, or the angle GA C can 
be determined. 
Now if tf be a side of the square base, the question states 

that 2a is an edge. 

Also^C = — = ^C, 

V2 





FC = ^4-*-^ = ^. 



Since FGC is a right angle, 

CG • r> T^/-^ £C 



7=- • 



2^/2 






CG = ^7 



a. 



AG = ^CG'^^AC^ =\/iV j"" " 



\/iS 



V7. 



Sin 



^^^ = 5^ =\/i^ = V466666. 

Now log '46666... = 1*6690069 

log ^/•4666... = 1*8345035 

L sin GAC =^ 9'834503S> 
whence the angle GAC = 43° 5' 19". 
/, the angle AGC = 46"^ 54' 41", 
and the angle AGD = 93° 49' 22". 

This is the angle required at which two trianglar faces of 
the pyramid are inclined to one another. 
The inclination of one of the triangular faces to the base 
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is the complement of the angle whose sine is —7= . This 

V15 

inclination is therefore determined and may be computed by 

the tables. 

An edge such as BF makes with the base an angle whose 

sine is 'v/J. 

145. Examples for Practice. 

1. A and B are two stations 250 yards apart. At A the 
observer finds an object C to be directly east of him, and 
measures the angle CAB^ 34° 18'. At B the object C is 
directly south of him. Find the distance of A from C, 

2. A and B are two stations 437 yards apart C is an 
object visible from each. The angles being measured 
CAB = 24° 17', CBA = 110^ 34', find the distance CA, 

3. ABC is a triangle wherein C is a right angle. Take P 
a point in AC and join BP. If it be known that AC is 600 
yards, the angle BAC 20° 34', and the angle BPC 54° 19', 
find AP. 

4. A tower 30 yards high stands on elevated ground. An 
observer notes the elevations (no) of its base and summit 
to be 20® 13' and 27° 14' respectively. Find the height of 
the base of the tower above the observer's eye. 

5. At each of two stations A, B, 394 yards apart, an 
object C is observed, and the angles are measured, 
CAB = 109° if 40", CBA = 47° 39'. Find the distance 
CA. 

6. A and B are two objects 1180 yards asunder. C is 
a visible object in the same vertical plane with them and 
50 feet below B, The angles are measured, BAC= s^°, 
ABC= 6o^ Find the height of A above B, 

7. A point C is 90 yards distant from a straight road in 
which are points A, B, The angles are measured, CAB 
= 34° 17', CBA = 46° 29'. Find the distance between A 
and B, 
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8. An observer at a point -^ of a straight road AJ3 sees 
two objects C, 2? in coincidence, and measures the angle 
CAB =: 34** 1 8'. He advances 176 yards along the road to 
B until the angle CBA is observed to be 76^ 18' and I?^A 
is its supplement. Find the distance CD, 

9. AB is the front of a building and C is the end of a 
wall parallel to AB and 100 feet in front of it. There is a 
road parallel to AB and the wall, and at the point F in the 
road the end B of the building is just seen in a line with the 
end C of the wall, and at the point Q of the road the build- 
ing just disappears behind the wall. K BQ is 126 feet, and 
the angle CBQ= CQB=^ 53** 18', find the length of the 
building AB. 

10. A and B are objects 260 yards apart An observer 
at C knows his distance from the nearer object A to be 
327 yards, and finds by measurement that the angle ACB 
is 35° 17' 28''. Find his distance from B, 

11. AB is a vertical inaccessible object In the hori- 
zontal plane through its base B an observer takes two 
positions (7, Z>, where the summit A has the same eleva- 
tion from the horizon 22° 18'. He measures the length 
CZ) = 328 feet, and the angle BCD^z^"". Find the 
height AB, 

12. In a pyramid or tetrahedron, where each face is an 
equilateral triangle of the same size, find the angle which 
adjacent faces make with one another. 

13. In a pyramid the faces which meet in the vertex are 
isosceles right-angled triangles, and the base is an equilateral 
triangle. Find the inclination to the base of one of the 
edges which meet in the vertex. 
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CHAPTER VI. 

THE CIRCLE. 

Area and Circumfermce of a Circle. 

146. If r be the radius of a circle, the circumference of 
the circle is 27rr, and the area of the circle is irr*. The 
multiplier v is exhibited by an interminable decimal. Hence 
the area and circumference of a circle of given radius can 
never be found exactly, but may be found with as close an 
approach to exactness as we please by introducing more 
decimal places of tt. 

Euclid demonstrates that the areas of circles are propor- 
tional to the squares on their radii or diameters. Proof 
of the rest of the foregoing statement cannot be given on 
the elementary principles beyond which this book supposes 
that the reader has not yet advanced. 

147. It may seem an unexpected confession that we are 
unable to estimate exactly the size and circumference of 
a figure so simple in form as a circle, and so frequently re- 
curring in works of art, but the determination is not unat- 
tained because of its being beyond our limited mathematical 
powers, but because the object required is in itself unat- 
tainable. The problem of squaring the circle means the 
finding a square of the same size as a given circle. Now it 
can be demonstrated that the area of a circle is incommen- 
surable with the square on its radius. Wherefore, if a certain 
unit of length be adopted, and to that unit the radius of the 
circle be expressed by any number, the area cannot be 
expressed exactly in the corresponding square unit by any 
integer, fraction, or terminated decimal. In like manner 
the radius and the circumfemce can be proved to be incom- 
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mensurable. In any unit of length to which one can be 
expressed, in this the other cannot be expressed in any 
finite fonn. If the diameter of a circle is i inch, the cir- 
cumference is 314159 • • • inches, a decimal which will 
never end ; while by continuing this decimal to more and 
more places the length of the circumference is approached 
more and more nearly. 

148. Our inability to determine exactly the size or cir- 
cumference of a circle is of no practical disadvantage, 
because these elements can be determined to any degree 
of nearness we desire, by continuing to more places the 
decimals which present themselves. It may be remembered, 
at the same time, that this want of perfect exactness is 
nothing more than arises whenever calculation passes beyond 
abstract given numbers to any data gained by measurement 
or observation. None of our measures or observations are 
exact. Until we can assign the time of any event -with 
security of being correct beyond a certain decimal part of 
a second — until we can measure off a line and record its 
length with assurance of being correct beyond a certain 
decimal of an inch, we need not regret that we cannot 
compute to exactness the size or length of a circle from its 
given radius. The area or circumference of a circle can be 
found from its radius to more than a hundred places of deci- 
mals, whereas he must be a skilful observer with a fine in- 
strument who can measure that radius, even to the millionth 
part of an inch. 

149. The multiplier which gives the area of a circle from 
the square of its radius is the same as that which gives the 
circumference of a circle from its diameter. This multiplier 
is usually denoted by the symbol tt. 

It is generally sufficient to bear in memory the value of 
«• to five places of decimals 3-14159, and to use as many of 
these places as the nature of the calculation may demand. 
The fraction -i^, which is equivalent to -k as far as two 
places of decimals, will be often sufficiently exact. 
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150. The length of any arc of a given circle is known if 
the angle corresponding to it at the centre be known, for it 
must have the same ratio to the whole circumference as this 
angle has to 360°. {Euclid^ vi. 33.) 

161. The area of any sector of a given circle is known if 
either the angle corresponding to it at the centre be known, 
or the length of the arc belonging to it be known. 

In the first case the sector has the same ratio to the area 
of the whole circle as the angle has to 360**. 

In the second case, if a be the length of the arc, the sec- 
tor has the same ratio to the area of the whole circle as this 
arc has to the circumference of the circle. (Euclid^ vi. 33.) 

. area of sector a 



•• 72 



•KT" 2nr 

area of sector = ^ ar, 

152. Under the same data the area of the segment of the 
circle is found by subtracting from the sector the area of the 
triangle formed by the bounding radii and the straight line 
which is the base of the segment. 

163. Examples. 

Ex. I. If a circle has a diameter of 8 feet, the radius is 
4 feet. 
The circumference = 8x3*14159 = 25*13272 feet 
The area = 16 x 3*14159 = 50*26544 square feet 
Ex. 2. If the circumference of a circle is 20 feet 

the radius = 5= 3*183 feet. 

314159 

Ex. 3. A thin string is wound upon a cylinder of i foot 
radius. What length of string will be wound up in 50 revo- 
lutions. 

Every revolution of the )vheel winds on 27r feet of string : 
hence 50 revolutions wind on ioott or 314*159 feet 

^ 3 14 feet 2 inches. 

X 



306 Trigonometry, 

Ex. 4. The driving-wheel of a locomotive engine has a 
diameter of 6 feet How many revolutions does it make 
while the train runs a mile 1 

By the nature of rolling, in every revolution of the driving- 
wheel the train advances a distance equal to its circumfe- 
rence, or 2T yards. Hence in a mile the wheel makes 

- '- — = 280*1 revolutions, or turns round a little over 280 

2/r 

times. 

Ex. 5. If the arc of a circle measures 50 feet while the 
radius is 18 feet, what is the arc of a sector whose base is 
the given arc. Science Examination 1867. 

The area of the whole circle is (i8)2n- and its circum- 
ference 367r. 

Now this sector must be a part of the whole area which 

is proportional to the arc, or is ^^- of the area, 

or ^^— y— ^ square feet, or 450 square feet 
Ex. 6. If the circumference of a circle is 100 feet, what 

r 

will be the area of the inscribed square % 

Science Examination 1868. 

Let A BCD be the inscribed square, d the diameter BD 
of the circle. 

Then area of square = AB^ 
=1 BD^ = \d^ 

But 100 = 7r^/,//=i??. 




.% area of square = 



1 0000 
5000 



= 506*606 square feet, 
= 506 square feet, 87 square inches. 
Ex. 7. A wheel of 20 feet diameter turns uniformly on its 
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centre 100 times in a minute. At what speed is any point 
in its circumference moving ? 

In every revolution a point in the circumference travels 
through 207r feet ; in a minute, therefore, it travels through 
2ooo7r or 6283*2 feet. This is a speed of rather more than 
71 miles an hour. 

Ex. 8. A curve in a railway has a radius of a mile. What 
is the length of the line between two points whose direct 
distance is iioo yards % 

If 2A be the angle at the centre which this circular arc 
subtends, 

sin A = ^~ = -3125, 
1760 ^ ^' 

whence ^ = 18° 12' 36", 

and 2 A = 36° 25' 12'', 

or 131 1 12 seconds. 

Now if the arc were completed into an entire circle, the 
whole circumference would be 35207r yards, and the circum- 
ference required is the portion of this corresponding to 131 12 
seconds when the whole circumference corresponds to 360°, 
or 1296000 seconds. 

Hence length of arc required = — ^ ^ ^^^"" vards 

129600 

= iii8'8 yards. 

Ex. 9. A field is in the form of the sector of a circle, its 

angle being 125° 15' and radius 100 feet. Find the length 

of the arc of the sector and its area. 
The circumference of the circle is 2007r feet 
The arc required is the part of this which 125° 15' is 

of 360°. 

Its length then is - /^ . 2007r = 178-94 feet. 

360 

The area of the circle is ioooott square feet. 

I 2 C— 

The area of the sector = --?* . loooorr 

360 

= 10930 square feet 

X2 
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164. Examples for Practice, 

1. If the radius of a circle is 7 1 inches, its circumference 
is 446 'r inches and its area is 15837 square inches. 

2. The area of a circle being 155528 square feet, its radius 
is 222 feet 6 inches. 

3. If the circumference of a circle is 16 yards, its area is 
20*37 square yards. 

4. If the angle of a sector of a circle be 60°, and the 
diameter of the circle be 200 inches, the area of the sector 
is 5236 square inches. 

5. If the angle of a sector of a circle be 45°, and the 
diameter of the circle 250 feet, the area of the sector is 6136 
square feet. 

6. A sector of a circle is contained by two radii, each 6 
feet long, and an arc of the circle 2 feet in length. The 
angle between the radii is 19° 5' 53". 

7. In a circle whose radius is i yard, the area between the 
arc of a quadrant and the chord joining the ends of the arc 
is "285 square yards. 

155. Annulus. 

An annulus is the space bounded by two circles which 
have the same point for their common centre. Its area is 
the difference between the areas of circles which have for 
their radii the outer and the inner radius of the annulus. If 
R be the outer radius, r the inner radius, the annulus is the 
area vB} with the area xr^ cut out from it, or ir(A'^— r^). 

Ex. I. If the outer and inner diameters of an annulus -be 
12 and 8 inches, the outer and inner radii are 6 and 4 inches, 
and the area of the annulus is 7r(36— 16), or 62*8 square 
inches. 

Ex. 2. A circular plate of metal is 2 inches thick and 
2 feet in diameter. What is the radius of the circular portion 
to be cut out so as to produce a ring weighing a pound, a 
cubic inch of the metal weighing 4 ounces ? 
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Let X be the inner radius of the annulus to be formed, its 
outer radius being i foot. The area of its flat surface is 
7r(i— a:*) square feet, and the ring has 29r(i— ^^j cubic 
inches. If it is to weigh a pound it must contain 4 cubic 
inches, or 

TT 
^2 = -3634, 

^ = -6 feet or 7-2 inches. 

156. Circle inscribed in or circumscribed about a triangle. 

To find the radius of the circle in- c 

scribed in a given triangle. 

Let ABC be the given triangle, O 
the centre of the circle inscribed in it 
and touching it in the points Z>, E, F. 
Join AO, BO, CO', OE, OF, OD. 
Let r = radius of the circle. 

Then OB =, OE = OF ^ r. 

Thus triangle COB = \0D . CB = \ra. 

AOC-\rb. 
BOA = \rc 

/. the area of the triangle, being the sum of these three 
triangles, is i(d5+^+<r)r, or Sr if 2^ be the perimeter of 
the triangle. 

/. ^/5(5^)"(5-^)(5W) = Sr (96) 




» 



j> 



^- y/S(S-a)(S -b){^S''C) _ / {S''a){S-b)(S-c) 

"^ s "V s 

167. If the triangle be right-angled, C being the right 
angle, the area is ^ab. 

.% i{a+^+c)r = ^ab, 

ab 



r = 



a+b+c 
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168. If the triangle be equilateral ox a^b ^ Cy S ^^^. 



/. ^r = area = ^/S(S—d)'^ 



- V? • © = ^^' 




~ 2^/3 6 

169. To find the radius of the circle circumscribing a 
given triangle. 

The centre of the circle circumscribing a triangle is con- 
structed by bisecting any two sides of the triangle and 
drawing through the points of bisection perpendiculars to 

these sides. The intersection of these lines 
gives the centre of the circumscribing circle. 
(Euclid^ iv. 5.) 

If then O be the centre of the circle 
circumscribing the triangle ABC^ and 
OD be drawn perpendicular to AS^ 
AD = DB) also the angle AOD ^ BOD, 
and each of them being half the angle A OB is equal to the 
angle C. (Euclid, iii. 20.) 

Hence if R be the radius of the circumscribing circle, 
a, b, c the sides of the triangle, 

c = 2AD = 2AO sin AOn - 2R sin C, 

or R = — .%, = -4—^ = — t-^ (70). 
2 sm C 2 sm B 2 sm ^ 

160. If it be desirable to express the radius of the circum- 
scribing circle in terms of die sides of the triangle, we have 

R = — ==£'_= (93). 

161. When the triangle is right-angled, having C for its 
ight angle, AB the hypothenuse is the diameter of the 
circumscribing circle. (Euclid^ iv. 5, Cor,) 
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162. When the triangle is equilateral or^ = ^ = ^, 5=?^ 

z> ^ — 

^ = -= = \(^ V3- 

163. Ex. I. The sides of a triangular plate of metal are 
measured and found to be 10, 12, 14 inches in length, and 
the plate weighs 3 lbs. What is the weight of the largest 
circle that can be cut out from it ] 

The largest circle that can be cut out will be the inscribed 
circle. Let r be its radius in inches and tfr^ accordingly its 
area in square inches. 

^ __ area of triangle 
-nr^ _ area of triangle 



• • 



area of triangle 5^ 



T ^= , 



and the weights of parts of the plate being as their areas, 
weight of circle cut out = 3^ , / W^ ^) (^— ^) (•^'^ i^g. 

Now S = 18, S-a = 4, S-lf = 6, S-c = a 



, ^ ^ . , /4x6x8 7r/8 
/. weight of circle cut out = 3^ a/ — jp 7 A/ 7 

= -v/24 = I -60 lbs. 

Ex. 2. If out of a triangle whose sides are 10 feet the 
inscribed circle be taken away, what is the area of the 
remaining portion? Science Examination 1868. 

The radius of the inscribed circle is / ^ or ^- -^ square 

6_ 3 

feet, and the area of the triangle is 25^/3 square feet or 
43*30 square feet 
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The area of the inscribed circle is ?55 or 26'i 70 square feet. 

3 
A the area of the remaining portion is 17-122 square feet. 

Ex. 3. AVhat is the diameter of the smallest circular plate 
from which it is possible, to cut an equilateral triangle whose 
sides are each 9 inches long ) 

The circular plate must circumscribe the required triangle. 
Its radius is accordingly 3^/3, or 5*196 inches, and its 
diameter is 10*39 inches. 

164. Examples for Practice. 

1. The radius of a circle inscribed in a triangle whose 
sides are 329, 340 and 331 feet is 96*165 feet 

2. Find the diameter of a circle circumscribing a triangle 
wherein a side 100 feet long has the angle 27° 34' opposite 
to it 

3. If the perpendicular sides of a right-angled triangle are 
12 and 17 feet in length, the area of the circle circumscribing 
the triangle is 340 square feet. 

4. What is the radius of a circle where the inscribed equi- 
lateral triangle has an area of a square yard ? 

5. In a right-angled isosceles triangle the radius of the 
inscribed circle is i foot. The length of each of the shorter 
sides is 3 "4 14 feet 

6. Find the circumference of a circle inscribed in a right- 
angled triangle wherein the perpendicular sides are 2 1 and 
28 feet in length. 



N 
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answers: 



148. — I. ;r=i3. 

2. x^g, 

3. jif--i8. 

4. j^^as- 

5* •*'=^3* 

7. Jr«|(^-<I). 

8. jc-a2-a^+^. 

9. x^a, 

10. Jf »»! + »+ I. 

158. — I. jf«3. 

2. .Tss^. 

3. ;r=-7. 

4. jr=ioJ. 

5. j;-li. 

6. jr=7. 

7. ^=25. 

8. jir=4. 

9. ^-13' 
la jr=5. 

11. X'bJ, 

12. :p=8. 

13. ^^7- 

14. JT a 8. 

15. ;ir«8. 
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r6. 


^=3. 






17. 


^-f. 






18. 


•^=ra- 






19. 


a:=I2. 






20. 


x=9. 






21. 


JTssIO. 






22. 


;i:«2. 






23. 


^=-%«f. 






24. 


jr=i7. 






25. 


x^6. 






26. 


*._ 1148 






27. 








28. 


^=10a! + 2l3. 






29. 


^__(3»l + «) (»^ + 2«) 
5 




164.- 


- I. 


X=:S' 






2. 


^-3. 






3. 


cd—ab 
**■ ^« 






4. 


^« i-. 






5. 


*•=»* 
^^'j. 


■ 




6. 


* ** ~~ — • 

2 






7. 


be— ad 
X^s- — , 






8. 


^-I9, 
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9- 

lO. 

II. 

12. 

13- 
14. 

IS- 

16. 

17- 
18. 

19. 
ao. 

21. 

22. 

23- 

24. 

25- 

26. 



X- 

X 

X' 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

n 



♦• 
=*. 
-J- 
=3- 

b20. 

»6. 
= -^. 

_ 389 

»6. 

-|. 

_ 4 

=»i. 

— o, or 2. 

=2. 
— 1 

— S5' 

ab—cd 



170.— 



I. 
2. 

3. 

4. 

5. 
6. 

7. 
8. 

9. 
10. 

II. 



jc=i6. 

XB4. 

jr-i6. 

.r=96. 

•* — 5* 
*._ 1 

J: as — 2tf . 

•* 12* 

\r = 5. 

x^'^PL 



p-¥q 



12. ^ = 



F6' 



187. — 16. His age is 42 years. 

One guinea each. 
A had 750/., B 250/. 



188.— 17. 

18. 



19. 12. 

20. 75 gallons. 

21. 13 and 21. 

22. 60 apples. 

23. He buys 30 apples at 

each rate. 

24. 49 gallons. 

25. A is 44 years of age and 

B is 22 years. 

26. 1368. 

27. 28 and 26 loads. 

28. 280/. 

29. 40/. i&r. gd. 

30. 7 and 8. 

31. The longer one is no 

yards, the shorter ones 
55 yards each. 

32. There were 30 and 36 

yards, and the price 
was 5j. per yard. 

33. 800/. 

34. 120 acres. 

35. 35 acres at 37/., and 6$ 

acres at 45/. . 

36. The original income is 

600/. 

37. 19 shillings, 22 half- 

crowns. 

189.— 39. 1975 "^^^• 

196.— 46. 3J. 6d. the hundred. 
47. 60,000 copies. 

199. — 50. 3 gallons of water. 
51. 10 gallons of water. 

200.— 53. 180 gallons of one, and 
360 gallons of the 
' other. 
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201. — 54. 84 and 63 gallons. 

205.— 57. 7 miles up, and 7 miles 
down. 

306. — 59. 440 and 352 yards in a 
minute. 

207.— 61. At noon. 

239. — 63. Average rate of train 28 
miles per hour. 

64. The distance was 88 

miles, the speed 22 
miles an hour. 

65. 40 minutes past 12. 

66. 63 and 60 hours. 



324.-- I. X-- 

2. X 

3.. X 

4. X- 

5. X- 

6. X- 

7. X 

8. X- 

9. X- 
10. X- 

11. y- 

12. X- 

' 13. ^= 

14. x- 

15. ;r^ 

16. X- 

17. JT 

18. JC= 

19. X- 

20. ^ = 



.21. X^ 



=4, ;»'=7. 
= 11, >' = 5- 

= 16, jj/=7. 
= 11, ^ = 2. 

= 5, >'=". 
= 11, >/=9. 

= 2, j/ = 3. 
= 10, y^2, 

:1 jr = i 

= 5, ;/=2. 

r6, ^=12. 

:io, ;/ = 4. 
5, v=8. 

= 5, r=3• 
=3, y^s- 
'3, .y=5- 

2ab 



a^-b' 



y=rT- 



2ab 
"a — b 



22. x^-^L.^jLtM, 

dh be-\-af 

y^V, ach-deg^ 
dh' be-^af' 



23. X 



y^ 



_ {b''^c^c-d'b 
a{b + c) ' 
a^Arc^^bc 



b^-c 



229.— I. j: = 6, ^=4, = 3. 

2. j=7, ^=3, 2«4. 

3. ;c=2, ;/ = 3, 2 = 5. 

4. j;=6, >'«9, 2=12. 

5. ^= 



144 i/_144. 

2.3 > J' 5T~» 



g- 144 



234.— 4. The fraction is f . 

238. — 8. The price of a horse is 
24/. and of a cow 12/. 

9. There were 21 crowns, 
40 half-guineas. 



10. 
II. 
12. 

13- 



4 

T5' 



were the 



65. 

10 barrels. 
12 and 15 
numbers. 

14. Its value when Jif=3*5 

is 60, and ^ » *5 makes 
it zero. 

15. The father is 40 years of 

age, the son 10 years. 

16. A had 14 shillings, B 

had 19 shillings. 

17. 1 246 half- sovereigns, and 

22 crowns. 

18. The gold coins are half- 

sovereigns, the silver 
coins are crowns. 
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A nswers, — Trigonometry, 



M.— 8. 437 feet. 

12. 32*'34'39''- 

13. 1353 feet. 
25. 59° 2/ 58". 

102. -31 748 square feet. 

lie— I. AB^y^ feet. 

2. 47*22 yards. 

3. 145-4 yards. 

135.^Height of the tower is 446 
feet. 

146.— I. 2o6i yards. 

2. C4= 577 feet. 



3. ^/'«439 yards. 

4. 755 yards. 
5 7435 yards. 

6. 3014 feet. 

7. 217I yards. 

8. 72*87 yards. 

9. 149 feet, 
lo- 4451 yards. 

11. 82-1 feet. 

12. 70° 31' 44". 
13- 35° 16'. 

IM.— 2. 216 feet. 

4. 2-63 feet. 

6. 44 feet nearly. 
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